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On February 25, 1959 Academician Lev Andre- 
yevich Artsimovich, the outstanding Soviet physicist, 
celebrated his fiftieth birthday. 

Artsimovich, the son of a professor of statistics, 
was born in Moscow. After completing his second- 
ary schooling he entered the Belorussian State Uni- 
versity in Minsk. His brilliant capabilities enabled 
him to graduate early, and in 1930 he joined the 
Leningrad Physico-technical Institute. 

The Physico-technical Institute, then directed by 
Academician A. F. Ioffe, occupied in those days un- 
disputed first place among the physics institutes of 
the country. The atmosphere of devotion to science 
and scientific enthusiasm, which then characterized 
the staff of scientists of the Leningrad Physico- 
technical Institute, has played an exceedingly pro- 
ductive role in the formation of Artsimovich’s out- 
look. During the first years at the Institute, until 
1933, Artsimovich did some research, in the labo- 
ratory of P. I. Lukirskif, on the optics of x-rays; 
one particular project, undertaken with A. I. Alik- 
hanov, concerned the difficult problem of the totai 
internal reflection in the x-ray region of the spec- 
trum.! 

The year 1932 saw the discovery of the neutron, 
and an intense investigation of its properties began 
in many laboratories. Much work was also done at _ search in the Leningrad Physico-technical Insti- 


the Leningrad Physico-technical Institute on neu- tute, a field in which his outstanding abilities as 

tron physics. In 1935 Artsimovich, together with an experimental physicist — clarity of analysis 

I. V. Kurchatov, G. D. Latyshev, and V. A. Khra- and high reliability of the results obtained — man- 

mov investigated, in an interesting research proj- ifested themselves to the fullest extent, was the 

ect, one of the simplest nuclear reactions, that of investigation of the interaction between fast elec- 

the capture of a neutron by a proton,” and demon- trons and matter.2-> Artsimovich occupied him- 

strated for the first time that the probability of self with this problem for approximately four years. 

capture of slow neutrons by protons is relatively It must be recalled that in those days our informa- 

large. tion on this subject was quite incomplete. It is 
However, the main field of Artsimovich’s re- enough to state that the experimental data on brems- 
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strahlung and angular distribution of the scattered 
electrons were at that time different from the theo- 
retical values by two orders of magnitude. Artsim- 
ovich’s research resulted in extensive experimental 
material on the dependence of the bremsstrahlung 
intensity and of the total energy losses on the en- 
ergy of the fast electrons; he also investigated in 
detail the spatial characteristics of the scattering 
process. The final conclusion drawn from these 
investigations was exceedingly simple: the modern 
quantum-mechanical theory of the passage of fast 
electrons through matter agrees with the experi- 
mental data, within the limits of experimental ac- 
curacy. This important result, which eliminated 
any existing doubts concerning the correctness of 
the principal outlines of the theory, pointed at the 
same time ways towards a precise verification of 
individual special problems, as the experimental 
techniques became more perfected. 

During the war Artsimovich occupied himself 
with problems of electron-optics and, in particular, 
developed a theory of chromatic aberration of elec- 
tron-optical systems.® 

In 1945, together with I. Ya. Pomeranchuk, Art- 
simovich cleared up the important problem of the 
role of betatron radiation losses.’ His theoretical 
analysis made it possible to establish the maximum 
energy attainable with this new method of electron 
acceleration. 

In the postwar years, the tremendous scope of 
modern technology has necessitated a new approach 
to the investigation of natural phenomena. It be- 
came Artsimovich’s task to guide the development 
of a new trend in technical physics, namely the de- 
velopment of a technology for electromagnetic iso- 
tope separation. 

It became necessary to increase by a factor of 
millions the productivity of the laboratory mass 
spectrometer, and to convert a feeble and fragile 
physical instrument into reliably operating techni- 
cal apparatus. A staff of physicists headed by Art- 
simovich has solved this problem successfully, and 
at the present time stable isotopes are used more 
and more in experimental physics. 

In addition to solving numerous specific prob- 
lems arising in the course of the development of 
the method, it remained for Artsimovich to make 
a detailed analysis of the problems involved in 
aberration-free focusing of wide-angle ion beams 
in axially-symmetrical magnetic fields. In these 
investigations he obtained a useful formula to re- 
late the dispersion with the angle of aberration- 
free focusing. Artsimovich has proposed the con- 
struction of the ion-optical system of the source, 

a system used in all modern equipment.® 
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In the early 50’s, the scientific interests of Art- 
simovich turned towards one of the most interesting 
and difficult physical problems of our time, the pro- 
duction of a controllable thermonuclear reaction. 
This type of research calls for a deep insight into 
the old but far from complete field of plasma phys- 
ics. Yet, to make progress in this field it is neces- 
sary to analyze a large number of theoretical prob- 
lems and to develop quite new experimental meth- 
ods. The situation is made even more difficult by 
the fact that there is no general line of attack on 
the problem, and that to the present time there 
have existed and still exist different ways of ap- 
proaching a possible solution of the problem. 

As is known, the group of physicists led by Art- 
simovich has concentrated its effort during the 
early stages of the research on a study of high in- 
tensity pulsed discharges in rarefied deuterium. 
During the course of these investigations it be- 
came possible not only to obtain (although for 
only brief instance) a gas-discharge plasma with 
a temperature of several millions of degrees,” but 
also to discover many new phenomena in the phys- 
ics of gas discharge. Thus, in 1952 Artsimovich 
together with A. M. Andrianov, E. I. Dobrokhotov, 
S. Yu. Luk’yanov, I. M. Pondgornyi, V. I. Sinitsyn, 
and N. V. Filippov has discovered that a high-in- 
tensity pulsed discharge in deuterium at low pres- 
sure becomes a source of neutron radiation.!” 
Sometime later Artsimovich has investigated the 
important problem of the behavior of a self-con- 
stricting plasma in the presence of a longitudinal 
magnetic field.!4~!3 An investigation of this prob- 
lem is particularly important for the interpreta- 
tion of experimental data pertaining to so-called 
plasma paramagnetism. 

Further investigations on controllable thermo- 
nuclear reactions are being carried out over an 
extensive front, and the paper by Artsimovich at 
the Second Geneva Conference on the Peaceful Uses 
of Atomic Energy“ contains a brilliant survey of 
the efforts of Soviet physicists in this direction. 

Artsimovich began his pedagogical activity very 
early. Already in 1930 he lectured at the Lenin- 
grad Polytechnic Institute, and then began lectur- 
ing at the Leningrad State University. In Moscow 
he continued to offer courses on atomic and nuclear 
physics at the Moscow Engineering-Physics Insti- 
tute, and in recent years at the Moscow State Uni- 
versity. Artsimovich’s lectures are invariably 
distinguished for the rigor in which the problem is 
stated, for clarity, and cleverness of the exposition. 

The list of Artsimovich’s scientific papers is 
relatively short, but in the flow of scientific litera- 
ture that fills the pages of our journals one cannot 


ACADEMICIAN LEV ANDREYEVICH ARTSIMOVICH 


skip past any articles signed with the name of L. A. 
Artsimovich. They are always devoted to urgent 
and acute problems of modern physics and are char- 
acterized by deep critical analysis and lucid expo- 
sition. 

Artsimovich’s scientific merits have been highly 
valued by the scientific society of our country. In 
1946 he was elected a corresponding member of 
the U.S.S.R. Academy of Sciences and in 1954 he 
became a full member. Artsimovich was awarded 
many orders of the Soviet Union: in 1953 he became 
a Stalin Prize laureate, in 1958 a Lenin Prize lau- 
KEALC. 

The editors of the Journal of Experimental and 
Theoretical Physics wholeheartedly congratulate 
Lev Andreyevich Artsimovich, and offer sincere 
wishes of health, happiness, and new creative suc- 
cesses for the benefit of Soviet science and our 
great Fatherland. 
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Nuclear emulsions were used to study relative yields in Bi fission induced by 660-Mev pro- 
tons as a function of the range ratio of light and heavy fission fragments, ly, /ly, for groups 
of nuclei with different mean excitation energies. The dependence of fission yields on the 
range ratio was found to vary nonmonotonically for some nuclei. The dependence of the 
mean combined fragment range on 11,/ly has been obtained. The experimental findings 

are accounted for on the basis of the shell structure of the product nuclei. 


Atcrovan the mass and energy distributions 
of nuclear fission products have been studied ex- 
tensively both experimentally and theoretically, 
much work remains to be done. The mass distri- 
bution differs between elements and varies with 
the bombarding energy. For atomic number 90 
and higher at low bombarding energies fission is 
characteristically asymmetric, but the asymmetry 
diminishes with increasing mass of the fissioning 
nucleus,' and increasing excitation energy.” Very 
high-energy particles induce predominantly sym- 
metric fission. For atomic number 83 and lower 
symmetric fission is predominant at both high’ 
and low® excitation energies. Evidence has re- 
cently been obtained® that fission of elements with 
Z between 83 and 90 may be even more complex 
in character. It is difficult to obtain a consistent 
picture from the large number of separate exper- 
imental facts. Various authors have attempted in 
different ways" to account for individual fission 
modes, but there is no single explanation for all 
of the observed effects. Further investigations 

in this field will therefore be extremely important. 


1, EXPERIMENTAL PROCEDURE AND RESULTS 


The present work is a detailed study of Bi fis- 
sion induced by high-energy particles. P-9 emul- 
sions impregnated with a Bi salt were irradiated 
in the synchrocyclotron of the Joint Institute for 
Nuclear Studies by 660-Mev protons. After proc- 
essing the emulsions were examined microscopic- 
ally to detect Bi fission events; the horizontal and 
vertical projections of fragment tracks were then 
carefully measured and the true range of each 
fragment was calculated with allowance for shrink- 
age. The ratio of true fragment ranges was taken 
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as a measure of fission asymmetry. Special fine- 
grained emulsions permitted visual determination 
of the separation point of fission fragments even 
when unaccompanied by charged particle emission. 
The number of prongs associated with each frag- 
ment separation point was determined and the 
prongs were identified as belonging to either to 
singly- or doubly-charged particles. The sensi- 
tivity of the emulsions used is about 100 Mev for 
protons, thus permitting registration of the entire 
evaporation spectrum of charged particles and a 
considerable fraction of the knock-on protons. 
Most unobservable knock-on protons are associ- 
ated with low excitation energy. On the other hand, 
at high excitation energies the nuclear cascade 
branches so strongly that the knock-on proton 
spectrum contains almost no particles of energy 
higher than 100 Mev. 

It has been shown by Shamov’ that fission ac- 
companied by the emission of a definite number of 
charged particles can be associated with a definite 
mean excitation energy. Thus for each group of 
fissions with emission of a definite number of 
charged particles we can determine the average 
fissioning nucleus on the assumption that all par- 
ticles escape from the nucleus before fission oc- 
curs. The charge of the fissioning nucleus is ob- 
tained directly from the number of visible tracks 
with a correction for the invisible tracks. The 
number of neutrons in the fissioning nucleus can 
be calculated very accurately by means of the 
evaporation theory from a knowledge of the exci- 
tation energy expended for neutron evaporation 
alone. 

In order to clarify the different fission modes 
of different nuclei we for each group plotted the 
distribution of fissions with respect to the range 
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FIG. 1. Distribution of Bi fissions n with respect to the 
range ratio 1; /ly of light and heavy fragments from fissions 
emitting: a—0, b—1, c—2, d—3, e—4 or 5, f—6 or more 
charged particles. The mean error of measurement of the range 
ratio is ACL /ly) = 0.1 ly /ly. 


ratio l,,/ly of light and heavy fragments; the 
histograms are given in Fig. 1. In the cases of 

0, 1, 2, 3 charged particles the highest yield is 
consistently observed near the ratio ly, /ly = 1, 
i.e., for symmetric fission. With increasing 
asymmetry the yields decrease monotonically in 
all four cases. An entirely different picture re- 
sults in the case of 4 and 5 emitted charged par- 
ticles (Fig. le): the yield does not decrease mono- 
tonically as the asymmetry increases. Unlike the 
previous relations histogram e shows three max- 
ima, two of which lie far outside the limits of sta- 
tistical error. A x? test!° was performed to de- 
termine whether statistical fluctuations could 
account for these departures from the smooth 
curves for groups a, b, c and d. The area 
under a smooth curve was set equal to the area 

of the experimental rs Ean then y? = 14.4 

for the best fit of the experimental values. For 
the number of degrees of freedom involved here, 
F =6—1=5, the probability of obtaining such 
statistical fluctuation is P < 0.02, which is so 
small that statistical errors cannot account for 
the observed curve. We are also not aware of 
anything that could cause any systematic errors. 
When 4 or 5 charged particles are emitted there 
is apparently about the same probability of asym- 
metric fission into fragments with the given mas- 
ses as for the familiar symmetric fission. 

It is difficult to make any definite statement re- 
garding the mode of fission of nuclei associated 
with 6 or more emitted charged particles. In the 
first place, the data are very meager. Secondly, 
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as was shown in references 11 and 12, Ag and Br 
stars with 6 or 7 prongs show a very high probabil- 
ity of heavy fragments (including those with range 
of about 10u) together with recoiling nuclei, or 
pairs of heavy fragments, which can be distinguished 
from Bi fission only with great difficulty. Because 
of the large AgBr content of emulsions such spuri- 
ous “fissions” may comprise a considerable frac- 
tion. One must therefore exercise great caution 
before asserting that the fission of a given group 

is symmetric as shown in Fig. lf. 

The use of nuclear emulsions enables us to in- 
clude the important combined range of fission frag- 
ments in our analysis in addition to the range ratio. 
While single ranges, because of the extremely 
great diversity of nuclear products, cannot serve 
to determine the kinetic energy release involved 
in fission, the combined range is very closely re- 
lated to the total kinetic energy of fission frag- 
ments. Photographs of fissions provide a meas- 
urement of the range ratio of light and heavy nuclei 
together with the combined range of these frag- 
ments. By averaging the combined ranges over a 
large number of fissions with given asymmetry we 
can obtain the dependence of the mean combined 
range l= 1,, +l onthe ratio 1;,/lq; this gives 
approximately the dependence of the total kinetic 
energy of fragments on the degree of asymmetry. 
Figure 2 gives 1=f(l,,/lq) for two groups of 
Bi fissions and, for comparison, the same rela- 
tionship for U fission by thermal neutrons. Un- 
like the gradually falling curve for U (Fig. 2c), 
both groups of Bi fissions (Fig. 2a and b) show 
the same irregular character. For Bi fissions 
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FIG. 2. Mean combined range of fission fragments, ie a 
as a function of the range ratio /L/ly of light and heavy frag- 
ments, for Bi fission accompanied by: a—0, 1, 2, 3; b—4 or 
charged particles (/ in p). c—U fissions by thermal neutrons 
@ in relative units). 
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accompanied by 0, 1, 2, 3 charged particles the 
highest value of 7 is reached with range asym- 
metry 1.52. The mean combined range raches 
just as steep a maximum for the same asym- 
metry in Fig. 2b (for Bi fission with 4 or 5 
emitted charged particles). The second maxi- 
mum in the vicinity of range ratio 1,,/lq = 1.82 
is not so reliable. The data indicate that the high- 
est value of the total kinetic energy release in Bi 
fission induced by 660-Mev protons is observed 
in asymmetric fission. 


2. ANALYSIS AND DISCUSSION OF EXPERI- 
MENTAL RESULTS 


We used Bohr’s relationships in reference 13 
in order to relate the range ratio of light and 
heavy fission fragments to the corresponding 
charge values. The energy losses of slowed-down 
heavy fragments are divided into those at veloci- 
ties higher than vy) (the electron velocity in the 
hydrogen atom) and those at velocities lower than 
Vo. In the first case ionization loss is dominant, 
while in the second case nuclear collisions pro- 
duce most of the energy loss. For the sake of sim- 
plicity, Bohr neglects energy losses due to nuclear 
collisions and extrapolates the expression for ioni- 
zation loss as far as v=0. For a heavy stopping 
medium he thus obtains dv/dl = const. The varia- 
tion of the effective charge as a function of veloc- 
ity can be represented very well by rag) = zis v/Vo, 
whence we easily obtain 


bifta=\ (Gal Ci AeZ)s (1) 


where 
{OCG ORG FAA OAR Wacemen (7/50) "ee NE C47 eats Te PALS eae 


Since we are using the ratio of the ranges rather 
than their absolute values constants that are char- 
acteristic of the emulsion disappear; this expres- 
sion contains neither the mass nor the velocity of 
the fragments. The ratio J,,/ly depends only on 
the nuclear charges of the fission fragments. Ex- 
trapolation of the expression for ionization loss to 
small velocities as a substitute for taking nuclear 
collisions into account when v < vy does not result 
in a very large departure from the true value of 
lt,/lq. This deviation can be estimated from the 
data given by Boggild et al,!4 who determined the 
range-velocity relation for uranium fission in- 
duced by thermal neutrons. We find that the value 
of 1j,/ly obtained from (1) must be increased by 
about 10%. Thus a practical formula for the 
charges would be 


by (bg 1.1 (Zyl Zp)" f Zn 2 (2) 


and NisAvw PERFPIEOY 


The correcting factor is, of course, unnecessary 
for symmetric fission, i.e., Eq. (1) remains valid 
near 1,,/ly=1. 

Assuming I,,/ly = 1.32 (the experimental 
value for uranium fission by thermal neutrons), 
from Zy+ Zp, = 92 and (2) we obtain Zy = 54, 
ZL = 38 in agreement with experiment. Thus (2) 
is entirely acceptable for the purpose of determin- 
ing charge asymmetry from the range ratio. 

In calculating the charge and mass number of a 
fissioning nucleus we assume an emission mechan- 
ism for Bi fission.* This hypothesis has been sup- 
ported very convincingly in a number of papers’® 
and there are hardly any grounds for doubting the 
emissive character of Bi fission. The calculation 
was performed in two steps. (1) Observed charged- 
particle tracks were used to determine the charge 
carried from the nucleus by charged knock-on and 
evaporated particles. The number of fast protons 
not recorded by the emulsion was estimated from 
a nuclear cascade calculation.!® The energy car- 
ried away by evaporated charged particles was 
subtracted from the average excitation energy, 
which has a definite value for each nuclear group.® 
The remaining energy is expended only for the 
evaporation of neutrons. (2) The number of evapo- 
rated neutrons was determined by trial and error, 
with the calculation continuing until the remainder 
of excitation energy became smaller than the neu- 
tron binding energy.* It was thus possible to de- 
termine the mean charge and mean mass number 
of the fissioning nucleus for each group of fissions. 

The calculation shows that for groups of fis- 
sions accompanied by the emission of 4 or 5 
charged particles the average species of fission- 
ing nucleus is Ptii*4. The great majority of fission- 
ing nuclei in this group contain less than 100 neu- 
trons. Fissions with the emission of 3 charged 
particles have an initial excitation energy which is 
100 Mev lower and most of the fissioning nuclei 
contain more than 100 neutrons. The other groups 
(Fig. la, b, c) give fissioning nuclei which are even 
richer in neutrons. 

Applying (2) to the range ratios 1.52 and 1.82, 
for which in Fig. 2b we observe the maximum ki- 
netic energy release, we obtain 50 and 28, 56 and 
22, respectively as the charges of heavy and light 
fission fragments. For the group with a smaller 
number of charged particles (Fig. 2a) exactly the 
same position of the maximum (at ly,/ly = 1.52) 


*In the case of nuclei with sufficiently large Z?/A fission 
can occur when the excitation energy slightly exceeds the neu- 
tron binding energy. There will then be one or two more neutron - 
in the fissioning nucleus than the calculated number, but this 
does not essentially change the final result. 
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corresponds to charges 53 and 29 approximately. 
The charges calculated in this way which are asso- 
ciated with the maximum yields of asymmetric fis- 
sion (Fig. le) are 47 and 31, 53 and 25, for heavy 
and light fragments, respectively. 

We shall now attempt to account for the observed 
effects. We assume that the shell structure of the 
product nuclei is the decisive factor that determines 
the charge and mass distributions of fission frag- 
ments. This hypothesis has frequently been ad- 
vanced by different investigators to account for 
asymmetric fission.’ The symmetric fission which 
is observed for groups emitting 0, 1, 2, 3 charged 
particles is then attributed to the influence of the 
neutron shells of product nuclei. All of the fission~ 
ing nuclei of these groups contain more than 100 
neutrons and each fragment involved in symmetric 
fission must contain a little more than 50 neutrons. 
Thus stable 50-neutron groups induce symmetric 
_ deformations of the nucleus resulting in splitting 
into two identical parts. When a fissioning nucleus 
is left with less than 100 neutrons (in 4- and 5- 
pronged fissions) the neutron shells cease to exert 
their influence while the influence of proton shells 
containing 50 and 28, or 50 and 20, protons are 
most influential. Indeed, the mean charge of a 
fissioning nucleus is Z=78 inthis group. Thus 
when the original nucleus fissions there is a very 
strong possibility of obtaining product nuclei with 
50- and 28-proton shells and a somewhat slighter 
possibility of obtaining charges somewhat exceed- 
ing 50 and 20. The fact that according to the calcu- 
lation above the maximum -yield fragments (Fig. le) 
have charges 47 and 31 may be attributed either to 
the estimative character of (2). (Charges 50 and 28, 
56 and 22, can possibly correspond to range ratios 
1.37 and 1.67.) or to the nature of the actual fission 
mechanism. In the latter case it can be assumed 
that asymmetric nuclear deformations are caused 
by shells of 50 and 28, or 50 and 20 protons. When 
the critical point has been passed the light fragment 
in process of formation captures most of the neck 
between the two portions of the nucleus and re- 
ceives a greater charge: 31 instead of 28, 25 in- 
stead of 20+n, n=4. The symmetric fission 
peak seen in Fig. le evidently results from the 
most highly excited fissioning nuclei, just as the 
symmetric uranium fission yield grows as we pass 
from thermal to faster neutrons. 

The dependence of the total kinetic energy of 
fission fragments on the degree of asymmetry can 
also be understood to some extent from the given 
point of view. Although for fission groups with 0, 

1, 2, 3 prongs symmetric fission occurs, because 
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of predominantly symmetric deformations, the 
highest energy release is observed for fissions 
into fragments containing about 53 and 29 protons, 
which are close to the magic numbers 50 and 28. 
This indicates that with the less frequently encoun- 
tered types of asymmetric deformations the frag- 
ments separate from each other at smaller dis- 
tances than in the case of symmetric fission.* 
There is a corresponding increase in the total 
kinetic energy of the fragments and their excita- 
tion energy will be smaller. 

For the groups of 4- and 5-pronged fissions the 
maximum of kinetic energy release is also observed 
in asymmetric fission. When a nucleus of charge 
78 splits into fragments with charges 50 and 28, 
or 56 and 22, the stable compact product nuclei at 
the instant of fission are a very short distance 
apart; this facilitates the greatest release of Cou- 
lomb energy. 

The foregoing interpretation of our experimental 
findings is only qualitative and lays claim to neither 
completeness nor finality. Further investigations 
are required to improve and supplement the data. 
We believe that data on fission modes resulting 
from the bombardment of heavy elements by high- 
energy particles can be used to answer a number 
of questions about the fission of weakly-excited 
nuclei. 
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The mean range of protons in copper was determined. The proton energy was computed 
from the measured angle of Vavilov-Cerenkov radiation emitted by protons in Plexiglas. 
The corrected range of (658 + 2) -Mev protons in copper was found to be 257.6 + 1.2 


g/cm? 


. Assuming the ionization potential to be independent of the velocity, the calculated 


value of Icy is 305 +10 ev. The stopping power relative to copper was also measured 


fort; Be. C, Fe, Cd. and W.. 
INTRODUCTION 


Berne and Livingston’s expression! for the av- 
erage ionization losses of charged particles con- 
tains the average ionization potential I of the 
substance traversed by the particles. In the theory 
of ionization losses it is assumed that the average 
ionization potential I depends only on the atomic 
properties of the medium and is in principle inde- 
pendent of the incident particle’s velocity. How- 
ever, considerable experimental evidence (Table 1)? 
indicates that the average ionization potential tends 
to decrease with increasing particle velocity, at 
least for heavy elements (Z > 13). 

Lindhard and Scharff’ used the Thomas-Fermi 
statistical model to show that for different energies 


the energy losses of charged particles in substances 
with large Z is a function of only the parameter x 
and is given by 


dE _ 4xN (ze?)? v2 ae 
dx mo? L (x), Gee ve) 


As in the Bethe-Bloch theory, L(x) is a logarith- 
mic relation for x > 100, in which region the spe- 
cific form of L(x) proposed by Lindhard and 
Scharff provided a sufficiently good description of 
the experimental data available at the time and to 
some extent confirmed Sachs and Richardson’s 
idea® that I might be dependent on energy. 
Caldwell? subsequently analyzed all available 
experimental data on the determination of ioniza- 
tion potentials of different elements for different 


TABLE I. Summary of ionization potentials in ev 


From From Bloem- From From Mather From Bakker 
Hle- Zz Caldwell? | bergen and | |Thomson for| and Segre® and Segre 
ment for 18 Mev* | Van Heerden 270 Mev for 340 Mev | for 340 Mev 
| for 60 Mev 
| | | | 

H 4 | 18.0 15.6 

Li 3 34.0 

Be 4 | 60.4 59.0 

C 6 69.7 76.4 74.4 

N 7 75.9 

O 8 i 87.6 

Al 3 41632530 162%5 150 147.943 

Ciel? 151.9 

Fe | 26 243 

Ni | 28 | 363419 | 7 

Cu 29 377+8 370, 279 309.9-++38 

Rh | 45 | 656445 | i 

Ag 47 659+50 | 428 

Cd 48 654441 | . 

Sn 50 708459 | 479 

Ta 12 962-454 

W 74 697 

¢ 442 4 
Pde ee Asay: 970 758 810.7442 
U 92 881 


*Based on the experimental work of Sachs and Richardson.8 
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Variable 
absorber 


\ 
Investigated 
substance 


incident energies, making all essential corrections 
The result was strong modification of the experi- 
mental curve for x < 100. Caldwell concluded that 
there is no basis at present for assuming that I 
depends on velocity; he was of the opinion that for 
high energies we must use higher ionization poten- 
tials than those given by Bakker and Segré? and 
Mather and Segré,® which:are approximately 13Z 
ev. 

In the present paper we shall present measure- 
ments of the range-energy relation for 660-Mev 
protons in copper. 


EXPERIMENT 


The mean energy of our external synchrocyclo- 
tron beam was 660 Mev, with a spread of +4 Mev. 
The beam was formed by a collimator of 20 mm 
diameter. The instruments for precise measure- 
ment of proton energy and range were placed in 
line on a special truss behind a four-meter rein- 
forced concrete shield 17 m from the exit window 
of the accelerator vacuum chamber. The experi- 
mental arrangement is shown in Fig. 1. 


MEASUREMENT OF MEAN PROTON ENERGY 


The mean proton energy was determined by 
Mather’s method which was described in refer- 
ence 9. In the present paper we shall give the ex- 
perimental results with only a brief description of 
the procedure. The method is based on the sharply 
defined directivity of Vavilov-Cerenkov radiation,!” 
with the semiangle of the radiation cone given by 
cos 8(A) =1/n(A)8, where n(QA) is the refrac- 
tive index of the medium for a given wavelength A 
and £ =v/c is the particle velocity. 

Because of the continuous spectrum of Vavilov- 
Cerenkov radiation the form of the function n(A) 
must be taken into account in determining veloci- 
ties from cos 6 (A) =1/n(A)B. Mather? developed 
an ingenious scheme for measuring the emission 
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FIG. 1. a — Plan of experiment: 1 — radiator, 
2 — radiation, 3 — mirror surface, 4 — angle tem- 
plate, 5 — achromatic prism, 6 — camera; b — ar- 
rangement of ionization chambers M, and M, and 
copper absorber for total range measurement; 
c — arrangement for measurements of relative 
stopping powers. 


angle of a given wavelength. In virtue of n(A) the 
blue portion of the radiation spectrum is.located on 
the outside of the radiation cone while the red por- 
tion is located inside. When a portion of the cone 
of divergent light from the radiator passes through 
an achromatic prism we obtain an almost parallel 
light beam which can be focused by a lens into a 
narrow band of white light with its center of grav- 
ity around the position of a given wavelength. The 
vertex angle a of the achromatic prism is deter- 
mined from the extinction equation of first order 
dispersion d~/dA = 0 written for the case of per- 
pendicular emission from the radiator and mini- 
mum prism angle of deviation, where w~(A) is the 
direction in which the radiation is viewed after 
emerging from the prism. We now give this equa- 
tion, which appears with a misprint in Mather’s 
paper: 


dy db dn 
dig, 6h da uns, 
Se 4 = 2 sin (a / 2) Grim 
(n?B2—1)'2 = (1 — n? sina / ya dives (2) 
Hence 
= a —/s 
Sim5— (75 1 4 ee 1) (3) 


where a is the vertex angle of the prism, ny is 
the refractive index for the wavelength A, satis- 
fying the condition d¢/dA =0, and By is the ap- 
proximate mean velocity. Equation (3) can be used 
when the radiator and prism are made of the same 
material. 

Proton velocities were determined by precise 
measurement of the emission angle of Vavilov- 
Cerenkov radiation from protons passing through 
Plexiglas. The choice of radiator material and 
thickness was dictated by the experimental condi- 
tions. Plexiglas was chosen as a substance with 
low atomic number, low density and relatively low 
dispersion, thus reducing multiple scattering and 
slowing down. 

Preliminary energy measurements!! were pene 
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formed with a proton beam of low density (10° pro- 
tons -cm~* sec’!) and, consequently, a relatively 
thick radiator. Radiation was registered by a cam- 
era with a 1:1.5 Yupiter-3 objective on “Negative- 
A” cine film of 50-unit GOST (All-Union State 
Standard) sensitivity. With a radiator thickness 

of 2.9 g/cm? in the beam direction exposures lasted 
3 minutes. 


The present measurements were obtained after 


the system of proton beam extraction was changed,}” 


increasing the intensity more than 100 times. The 
exposures used with a beam of 4 x 10" protons -cm? 
sec"! ranges from 3 to 5 seconds. 


MEASUREMENT OF REFRACTIVE INDEX 


An IRF-3 refractometer was used to measure 
the refractive index of a few samples taken from 
the same piece of material as the radiator. The 
absolute refractive index for >} = 5461A was 
1.4926+5%x10-*. This value of n was confirmed 
after the experiment by measurements performed 
on samples cut from the radiator in the region 
traversed by the proton beam. 


EXPERIMENTAL RESULTS 


The emission angle of Vavilov-Cerenkov radia- 
tion in Plexiglas was found to be @ = (34°0.5’) + 3’ 
for A =5461A. The proton energy was calculated 
from 


ncos 8 


= le 
2 Eo (n* cos? 0 — 4) } (4) 


where Ej) is the proton rest mass, 938.2 Mev,!8 
and n is the refractive index of Plexiglas for 
A = 5461A. 

According to the measured values of 6 and n 
the proton energy at the center of the radiator was 
654.9 Mev. When account is taken of slowing down 
up to the middle of the radiator the mean proton 
energy becomes 658.4 Mev (AE = 3.5 Mev for t = 
1.45 g/em? and —dE/dx = 2.40 Mev/g:cm”’). 
This was the average of three energy measure- 
ments: E, = 658.0 Mev, E, = 657.6 Mev, and 
E3 = 659.6 Mev. 

The error in the energy values includes errors 
in measuring @ and n. AE,/A@ and AE,/An 
were determined by means of the relations 


AE (n282— 1)? ABs 7 phe 

a ne rcerarin , ie Eo ae RCD) 
In our case AE, = A@ X 0.59 Mev when A@ is 
given in minutes, and AE; = = 2x108An Mev. For 
Ad = +3.0, An=+5 X107 S eni=1.493.and 6 = 0.81 
we obtain AE, =+1.8 Mev and AE, = +1 Mev. 
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FIG. 2. Ratio of ionization currents in chambers M, and M, 
as a function of (R - R,)/o: 1 — experimental curve, 2 — curve 
computed by Mather and Segré® (o = 2.68 g/cm’). 


The total energy error, which is the root mean 
square of the given errors, is AE = +2.1 Mey. 


MEASUREMENT OF TOTAL RANGE IN COPPER 


While measuring the mean proton energy we also 
measured the total range in copper (Fig. 1b). A 
collimated proton beam of 20 mm diameter tra- 
versed ionization chambers M, and My, which 
were separated by copper blocks. The ionization 
ratio J,/J, in the chambers was measured as a 
function of copper thickness. 

Ionization chamber My, was filled with helium 
to 0.5 atmos and My, was filled with argon to 1 
atmos. Measurements at the end of the absorption ~ 
curve were performed in steps of 1.5 g/om?, A 
portion of a Bragg curve is shown in Fig. 2. Com- 
parison of the experimental curve 1 for Jy/J, 
with the theoretical curve 2 of Mather and Segré® 
yields the energy spread of the proton beam. 

The calculation of the theoretical proton range 
spread due to energy loss fluctuations took a rela- 
tivistic factor into account:’ 


Tie Yi eth i OU 2 
(dE 1—8 i dE’, 


(AR)? = 4x Penz| | (fe) ae (6) 


where 6 =8(E’) is the particle velocity. For a 
copper absorber and proton energy E = 658 Mev 
we have AR, = 2.55 g/cem?, 

Besides the indicated spread we took into ac- 
count range fluctuations due to multiple scattering 
fluctuations: 


= 2 
se—s 


wee eee, Sah) rahe Gaus 
ie 2aeg (Eo eh lice (n + 2)? ; 


where 
Dep uct; (ei) ee, (8) 


L;(£;,) and Ly being given below [see Kq. (9)]. 
A calculation using (7) and (8) gives 


)/ 02)" = 0.83 g/em?, 


Gane ve 
for Pb 
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FIG. 3. Multiple-scattering corrections of experimental 
range as a function of total energy E, in units of py, for dif- 
ferent elements and incident particles with rest mass p = 100. 


The total spread o = {(AR,)? + (AR,)}!/ was 
calculated to be 2.68 g/cm? whereas the experimen- 
tal value was ARe = 1.300 = 3.48 g/cm’. The dif- 
ference, given by {(ARe)*—0*}!/ = 2.2 g/cm’, 
yields +3.8 Mev as the energy spread of the proton 
beam. It was shown by Mather and Segré that the 
mean range corresponds to the ordinate on the 
Bragg curve for which J»y/J, = 0.82 (Jo/J1)max- 
The effective range corresponding to this ordinate 
is 255.9 g/em*. When we take into account the thin 
copper foils enclosing ionization chambers My, and 
M,, and the internal electrodes, with a total thick- 
ness of 0.50 g/cm’, the total range becomes 256.4 
g/em?, which was corrected for multiple scattering 
of protons in the absorbers. The measured total 
thickness of an absorber is the effective range, i.e., 
the range measured in a straight line, whereas the 
actual range of a particle is somewhat longer be- 
cause its trajectory is distorted through multiple 
Coulomb scattering. The total length of the twisted 
trajectory is the true range which should be used 
in determining the energy from the range-energy 
relation. 

The difference between the true range s and 
the effective range t was calculated by Pomer- 


anchuk.!4 (S-t)/t is given by 
eee Roses. Je oak wie 
ley 2) ewe ae Seater) Sela (9) 
t nin (Ey—)* L,(Ey) 4E op. 


where Z is the charge of absorber atoms, Ey is 
the total particle energy, m is the electron rest 
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mass in Mev, Eg =m (47137)!/2 = 21 Mev, yp is 
the incident particle rest mass, Ly is the “radi- 
ation logarithm” and L;(E,) is the “ionization 


logarithm” for an intermediate energy E;. EK, is 
given by* : 
4 ote 
Venn? [Fo —pw— 2Qu In Dyn + Kyb?| 
¥ (Ey + ve)? 
x [in et | ; (10) 
where 
z 
K =\ (b= bet (1 ety tet de; 
0 
b = (Ey — p)/ (Eo + )- (11) 


The values of E,; (in ») for Eg from 1.2 to oy 
are as follows: 


Beanie 3 1.4 15 1.6 ied 1.8 19 


Eee 11 16 S120" 26" 1s Soe ee eee 
E,=2 202 AS 3} Sa) 4 4.5 5 
£, = T49 “1.58 1:70" 1.90" 2,07 02.27 Oe 


Figure 3 gives the values of (S—t)/t for C, 
Al, Be, Cu and Pb. The ordinates give (S—t)/t 
as a percentage for a particle with the rest mass 
= 100 Mev; for other masses we use the relation 
ee is: 

t t /u=t100 
initial total energy in units of w. The accuracy of 
(s—t)/t based on (9), (10), and (11) is ~1%. 

For 658-Mev protons (Ej) =1.7p) the correc- 
tion for multiple scattering of protons in copper is 
0.46%; the mean range is then 257.6 g/cem?, 

Accuracy of the range value is determined by 
the accuracy in measuring the absorber thickness 
and by the uncertainty resulting from variation of 
mean proton energy during the course of the ex- 
periment. Several checks of the range during the 
experiment showed that the deviation did not ex- 
ceed +0.2 g/cm?, while the total error including 
that involved in measuring absorber thickness 
amounted to +0.3 g/cem?. 


The abscissas give the 


DETERMINATION OF IONIZATION POTENTIAL 
FOR COPPER 


Precise measurements of proton energy and 
range permit determination of the ionization poten- 
tial for copper by means of the relation 


pve ( SEN "AE, (12) 
0 


N 


where R is the total range (in grams per cm?) 
of protons with initial energy E) (in Mev) ina 


*In Pomeranchuk’s paper the expressions for E, and K 
contain errors which have been corrected here. 
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given substance, and dE/dx is the ionization loss 
in units of Mev/g+cm™*, which is determined from 
Bethe’s formula in the form" 


peak... 2aetetn 
dx emc*s? | 


2mo?T 
PO 8) 


fp (13) 
where e and m are the electron charge and 
mass, ez is the charge of the incident particle, 
n is the number of electrons per cm? of stopping 
material with density p, 8=v/c is the particle 
velocity, I is the mean ionization potential of 
stopping atoms, ZC; represents corrections for 
particle velocities comparable to electron veloci- 
ties in K, L,...shells, 6 is the Fermi density 
correction, !¢ for copper 2me!/ pmv" = 0.0701 
Mev/g-:cm™, and T — the maximum energy 
transferred by an incident particle to an atomic 
electron — is given by 


2 = s1C,—3l 
K, 2 


T = (E? — pc4) /uc?(u/2m+ m/2n+E/uc?), (14) 


where E is the energy of the incident particle 
with rest mass uw. For heavy particles with y >m 
we have T = 2my*/(1-—8?). 

The corrections C; which take into account 
electron binding in K and L shells have been 
calculated by Walske.!"»!8 The sum of these cor- 
rections reduces the calculated energy loss of 
particles in matter with Z = 30 by ~4% for 5-Mev 
protons, by 0.16% for Ep = 250 Mev and by 0.05% 
for Ep = 660 Mev. In our case the total correc- 
tion reduces Igy by 3 ev. 

The most accurate calculation of the density 
effect in different substances is that of Stern- 
heimer.!® The empirical expression for 6 is 


= 606% - CP a(Xi.— xX)” for. Xx. X= Xa, 
&= 4.606 X +C fone xq," (19) 


where X=log (pc/u), and pe and yp are the 
particle momentum and rest mass, X; is the value 
of X above which 6 is linearly dependent on X, 
X) is the value of X below which 6=0 and is 


2 
determined from the velocity B) = {1+ >)fj/ v3 1V 


(where f; is the oscillator strength of a given tran- 
sition, which is equal to the number of electrons on 
the given level divided by the total number of elec- 
trons in the atom), and vj = Ej/f is the i-th tran- 
sition frequency. For copper we have C = —4.13, 
10a = 0.99, m=3.40, X,=38, and X)=0.00.* The 


*C, a, m, X, and X, were calculated by Sternheimer in 
connection with a formula containing the value of the copper 
ionization potential Ic, = 279 ev which was obtained by 
Bakker and Segré.5 The 5 correction to Icy is so small that 
the difference between Icy = 279 ev and the value Icy=307ev 
used in the present paper has been disregarded. 
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value of 6 is ~ 0.12% for 400-Mev protons and 
~ 0.25% for 600-Mev protons. In our case the den- 
sity effect reduces Iqy by 2 ev. 

Icy was computed as follows. Equation (12) 
was integrated numerically to determine R, and 
R, for two different ionization potentials close to 
the experimental value, such as I, = 375 ev and 
I, = 300 ev. We thus determined AR/AI = (R,—R,)/ 
(I1,-I,) = 0.126 g/cm? ev, and the ionization poten- 
tial satisfying initial energy Ey = 658 Mev and 
range Ry = 257.6 g/cm” was Icy = 305 ev. It 
should be noted that the range was calculated as- 
suming velocity independnce of the ionization po- 
tential Icy. The computed proton range for Iqy 
= 377 ev is 8.84 g/cm? greater than the experi- 
mental range. 

The error in determining the ionization poten- 
tial by the foregoing method is a combination of the © 
errors in determining the initial proton energy and 
the range. The rms error in the range is +1.2 
g/cm”, which leads to the uncertainty Alcy'= +10 
ev in the ionization potential. The value Icy = 
305 + 10 ev obtained in the present experiment 
agrees well within the limits of error with Mather 
and Segré’s value of 310 ev for 340-Mev protons. 


RELATIVE STOPPING POWERS OF DIFFERENT 
SUBSTANCES FOR 635-Mev PROTONS 


The experimental arrangement is shown in Fig.1. 
The thicknesses of the specimens were such that the 
ionization losses of protons were ~ 50 Mev, so that 
the measured relative stopping powers refer to 
protons with the energy 635 Mev at the center of a 
specimen. The experiment determined the amount 
of copper which would slow down protons of 635 
Mev mean energy to the same extent as 1 g/ cm? 
of a given substance. For this purpose we meas- 
ured q =(Acy—-Bcy)/Ci, where Acy is the total 
proton range in the copper absorber, Bcy is the 
thickness of copper absorbers remaining after a 
fraction of the copper had been replaced by the test 
substance, and Cj is the thickness of the test spe- 
cimen. Range values were obtained from the mean 
range; the results are given in Table II. 


TABLE II 
Bloch con- 

Ele- q 1, ev stant Il = 
ment 1/Z, ev 

H 3.016 15 15 

Be AesMosyy 61+6 5) 4) 

G 1.268 85+8 14.2 

Fe 1.034 Qian 10.5 

Cu 1.000 305+10 10.5 

Cd 0,887 468 +35 9.8 

W 0.794 680 +50 OnA 
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Eerf, Mev 
FIG. 4. Ionization potential of copper as a function of pro- 
ton effective energy. @ — present data (Eer¢ — proton effective 
energy). 


Ionization potentials were calculated assuming 
that Icy = 305 ev for Ey = 635 Mev. Corrections 
were included for the binding of K and L elec- 
trons as well as for the density effect. The final 
expression for ionization potentials based on meas- 
urements of relative stopping powers is 


A 1 5 
In] = 13.788 — 4 3.6709 — FPS oe este (Lo) 


where A is the atomic weight. 
Relative stopping powers were measured with 
an accuracy of about +1%; therefore the accuracy 
of the ionization potentials is +10%, since AI/I ~ 
(Aq/q) In (2mv?/ I). The stopping power of hydro- 
gen* was determined from the CH, — 


DISCUSSION OF RESULTS 


The paper of Sachs and Richardson® contains a 
graph showing values of the ionization potential for 
copper that were determined by different methods 
for different proton energies, as a function of the 
effective energy, which when I is determined for 
the entire range equals 0.6 of the initial energy E 
if we assume I=I)-—aln E. The data of the pres- 
ent work for 400 Mev are included in the same 
graph for comparison (Fig. 4). Up to 60 Mev the 
ionization potential of copper is ~ 380 ev, while at 
higher energies it is reduced to ~ 310 ev. 

As indicated above, in the present paper Icy 
was calculated assuming it to be independent of 
proton velocity. Iqy was also calculated with the 
experimental data for low energies taken into ac- 
count. For proton energies from 0 to 125 Mev we 
assumed the constant value Igy = 377 ev; from 
125 to 660 Mev we assumed 305 ev. The theoret- 
ical and experimental ranges could be brought into 
agreement only by the value 301 ev for Iqy in the 
125 — 660 Mev range. No other assumptions were 
made regarding the energy dependence of Ioy; the 


*For hydrogen the accuracy of q is ~ 5% and that of Ip 
is~ 50%. 


C difference. 


assumptions already adopted yield 300 ev as the 

ionization potential of copper for a mean proton 

energy of about 400 Mev. The observed drop of 

70 — 80 ev in this proton energy range is outside 
the limits of experimental error and requires an 
explanation. 

If we assume that an ionization potential cannot 
depend on the velocity of an incident particle the 
decrease of the former as the particle energy rises 
can either indicate some additional form of loss at 
high energies which is not included in Bethe’s the- 
ory, or that some effect reduces the loss at low 
energies. 

The variation of I with energy may possibly 
be associated with the effective density at low en- 
ergies. Indeed, the calculations of ionization po- 
tentials from absolute measurements of dE/dx 
at low energies have usually employed an expres- 
sion which neglected the Fermi density effect, al- 
though this effect does not disappear at low ener- 
gies. Sternheimer’® has shown that the reduction 
of ionization loss A(dE/dx) at low energies due 
to the density effect is given by 


A aE _ 2mn (22)? oy in ( = ee (17) 


dx emu? emu? z 


where 1, = (v? + ie 2 with all other notation as 
in (13). In first approximation, i.e., using transi- 
tion frequencies vj taken from Sommerfeld’s 
tables,?° we have 6(Cu) = 0.26. A(dE/dx) for 
protons with ~ 20 Mev in copper may be a few 
percent. 

In calculating the reduction of loss at high pro- 
ton energies we must use the formula?® 


dE arn (ze*)? vel 2 


So See emv2 | Bruin 
where l is defined by 


p71 =D / (+2), 


(1 |, (18) 


v? 


In this case for 600-Mev protons with the same 
values of the frequencies vj, A(dE/dx) for 
copper is only 0.1% and increases to 3% at 2 Bev. 
The reduction of dE/dx by a few percent at 
low energies is equivalent to reduction of the cop- 
per ionization potential by 20 — 30%, i.e., to ~ 300 
ev. It should be noted that the value of the sum 


6 = 2 /fj In(Uj/vj) is uncertain because the tran- 


sition frequencies vj are uncertain. If a more 
exact calculation eventually shows that the correc- 
tion factor 6 actually has the given value, there 
will hardly be any reason for regarding I as ve- 
locity dependent. I could then be given a constant 
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value at 10 —11Z ev and the density effect would 
be taken into account in calculations of energy 
losses over the entire energy range. In the event 
of the contrary result the reduction of I at higher 
energies must be accounted for in some other man- 
ner. 

In conclusion we wish to thank Yu. D. Prokosh- 
kin and I. M. VasilevskiY for discussions and for 
acquainting us with preliminary data on absolute 
losses for 650-Mev protons. 
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A new method of investigation of individual air showers is described. The method is ap- 
plied to the study of the core of extensive air showers. Some preliminary experimental 
data, indicating the existence of large fluctuations of the energy flux of the electron-photon 
and of the nuclear-active components in the core of extensive air showers are presented. 


tle necessity of studying individual extensive 
air showers (EAS) simultaneously at different 
depths was recently pointed out by D. V. Skobel’- 
tsyn. The present work is an attempt to carry out 
this idea in connection with the study of the core 
of EAS. 

A detailed study of EAS, carried out in recent 
years in a series of experiments,'~* showed that 
the lateral distribution of particles in EAS does 
not vary at different altitudes of the atmosphere 
and, at any given altitude is, as a whole, described 
by the electromagnetic cascade theory in the cen- 
tral regions of the shower up to small distances 
-of ~1m from the shower axis. An analysis of 
the data pointed to the conclusion that a nuclear 
cascade is present in the shower, and that the 
main part of the energy flux of the nuclear cascade 
should be concentrated at small distances from the 
axis (~1m), forming the so-called core of the 
EAS.° 

The study of the core region of EAS therefore 
becomes of special interest, since, in that region, 
one can observe the specific features of the nu- 
clear-cascade process. In connection with the 
above, an array for a detailed study of the core 
of the EAS was constructed. The array for the 
study of the core of the EAS, which forms a part 
of the large array set up at Moscow State Univer- 
sity for a comprehensive study of EAS, is de- 
scribed below, and preliminary results of meas- 
urements, illustrating the method used, are pre- 
sented. A full report on the experimental results 
and their analysis will be given in future articles. 


DESCRIPTION OF THE ARRAY 


The array makes it possible to obtain detailed 
data on the electron-photon and nuclear-active 
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components in the core of the EAS. A block dia- 
gram of the array is presented in Figs. la and 1b. 
The array consists of a diffusion chamber with an 
area of 0.64 m*, 124 ionization chambers displayed 
on a hodoscope and screened by a special absorber, 
and 672 hodoscope Geiger-Mtiller counters of vari- 
ous sizes. : 

A picture of the distribution of the shower-par- 
ticle flux (mainly electrons) is obtained near the 
shower axis by means of the diffusion chamber and 
of the hodoscope counters. This data can be used 
to determine the number of particles in the shower 
and also the position of its axis, by means of the 
well-known method.?»® This can be done to an ac- 
curacy of ~1m using the hodoscope-counter data, 
and to an accuracy of a few centimeters if the axis 
falls within the diffusion chamber, It is also evi- 
dent that the diffusion chamber gives a full picture 
of the directions of single shower particles, and 
therefore makes it possible to determine the di- 
rection of the particle flux near the shower axis. 

The distribution of the energy flux carried by 
the electron-photon component near the shower 
axis was determined by means of the first row of 
ionization chambers, consisting of 60 cubic cham- 
bers with the dimensions 25x25 x25 cm and 
screened from above by 2.5 cm of lead. In fact, 
the multiplication coefficient for such a thickness 
of lead is, with sufficient accuracy, proportional 
to the mean energy of the particles (electrons 
and photons) at a given distance from the shower 
axis, if the energy lies in the range 10° to 101! ey. 
A direct inspection of the distribution of the flux 
in the first row of ionization chambers makes it 
possible to determine the position of the shower 
axis with an accuracy of the same order of mag- 
nitude as the dimensions of the chambers. 
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FIG, la. Position of the diffusion chamber, ionization chambers and 
layers of the absorbers. 1—diffusion chamber (the sensitive region is 
Shown by the dashed line); 2~ Al, 0.3 cm; 3—Pb, 2.5 cm (28.2 g/cm’); 

4 —ionization chambers; 5—Pb, 5 cm; 6— graphite, 73 cm (120 g/cm?); 
7—Pb, 2.5 cm; 8—ionization chambers; 9—Pb, 2 cm; between the layers 
2—3 and 6—7 — wood, 2.5 cm; between 3—4 and 7-8 — plywood, 0.4 cm. 

FIG. 1b. Position of ionization chambers, diffusion chambers (shown 
by dotted line), and Geiger-Miiller counters. Large rectangles — effective 
areas of trays consisting of 12 counters 330 cm? each; middie sized rec- 
tangles — 24 counters 100 cm? each; small rectangles — 24 cm? each. The 


FIG. 2. Cross section of the ioni- 
zation chamber, a— walls; b—col- 
lecting electrode; c — insulator. 


counters in the trays are placed at the distance of half a diameter one 
from another. The trays denoted by a cross contain a group of counters 
connected to a six-fold coincidence circuit. The plane of the counters 
is at a distance of 1.15 m from the first row of ionization chambers 4. 


The distribution of the energy flux carried by 
the nuclear-active component in the shower core 
can be determined by means of the second row, 
consisting of 64 ionization chambers placed under 
a composite of 7.5 cm lead, 70 cm of graphite 
(120 g/cm?), and 2.5 cm of lead. The electron- 
photon component of the shower coming from the 
air is almost entirely absorbed, and thus does not 
reach the lower row of chambers. 

Nuclear-active particles incident upon the ab- 
sorber initiate a nuclear cascade inside it. In 
each nuclear collision, part of the energy is ir- 
reversibly transferred to photons through pro- 
duction and consecutive decay of 7’ mesons. 

The thickness of the layer of lead placed above 

the graphite amounts to half of the mean free path 
of nuclear-active particles, and the thickness of 
the graphite to 1.7 of the mean free path. There- 
fore, the energy transfer from nuclear-active par- 
ticles to photons cccurs mainly in graphite, in 
which the energy is accumulated, since electron- 
photon cascades develop weakly in graphite. The 
graphite therefore acts as a singular transformer 
of the energy of the nuclear-active particles into 
the energy of the electron-photon component. The 
development of the electron-photon cascade occurs 
mainly in the lower layer of lead, and, after it has 
traversed this layer, the cascade reaches approxi- 
mately its maximum. The number of electrons 


falling on the lower chambers is thus proportional 
to the energy transferred to m mesons in graphite 
and consequently, on the average, to the energy of 
the primary nuclear-active particle. The efficiency 
of such a method for recording of high-energy nu- 
clear-active particles was discussed earlier,’ and 
this method was used by Dmitriev, Kulikov, and 
Khristiansen.® The values of energy Ey-a of the 
nuclear-active component as listed below, are cal- 
culated from the relation’? 


Ben = 0 IOP AON, 


where n is the number of relativistic particles 
recorded in the lowest row of chambers. 

It can be seen from Fig. la that the diffusion 
chamber is screened from below by 3 mm of Al 
from the electrons and photons scattered by the 
lead. The ionization chambers of the first and 
second rows are so to speak in a lead gap, since 
they are screened by lead also from below. This 
makes it possible to interpret the experimental 
data using the cascade theory for heavy elements 
without any limitations (accounting only for cor- 
rections due to the absorption in the walls of the 
chambers). In calculating the value of the energy 
flux E of the electron-photon component incident 
upon the chamber, it was assumed, following Iva- 
nenko,’® that 

E = 108n' ev, 
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where n’ is the number of relativistic particles 
recorded in the chamber. 

The diffusion chamber used in the array meas- 
ures 800x800 x60 mm, where 60 mm is the height 
of the sensitive layer. The bottom of the chamber 
is kept at —50°C, and is maintained constant within 
+1°, across the area of the bottom and also with 
respect to time, by means of a special two-stage 
compression freon refrigerating system. The lid 
of the chamber is kept at +20°C. The chamber is 
filled with alcohol vapor. A grid is placed above 
the sensitive volume and kept at a potential of 
—40 v with respect to the bottom of the chamber. 
The use of such an electric field leads to a de- 
crease of the duration of tracks, and considerably 
lowers the background, which amounts to 50 tracks 
per grid unit. The sensitive layer is illuminated 
through a yellow filter by means of pulsed lamps 
ITS-1500, which are triggered by the master pulse. 
The sensitive layer is photographed by a stereo- 
scopic camera with 72 mm base through the glass 
lid of the chamber of 1.5 g/cm? thickness. 

The block of ionization chambers consists of 
124 cubic chambers 252525 cm. Each of the 
chambers is connected to its own channel of the 
electronic recording system for the pulse ampli- 
tudes. The ionization chambers are filled with a 
mixture of spectrally pure argon (98%), and 
chemically pure nitrogen (2%) to the pressure 
of 830 mm Hg, with preliminary evacuation (and 
simultaneous heating) to 1074 mm Hg. The cross 
section of the chamber is shown in Fig. 2.* The 
walls of the chambers are made of stainless steel 
2 mm thick, with the exception of the top wall which 
is 1 mm thick. The collection electrode is cylin- 
drical in shape, 10 mm in diameter and 100 mm 
long. A cross section through the equipotential 
surfaces, for a potential difference between the 
collecting electrode and the walls equal to 900 v 
which corresponds to the chosen working voltaget 
is shown in Fig. 2. The picture of the equipoten- 
tial surfaces was obtained by the electrolytic-tank 
method as used by Goryunov and Erlykin."! From 
this picture we can determine the velocity of col- 
lection of electrons for local ionization in various 
places of the chamber. For a uniform volume ioni- 
zation, the velocity of collection of electrons is 
such that, within 2 x 107° sec, the pulse attains 
80% of its amplitude. 


*For convenience and speed of filling, the ionization cham- 
bers were built as blocks of four chambers with a single outlet 
for filling. 

+The saturation of the electron current in the chamber, for 
volume ionization equivalent to the passage of 10 000 relativ- 
istic particles during the collection time of 20 psec, produced 


by a preparate of Co*’, occurs at a potential difference of 300v. 
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Our basic demands of the electronic circuits 
are: a possibility of recording pulses with a wide 
range of amplitudes, and stability of operation. In 
the experiment, the pulse amplitudes of the ioni- 
zation chambers are recorded as following: (For 
a more detailed description see reference 12): 

A preamplifier with an amplification factor of 

~ 100 is attached to each chamber. The pulse was 
transmitted by a cathode follower through a cable 
to a nonlinear amplifier, and then to a switching 
tube. Whenever this tube receives the master pulse 
simultaneously, the amplified pulse of the chamber 
is fed to a storage circuit, and is then collected by 
means of an electronic switch which serves all 124 
chambers. The pulse arrives at the vertical de- 
flection plates of a CRO tube, delayed with re- 
spect to the master pulse that triggers the time 
base by an amount different for each channel. The 
total picture of the distribution of pulse amplitudes 
in all ionization chambers is recorded photograph- 
ically. By means of the setup described, it is pos- 
sible to record pulses produced by the passage of 
5 to 40,000 relativistic particles through the cham- 
ber. The lower limit is determined by the ampli- 
fier noise and especially that in the pre-amplifier. 
Evidently, the introduction of a non-linear ampli- 
fier, which makes a wider dynamical range pos- 
sible, leads to a worse accuracy in the determina- 
tion of the pulse heights. However, for 85% of the 
range, the accuracy is not worse from 10%, and 
for 15% of the range it amounts to ~ 25%. 

The chambers were calibrated by photograph- 
ing pulses from single relativistic particles tra- 
versing the volume of the chamber. The pulse on 
the grid of the first tube of the pre-amplifier, pro- 
duced by the passage of a single relativistic par- 
ticle through the chamber, amounts to ~ 20 uv. 

The comparatively low frequency of the ob- 
served events, and the ensuing long time needed 
for measurements makes a systematic check of 
the operation of the whole electronic system and 
of the ionization chamber a necessity. Ail am- 
plifiers and recording channels were calibrated 
regularly every 24 hours. To this end, pulses 
of given amplitude from a pulse generator were 
fed simultaneously through a small capacity to 
the grids of the first tubes of all pre-amplifiers. 
From the obtained photographs of calibration 
pulses of various amplitudes, amplitude charac- 
teristics of the separate channels were constructed, 
and these are used for evaluating the oscillograms. 
One example of such amplitude characteristics 
is shown in Fig. 3. Tests showed that the ampli- 
tude characteristics did not change substantially 
during a long period of operation. By means of 
the above method of calibration, one can check the 
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amplifying-recording chain as a whole, including 
the input capacity of the pre-amplifier. The con- 
dition of the gas in the chambers which was not 
checked in the above-described procedure, was 
tested periodically once very half year. The 
chambers were irradiated by y-rays from a 

Co® source in a fixed geometry, and the value 

of fluctuations of the electron current in the cham- 
ber was measured. 

The hodoscope consists of 264 counters with an 
area 330 cm? each, 312 counters with an area of 
100 cm?, and 96 counters with an area of 24 cm? 
each. All counters were connected to HK-7 hodo- 
scope circuits using cold thyratrons of type MTK- 
90. The average resolving time of the circuit is 
15 usec. 

The whole array is triggered by pulses pro- 
duced whenever an EAS passes through the array, 
and also when large bursts are produced in the 
blocks of ionization chambers. The selection of 
EAS is determined by the requirement of a simul- 
taneous discharge of six groups of counters with 
an area of 0.132 m? each, from those placed 1 m 
above the first row of ionization chambers. Such 
a method of selection makes it possible to record 
showers with a number of particles N 2 10‘, and 
with axes that are incident, on the average, ata 
distance of several tens of meters from the array. 

The bursts are selected in the following way: 
The sum of the amplitude of the pulses from all 
124 chambers should correspond to the ionization 
produced in the working volume of the chambers 
by a vertical flux of 1000 relativistic particles. 
Such an ionization can be produced by (1) a flux 
of EAS particles with an axis close to the array, 
(2) by high-energy nuclear-active particles, (3) by 
radiation showers from high-energy mu mesons, 
and (4) by nuclear disintegrations in the gas and in 
the walls of the chambers. The greater fraction 
of the bursts selected by the master-system are 
connected with the passage of EAS and, in their 
number, showers of comparatively low density 
whose cores contain high-energy nuclear-active 
particles. We note that the fourth cause listed 
above is not significant in view of the following 
properties of the selection system: The addition 
of the pulses of the chambers takes place after 
their nonlinear amplification. For the production 
of the masterpulse, it is necessary that the am- 
plitude of the total pulse is bigger than a certain 
value (see Fig. 3, point A). Because of the non- 
linearity, it is clear that the required amplitude 
of the pulse can be reached when several cham- 
bers each produce a smaller total burst than that 
due to a single chamber. When the total ioniza- 


FIG. 3. Amplitude Ain 
characteristics of one of 
the channels of nonlinear 
amplification. The x axis 
represents the value of 
ionization in number of 
relativistic particles, the 
y axis — the amplitude in 
mm of the vertical deflec- 
tion on the CRO tube. Aout 


tion is distributed among two or more chambers 
so that in one of them the observed ionization 
amounts to not more than half of the total, then 
the threshold corresponds to 1000 relativistic 
particles. For ionization in one of the chambers 
only, the threshold corresponds to 4000 relativis- 
tic particles. Nuclear disintegrations thus lead 
to the production of a master pulse only when the 
produced ionization is bigger than 4000 relativ- 
istic particles. 

At the same time, bursts produced by nuclear- 
active particles and mesons will cause the ap- 
pearance of a master pulse with 100% probability 
if the ionization produced by them is bigger than 
1300 relativistic particles since, in that case, at 
least 10% of the ionization will be produced in ad- 
joining chambers in view of the wide angular dis- 
tribution of particles of the electron-photon show- 
ers in lead. Radiation showers from mu mesons 
(the third cause) amount to about 20% of all bursts. 
These bursts are rarely accompanied by shower, 
and, in the case of » mesons going close to the 
horizontal plane, the typical elongation of the 
burst occurs. 

The master pulse from the six-fold coincidence 
circuit is fed after transformation to switching ~ 
tubes to the electronic switch and the CRO tube 
of the block of ionization chambers, to the con- 
trols of the flash for the diffusion chamber, and 
to the master system of the hodoscope HK-7. The 
flashing of the lamps of the diffusion chamber takes 
place approximately 0.4 sec after the arrival of the 
master pulse, which corresponds to the time of 
growth of the tracks to optimal size. The master 
pulses are fed to hodoscope circuits with a delay 
of the order of several usec, so that they arrive 
in the middle of the working range of these circuits. 
The triggering by means of big pulses from the ion- 
ization chamber of the two-stage type,° which is 
necessary since the rise time of ionization-cham- 
ber pulses is larger than the operation cycle of the 
hodoscope system. The master pulse is produced 
every time the total pulse is bigger than the value 
corresponding to the passage of 300 relativistic 
particles. However, the hodoscope is photographed 
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FIG. 4a. A photograph of the diffusion chamber at the mo- 
ment of passage of an EAS (the arrow indicates the position of 
the axis. 

FIG. 4b. Oscillogram of pulses from 64 ionization chambers 
during the passage of the core of an EAS through the array. 


only when the pulse in the chambers is bigger than 
1000 relativistic particles. The dead time of ioni- 
zation chambers and of hodoscope counters is not 
greater than 1 sec. The dead time of all elements 
of the array is not bigger than 10 sec, which makes 
possible a 90% efficiency of the operation of the ar- 
ray for the chosen frequency of master pulses. 


RESULTS AND CERTAIN EXPERIMENTAL 
PROBLEMS 


Up to the present, all elements of the array have 
been operated for about 1300 hours. During this 
time, more than 10,000 EAS were recorded. A 
portion of these events correspond to the incidence 


of the axes of EAS upon the array. A photograph 
of the diffusion chamber and an oscillogram of the 
pulses from ionization chambers corresponding to 
the arrival of an EAS are shown in Fig. 4. | 

We shall consider first the densest of the re- 
corded showers. If a shower develops according 
to the electromagnetic cascade theory, then the 
axes of high-energy showers miay be located within 
a very small area due to the large density of par- 
ticle and the presence of high-energy particles 
which produce a density gradient already at small 
distances from the axis. For a real shower con- 
taining a nuclear cascade, the core of high-energy 
showers can be studied in greatest detail, since in 
the development of such showers, a big role és 
played by nuclear-active particles of energies suf- 
ficiently high to concentrate near the axis within a 
region which is smaller than the dimensions of the 
array. 

When the axis of an EAS passes through the 
first row of ionization chambers, which records 
the particles produced as the result of the multi- 
plication of the electrons and photons of the shower 
in lead, then one can expect an essentially homo- 
geneous distribution of ionization over the whole 
area occupied by the chambers, together with the 
presence of a region where the ionization will at- 
tain a maximum value.* The axis of the shower 
can then be determined from the condition that 
the particle density is maximum at the axis, and 
is symmetrical about it. We used this method of 
axis location. 

During the 1000 hours of operation of the array, 
we recorded 28 events interpreted as the passage 
of EAS with a number of particles N > 10° through 
the first row of ionization chambers.f 

The number of events observed in which the 
shower axis fell on the array according to the 
chosen method of analysis may be compared with 


*The difference between a real shower and an electron-pho- 
ton shower can be observed from the influence, at small dis- 
tances from axis, of the nuclear scattering of 7° mesons, 
producing the electron-photon cascade, as a result of which 
the axis of the shower may be less sharp than in the case of 
electron-photon showers. The angular deviation of a photon of 
energy E from the shower axis amounts to E/E. The angle 
of the 7° meson in its production is of the order of ~p,9c?/ 
E,,°. Therefore a photon of given energy, produced directly by 
a m° meson, has a larger angle than a similar photon radiated 
by an electron. 

tThe position of the axis can be determined without am- 
biguity if we consider the incidence of axis into a region sur- 
rounded by a single external row of ionization chambers. The 
area of this region is 2.25 m’. Out of the 28 axes, 15 fell into - 
this region. This number corresponds to the one expected, 
Since the area covered by all chambers amounts to 4 m?. 
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FIG. 5. Distribution of ionization expressed in the number 
of relativistic particles passing through a chamber, in the first 
row of ionization chambers (I), and in the second row of ioniza- 
tion chambers (II). A— passage of the shower core with total 
number of particles N = 5 x 10°, the lateral distribution of en- 
ergy flux (first row) ~1/r; B— N = 1.3 x 10°, lateral distribu- 
tion of energy flux ~1/r?; C— N = 10°, the lateral distribution 
of energy flux ~ 1/r°. 


that which one would expect according to the data 
on the absolute intensity of showers.® According 
to reference 6, during 1000 hours one would expect 
29 axes of showers with a number of particles N > 
10° incident upon the area of 4 m?, which is in 
agreement with the data given above. 

In all cases, a large gradient of the energy -flux 
density of the electron-photon component near the 
axis is observed in the first row of ionization 
chambers, the degree of which is, however, differ- 
ent for different events. If the gradient is repre- 
sented by a power law 1/rK for 30cm<r<i1m, 
then the exponent can be within the limits of 1 to 3. 
The main number of events correspond to values 
of the exponent 1<k< 2. Examples of the observed 
distribution are shown in Fig. 5. 


473 


FIG. 6. Distribution of shower particles in the diffusion 
chamber for an event in which the axis of an EAS with total 
of particles equal to 2 x 10° passed through the chamber. 
Total number of shower particles in the chamber — 2308. The 
number of shower particles is given for cells with an area 
of 48 cm? (12 cm’ around the axis). 


The actual distribution of the energy flux may 
be steeper since, owing to the large height of the 
chambers, and the wide angular distribution of 
particles in lead, the particles from smaller dis- 
tances may arrive at greater distances from the 
axis. However, the effect is qualitatively small 
for the distribution 1/rk for k< 3, and for an 
isotropic distribution of shower particles in lead. 

In a number of cases, it was possible to obtain 
more detailed data on the flux of particles near 
the core, and on the structure of the shower at 
still smaller distances from the axis, by means 
of the diffusion chamber. Out of 28 cases of inci- 
dence of the axis of showers on ionization cham- 
bers, a marked gradient of particle density is ob- 
served in the diffusion chamber for three cases. 
The distribution of particles in these cases was 
measured looking at the pictures in a stereoscope. 
One of these pictures is shown in Fig. 6. 

The position of the axis in case of dense show- 
ers can be determined from a direct comparison 
of the particle density in various places in the 
chamber. The axis of the showers should there- 
fore be found within the limits of such a region 
where the number of shower particles is larger 
by an amount greater than the Poisson fluctuation 
than that in the surrounding adjacent regions of 
the same dimensions.* The dimensions of this 
region in the observed three cases were smaller 
than 5 cm. 

The distribution of the particle flux around the 
shower axis in the diffusion chamber for the ob- 
served three cases was found to be p(r) ~ 1/Vr 


*Therefore, the accuracy in determining the position of the 


axis depends essentially on the shower size. 
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TABLE II 
TABLE I a, —MNT)0O0—OwOWD 
Number of particles in a circle | Ee.p in the n-a e-p core 
Angle é $ 2 N e-p Enea (eV) Pp par SS ait 
with the with radius ae e =Ng 2 (ev) 4 core (ev) Ee-p Ee-p 
axis, 9°} ;—15em |r=30em | r=45cem 
‘ ae 5 2 ; OFL7, 
0—2 34(34 74(54) 74(54 i 510° 7.2-1038 9.3.10! 4.2 1018 0.43 
per 89162} 90(76) sor76) 2 4.8-405 2.6-1018 1.3.10 1.7-102 0.049 0.065 
4—6 3(3) 25(14) 55(27) 3 210° 2e 9102 4.6-401 5.240 0.016 0.18 
6—8 0(0) 24(12) 46(22) 4 4.4-105 1.6-1038 8.5-101 8.4-101 0.053 0.052 | 
SA) 0\0) 4(2) 20(10) 5 2.5-105 3.6-1018 7-101 5.41102 0.019 0.14 | 
10—16 1(41) 8(4) 28(12) 6 4.3+405 47.9 1.018 4.7.10 7.9-1022 0.092 0.44 
7 4.2-405 4.7-4018 4018 4.10 0.59 0.23 
8 405 1.4-4018 4.41-1012 3.6-1032 0.078 0.26 
9 2.1-10° 3-1038 8.5-1011 3.6-1012 0.028 Ossi2, | 
; ad | 
for 5cem<r<40cm, and p(r)~1/r for 40 cm an accuracy to 5°, then we can find the position of | 
| 


<r<80cm. The lateral distribution of the energy 
flux obtained for these cases from the first row of 
ionization chambers was close to 1/r?, which is 
in agreement with the lateral distribution of par- 
ticle densities going as 1/r. 

The angular distribution of shower particles 
and the direction of the particle flux near the 
shower axis was found for one case by means of 
the diffusion chamber. The angular distribution 
with respect to the direction of the axis in this 
event is shown in Table I. The direction of tracks 
(3, @) was determined with an accuracy of 1°. 
The direction of the axis (¥°, y®) was taken as a 
direction of the particle flux in the region of the 
axis. The method of the.determination of the axis 
region has been described above. With an accu- 
racy up to 1°, the directions of the trajectories of 
these particles were identical. The angle with re- 
spect to the shower axis @* was determined from 
the usual formula 


cos 0° = sin 3°sin 3 cos (¢° — 9) + cos 9° cos 4. 


Therefore, the accuracy of the determination of 
the direction of single trajectories amounted to 2°. 
It can be seen that the angular distribution in 
the shower core is rather broad and the contribu- 

tion of large angles increases substantially with 
increasing r (see Table I). A problem arises, 
therefore, as to the accuracy with which the direc- 
tion of the particle flux at a certain distance from 
the shower axis reflects the direction of the axis. 
In view of the very broad angular distribution of 
shower particles, we cannot find a vector of a 
mean direction for the given shower with suffi- 
cient accuracy to maintain that it is parallel to 
the shower axis. Thus, at a distance of about half 
a meter, the formally determined mean direction 
forms an angle of ~ 5° with the axis. 

We shall mention briefly the data on the nuclear- 
active component. If the position of the axis is 
known from the first row of ionization chambers, 
and its direction from the diffusion chamber with 


the axis from the second row of chambers and study | 
the presence of high-energy nuclear-active par- 
ticles in the immediate vicinity of the shower axis. 
Data on the energy flux of the nuclear-active and 
electron-photon component around the shower axis 
in a circle of radius 1 m are given in Table II. The 
energy of the nuclear-active component was deter - 
mined from the size of the burst in the second row 
of chambers in the same way as in reference 8. 
Table II (last column) shows that the ratio of the 
energy carried by the electron-photon component 
of the core to the total energy of the electron- 
photon. component in the shower has a large spread. 

It can also be seen from Table II, where a part 
of the mentioned 28 events is discussed, that show- 
ers with the same total number of shower particles 
can have a substantially different amount of high- 
energy nuclear-active particles in the core and, 
correspondingly a different total energy of these 
particles in the core. In a number of events, 
around the point of intersection of the shower axis 
or in the prolongation of the axis, one observes one 
high-energy nuclear-active particle carrying the 
main fraction of the energy of the selected region 
near the axis. In a number of cases, the energy is 
carried by several nuclear-active particles of 
smaller energies. Therefore, the array makes it 
possible to study the structure of the core of high- 
energy showers in sufficient detail. This is not 
the case for the study of cores of EAS of small 
energies. 

In the case of low energy showers, the density 
of particle flux near the axis may be insufficient 
for any accurate location of the axis. It is even 
more important that, in showers of low density, 
the nuclear cascade consists of particles of lower 
energies which suffer a more marked angular 
spread. It is evident that a marked deviation will 
also be suffered by 7° mesons which start the 
electron-photon cascade, a fact which can cause __ 
an ambiguity in the axis location. Therefore, for 
the core and position of the axis of an individual 
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FIG. 7. Distribution of ionization expressed as the number 
of relativistic particles passing through a chamber in the first 
row of ionization chamber (1), and in the second row of ioniza- 
tion chambers (II). A— passage of the core of a shower with 
N = 10*, lateral distribution of energy flow first row ~ 1/1’; 

B — passage of a core of a shower with the total number of par- 
ticles N = 10*, lateral distribution of energy flux (first row) 

~ 1/r?. No ionization in the second row of ionization chambers 
(or smaller than the value of the amplifier noise); C — passage 


of a core of a shower with a total number of particles N =2x 10%, 


lateral distribution of energy flux (first row) ~ 1/r. 


shower have no meaning, and the showers can be 
studied only statistically. In connection with this, 
we have limited ourselves in the study of low en- 
ergy showers to EAS of medium size with a num- 
ber of particles in the range of 2 x 104 - 6 x 104. 
During the operation time of the array (1000 
hours), we found 40 events where the axis of such 
showers fell on the area of the first row of ioniza- 
tion chambers. This number is in good agreement 
with the one expected according to reference 6. 
Examples of observed cases are shown in Fig. 7. 
All events correspond to the presence of a suf- 
ficiently sharp gradient and a region with maxi- 


FIG. 8. Distribution of the flux of shower particles inthe 
diffusion chamber accompanying the passage of an axis of 
an EAS with N = 3.5 x 10* through the chamber. 


mum density of particles. Lateral distribution of 
energy flux suffers large fluctuations from 1/r 
to p(r) close to 1/r* for 30cm <r<1m, and 
the events with the given p(r) are found approx- 
imately as frequently as for showers of higher 
energies discussed above. 

It should be noted that, in a number of cases at 
a certain distance from the axis, we observed local 
increases in particle density connected with the 
fact that high-energy electrons and photons deviate 
from the shower axis. These increases in density 
are more noticeable in showers of medium size 
than in showers of large size, since the axis re- 
gion in the first group is less rich in energy. How- 
ever, in the showers discussed above, the energy 
density of the electron-photon component near the 
axis is still sufficiently high to localize the axis 
with an accuracy up to the dimensions of the cham- 
ber. This is not the case in a number of events 
where the axis is located in the diffusion chamber 
and where the particle density flux, and not the 
energy flux, is measured. Out of 40 cases of in- 
cidence of axis on the first row of ionization cham- 
bers, in six events the axis fell on the part of the 
row which is placed above the diffusion chamber. 
One of these is shown in Fig. 8. It can be seen 
that the particle density is so low that it can be 
distinguished from the background only at dis- 
tances not greater than 20 —30 cm from the axis. 
In a number of events, the axis may be localized 
satisfactorily even without the data from the first 
row of ionization chambers. In a number of events, 
these data are absolutely necessary in view of the 
small flux of particles. In the first case, there is 
a sharp increase in density near the axis, from 
1/r to 1/r! in the range from 40 to 5 cm while, 
in the second case, the increase is slower, or even 
non-existent. The energy fluxes carried by the 
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nuclear-active component of the core of the ob- 
served shower also fluctuate. These fluctuations, 
however, can be partly due to a possible deviation 
of nuclear-active particles forming the nuclear 
cascade from the axis of the electron-photon 
shower at distances bigger than the size of the 
array, and also due to fluctuations in the fraction 
of the energy transferred tu a mesons in nuclear 
interactions in the layer of graphite. 

The study of the cores of individual showers at 
sea-level, by means of the method described above, 
therefore showed the following phenomena: 

1. For EAS with a number of particles > 10° in 
the core of the shower (r < 1m) nuclear-active 
particles are observed, the total energy of which 
is on the average, of the order of the energy of 
the electron-photon component at the same dis- 
tances from the axis. However, in individual show- 
ers, the magnitude of the ratio of the energy of the 
nuclear-active component ot the energy of the elec- 
tron-photon component can have different values. 

2. The density of the energy flux carried by elec- 
tron-photon component of EAS in showers with N 
= 10° particles shows a marked increase down to 
30 cm from the axis (for the majority of showers). 
The dependence of the density of the energy flux of 
the electron-photon component on the distance from 
the axis of the shower cannot be expressed by a gen- 
eral function for all showers. From the found cores 
in the distance range of 30 —100 cm from the axis, 
the decrease of the energy flux density with dis- 
tance varies from 1/r to 1/r’®. 

3. The energy of the electron-photon component 
of showers contained in the core region of the 
shower (r < 1m), normalized to the number of 
particles in the shower, has a big spread, and can 
vary from shower to shower by a factor of up to 10. 

4. The energy of the nuclear-active component 
in showers with N > 10° also has no non-ambiguous 
correspondence with the number of particles in the 
shower, and suffers a large spread. 
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Preliminary results are presented of the observation of multiplet ferromagnetic resonance 
in inhomogeneously magnetized single-crystal and polycrystalline ferrite samples. The in- 
homogeneous magnetizations required for the observation of this effect were produced mainly 
by the inhomogeneity of the demagnetizing fields of the investigated samples. Some features 
are noted of the absorption spectra observed under various conditions. 


1. INTRODUCTION 


Je in the interpretation of experimental 
results on ferromagnetic resonance in magnetic 
semiconductors it is assumed that the magnetic 
fields acting on the sample create within its vol- 
ume homogeneous magnetizations. This demands 
the fulfillment of two conditions: (1) the sample 
must be of such a shape that its demagnetizing 
field is homogeneous (sphere, ellipsoid, thin 
plate), and (2) it must be placed in those regions 


of the resonant cavity where there are no gradi- 


ents of the high frequency magnetic field. The 
physical meaning of these conditions is clear: 
when they are fulfilled all the spins in the sample 
precess with the same phase. The violation of 
either of these conditions must lead to the appear- 
ance of inhomogeneities either in the constant or 
in the high frequency magnetizations of the sub- 
stance under investigation and to a considerable 
complication of the picture of resonance absorp- 
tion. These complications manifest themselves 
in the asymmetry of the observed resonance curve, 
in its broadening, and in the splitting of the reso- 
nance line into several lines of different width and 
intensity. The last effect which was observed com- 
paratively recently received the not very appropri- 
ate name of multiplet ferromagnetic resonance. 
The features indicated above do not fall within 
the framework of the usual theory,' and may be 
understood only on the basis of additional assump- 
tions. In particular, the physical nature of multi- 
plet ferromagnetic resonance is associated with 
the concept of the existence within the magnetized 


ferromagnetic medium of a spectrum of spin waves. 


As is well known,’ the essence of this concept con- 
sists of the following. If the ferromagnet is placed 
into an external magnetic field, the small but un- 
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avoidable inhomogeneities of magnetization can be 
represented in the form of a superposition of spin 
waves propagated at a certain angle with respect 

to the direction of the field. In an infinite medium 
the spin waves are plane and form a continuous 
spectrum, while in the case of a sample of finite - 
size the waves are described by more complicated 
functions (for example, in the case of a spheroid 
by Legendre functions) and form a discrete spec- 
trum — the totality of the different vibration modes. 
Each mode corresponds to a certain eigenfrequency 
and to a certain structure of the magnetic field, and, 
moreover, cases of degeneracy are possible when 
the same frequency corresponds to several differ - 
ent types of oscillations which differ in their field 
structure. 

Among all possible types of oscillation of a given 
sample there exists at least one whose frequency 
coincides with the frequency of the “normal” reso- 
nance given by Kittel’s formula.* For large wave 
numbers (high frequency osciilations ) the solu- 
tions obtained for an infinite medium may be ap- 
proximately extended to the case of a sample of 
finite size. The practically important case of long 
spin waves is arrived at by the simultaneous solu- 
tion of the equations of motion and of Maxwell equa- 
tions without taking into account the exchange inter- 
action and the propagation phenomena. This “mag- 
netostatic” case was discussed by Walker® who 
calculated the low frequency spectrum of the 
characteristic oscillations of a spheroid. 

The action of an external high-frequency field 
of appropriate structure on a ferromagnetic sam- 
ple with inhomogeneous magnetization should re- 
sult in resonance absorption at several frequencies, 
or, if the frequency is constant, at different values 

*Cases are possible when Kittel’s resonance does not 


occur. 
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FIG. 1. Diagram of the 
apparatus: 1— microwave 
generator; 2 — separating 
ring; 3— segment of wave 
guide with piston and 
sample; 4 —fluxmeter 
coil; 5— detector; 6 — flux- 
meter; 7 — audio-frequency 
amplifier; 8 — oscillograph; 
9—electromagnet; 10— 
fluxmeter wave meter; 
11— matching devices; 
12—ferrite isolators. 


of the constant magnetic field. Such phenomena 
have been observed in specially designed experi- 
ments,‘»® and have been partially studied. 

Conditions necessary for such observations are 
clear from the foregoing: the high-frequency mag- 
netic field of appropriate structure may be pro- 
duced in the sample by violating either one of the 
conditions noted above necessary for the observa- 
tion of “normal” resonance, Moreover, depending 
on the structure of the oscillating field set up in 
the sample the resonance absorption spectrum, in 
general, will be different all other conditions re- 
maining the same. 

In the papers quoted above the field of required 
symmetry was produced by violating the second of 
the foregoing conditions; the ferrite sphere‘ or 
disc’ were placed in regions of the resonance cav- 
ity with the largest gradients of the microwave 
magnetic field. In the experiments described here 
the greater part of the observations was carried 
out with the first condition violated: the inhomoge- 
neity of the high-frequency magnetization was pro- 
duced by the inhomogeneity of the demagnetizing 
field of the samples. 

Undoubtedly the interpretation of the results in 
the second case is much more difficult than in the 
first. However, having in mind the importance of 
the phenomena of multiplet ferromagnetic reso- 
nance both from the point of view of the physics 
of these phenomena in ferrites, and also from the 
point of view of many technical applications (first 
of all for the construction of a ferrite microwave 
amplifier) it appears to us to be useful to study 
all possible features of this phenomenon under 
various conditions. 


2. EXPERIMENTAL PROCEDURE 


The experiments were performed principally at 
a frequency v; = 9200 Mes, and partially at vy = 


14640 Mcs, by means of usual videospectroscopes®? 


with a transmitting (at the v, frequency) anda 
reflecting (at the v, frequency) resonator at 
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room temperature; some observations were taken 
at liquid-nitrogen temperature. 

For sufficiently large samples, whose dimen- 
sions unavoidably could not be made smaller, we 
have tried a method of measurement which does 
not require continuous tuning associated with the 
frequency drift of the resonator containing the 
spheroidal sample. This circuit (Fig. 1) is based 
on the use of a separating ring which is the ana- 
logue of a double-T junction. Power from a sta- | 
bilized klystron generator is brought through arm | 
I to the separating ring in which it is split in half | 
and enters arms JI and IV, and if all the arms | 
leading to the ring are matched it does not reach | 
arm III. Arm II is connected to a section of a | 
waveguide terminated by a shorting piston upon 
which the sample is mounted. The power reflected 
from arm II is divided between arms I and III; to 
the latter is connected a tune detector. Ferrite 
isolators mounted in arms I, III, IV decouple the 
generator from the ring and do not allow power 
reflected from arms III and IV to reach the gen- 
erator. The system described above is equivalent 
to a semi-infinite line having the property that half 
of the power reflected from the load is brought to 
the detector and does not go back into the line. The 
system has lower sensitivity than a videospectro- 
scope with a resonator but, as is shown by com- 
parative measurements, the sensitivity is reduced 
by an amount which is insufficient to prevent the 
recording of even weak resonance signals from a 
strongly absorbing sample. 

The constant magnetic field of intensity up to 


FIG. 2. Measurement of line position and width by means 
of a double beam oscillograph; lower beam-ferromagnetic res- 
Onance signal, upper beam-proton resonance signal in the same 
magnetic field. 
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FIG, 3. Absorption by a MnZn polycrystalline 
ferrite sphere in positions: 0 —II and x—IV. 


9000 oe was produced by an electromagnet with a 
pole diameter of 160 mm and a variable gap from 
20 to50 mm. The magnetic field was modulated 
with an amplitude up to 300 oe at 50 cps. The 
position of resonance absorption signals was de- 
termined by means of a proton fluxmeter whose 
coil was placed in the field of the same intensity 
as the sample. The proton resonance signal was 
applied either to the intensity control of a single 
beam oscillograph, or to the second beam of a 
double beam oscillograph. In the latter case the 
method of measurement of the position of reso- 
nance signals in the field and of their width is 
clear from the appended photograph (Fig. 2). The 
absorption curves were recorded point by point 
with continuous monitoring of the nature of the 
signals by means of the oscillograph. 

Observations were made on the following sam- 
ples: (a) single crystals of MnMg -ferrite in the 
shape of a hemisphere of diameter from 2 to 5 mm; 
(b) polycrystalline Mn, MnZn, and MnMg -ferrites 
with different impurities in the shape of rings of 
external diameter D from 2 to 5 mm, internal 
diameter d from 1 to 3 mm and of height h from 
1to3mm. The different ferrite samples had 
closely similar properties: a rectangular hystere- 
sis loop, Hg =0.1—1.5 oe, By from 1900 to 2500 
gauss and By, from 2000 to 2700 gauss. 

In order to compare the results with those of 
other authors, we made several measurements 
using 2-millimeter spheres of polycrystalline 
MnZn -ferrite. 

The samples were placed in three positions: 
position I -- on the resonator axis at a distance of 
’/2 from the shorting piston, this position corre- 
sponds to the condition of observation of “normal” 
resonance; position II — near the narrow wall ata 
distance of »/2 from the piston; position III — on 
the shorting piston at its center. Moreover, in the 
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FIG, 4. Absorption by a polycrystalline ferrite ring in positions: x —I and 
o —IIl. 


case of spherical ferrites the spectrum was ob- 
served in position IV on the resonator axis ata 
distance of 4/4 from the piston. In positions I, 
III and IV the sample could be rotated about the 
resonator axis through any arbitrary angle which 
could be measured with an accuracy of the order 
of 10’. 


3. RESULTS OF OBSERVATION 


Figure 3 shows sections of microwave absorp- 
tion curves at frequency v, for a MnZn -ferrite 
sphere of 1.90 mm diameter in positions II and IV 
respectively in the range of fields from 2.8 to 4.0 
koe. Both curves are very similar to the curves of 
White and Solt* taken at the same positions. The 
difference consists only in a certain displacement 
of the maxima towards weaker fields which, un- 
doubtedly, is associated with the difference in the 
value of Bm, and in the less smooth shape of our 
curves. In addition to the principal maxima appear- 
ing in both curves at fields from 1100 to 7500 oe 
there are groups of considerably weaker maxima 
of different intensity and width also in agreement 
with the results quoted earlier. There does not 
seem to be any particular ordering in the position 
of the weak signals. Following Walker,’ who has 
examined the results of White and Solt, the max- 
ima in the curves of Fig. 4 may be explained as 
resonances of the long wavelength modes: (1,2,0) 
and (2,2,0) in the first case and (1,3,0) and 
(0,2,0) in the second case. 

Both in the case of polycrystalline and of single 
crystal samples which differ in shape from spher- 
oids the most complicated spectra are obtained in 
position III. Figure 4 shows absorption curves for 
a 3-millimeter ring of MnMg-ferrite (He = 0.25; 
Br = 1900; Bm = 2000) at frequency v; taken in 
positions I and IJI. We can see the similarity of 
the two curves in fields > 1900 oe: the three most 
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FIG. 5. Absorption by a MnMg-single 
crystal: a—in position II, b—in position III. 
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prominent maxima are preserved in going over 
from position I to position III practically without 
any change in position, and only with a slight 
change in intensity and width. However, in fields 
< 1900 oe the curves are quite different: in posi- 
tion III we observe a large number of less intense 
and much narrower absorption maxima, which do 
not appear in position I. Another characteristic 
feature is the appearance on this curve of a num- 
ber of short horizontal stretches, which sometimes 
form a sort of a ladder, along which even with the 
most careful observations using a sensitive radio- 
spectroscope it is not possible to observe any ex- 
tremal points. 

Figure 5 shows absorption curves for a MnMg - 
ferrite single crystal (hemisphere of diameter 
~4mm) taken in positions II and III. Here we 
find large differences both in weak and in strong 
fields. In fields < 2000 oe these differences are 
similar to those which occur in the case of a poly- 
erystalline sample: in position III narrower and 
less intense signals appear which are not observed 
in position II. 

The difference in absorption curves for the 
same sample placed at different points of the reso- 
nator volume are due to the difference in structure 
of the microwave magnetic field excited in the 
sample. In position I the characteristic structure 
of this field is due to the inhomogeneous demagne- 
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tizing field of the sample; in position II there is 
added to this the inhomogeneity of the magnetic 
component of the microwave field in the given re- 
gion of the resonator; in position III the screening 
action of the conducting surface of the piston be- 
comes evident which does not permit the flux of 
the microwave magnetic field outside the sample 
to complete its path in the same symmetric man- 
ner as in position I, which leads to a redistribu- 
tion of the microwave magnetization inside the 
sample and produces a more complicated inhomo- 
geneity in the magnetization, and thereby a struc- 
ture of the microwave field which is essentially 
different from the structure in position I. It is 
natural to assume that in such cases the solution 
of the magnetostatic problem is considerably more 
complicated than the one in the cases considered 
in reference 3, if it is at all possible. 

In the curves of Fig. 4 and 5b we can see a 
small number of additional signals appearing in 
position III in weak fields; actually, if observa- 
tions are made with an oscillograph, a consider- 
ably greater number of weak signals is observed 
(in some cases up to 50 or so) and they occur at 
fields up to the order of 8 koe, however, the most 
prominent ones among them occur in the range 
from 400 to 1500 oe. In positions other than III a 
large number of weak signals is also observed but - 
they occur in fields of not less than 1200 — 1500 oe 
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FIG. 6. Ferromagnetic resonance signals in a single crystal 
in a field of 585 oe (position IID. 


and, as a rule, are less intense than those ob- 
served in position III. An example of an oscillo- 
gram recorded in this position is given in Fig. 6. 
It gives us an idea of the shape, width and relative 
intensity of some of these signals. The widths of 
the signals fluctuate from 15 to 100 oe, while the 
intensity of the signals exceeds noise by a factor 
of from ~1 to 40. We did not succeed in noting 
any ordering in the position, width or intensity of 
these signals, other than the fact that separate 
groups are formed containing 3—8 signals (rarely 
more) which differ somewhat in their characteris- 
tics. - 
The position and the other characteristics of 
weak signals are quite different for different 
samples which are the same with respect to their 
composition, working, shape, and size. It can be 
asserted that the details of the “microstructure” 
of an absorption spectrum (particularly in weak 
fields < 2000 oe) are of an individual nature, and 
are not reproduced from sample to sample, al- 
though for the same sample placed under the same 
conditions the spectrum is very reliably reproduc- 
ible. It appears that this provides a basis for the 
assertion that a considerable part of the weak sig- 
nals of an absorption spectrum is due to the small 
inhomogeneities in the magnetic structure of the 
ferrites, which apparently unavoidably exist in 
each sample, and which have an individual charac- 
ter even in the case of exactly the same technique 
of preparation and working of the sample. 

The picture of resonance absorption both in 
single crystals and in polycrystalline samples is 
very sensitive to the orientation with respect to the 
acting fields. All the absorption lines of the MnMg 
single crystal (with the exception of a small num- 
ber of very weak ones) exhibit practically the same 
angular dependence (Fig. 7) which is in agreement 
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FIG. 7. Angular dependence of weak resonance signals in 
a single crystal. Rotation in the (100) plane; H in oe is plot- 


ted horizontally. 


with theory and with previously known data obtained 
for the “normal” ferromagnetic resonance line. 
The absorption lines of polycrystalline samples 
exhibit different angular dependence: while the fun- 
damental signals like those shown in Fig. 5a do not 
depend on orientation, weak signals, particularly in 
fields < 1500 oe, are very sensitive to orientation. 
As the sample is rotated the signals move in the 
field, change their shape, width, and intensity, 
merge and again separate. Figure 8 presents the 
angular dependence of the position of two absorp- 
tion signals in a ferrite ring, whose spectrum was 
given above, which are of interest due to the fact 
that at certain values of the field and angle they 
merge into one. The signals have a somewhat 
different angular dependence which is, however, 
in general characteristic of a single crystal. This 
suggests that such signals in a polycrystalline fer- 
rite are due to local inhomogeneities situated at 
different depths below the surface, which have a 
different shape and which allow the setting up of 
vibrational modes of different structure. In the 
presence of strongly inhomogeneous demagnetiz- 
ing fields in the sample the resonances of these 
modes may exhibit an angular dependence. 


FIG. 8. Angular dependence of two weak resonance sig- 
nals for a MnMg polycrystalline ferrite ring; H in oe is plot- 
ted horizontally. 
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It appears that the hypothesis that the weak 
resonance signals are due to local inhomogenei- 
ties within the volume of the sample is supported 
by the following experiment. A ferrite ring was 
set up in position III and was screened from above 
by a round very thin conducting plate of diameter 
equal to the diameter of the ring. We might have 
expected that the microwave field could penetrate 
only to a small depth below the external cylindri- 
cal surface of the ring, and that only those signals 
would survive on the absorption curve whose pro- 
duction was due to the inhomogeneity in the thin 
external layer of the sample. Indeed, only those 
signals remain on the absorption curve which ap- 
pear in fields < 1600 oe and which do not change 
in shape or width. At the same time, signals in 
high fields (with the exception of a small number 
of very weak ones) disappear completely. 

A few trial experiments at frequency v2 at 
room temperature and at liquid-nitrogen tempera- 
ture using polycrystalline MnMg (with an admix- 
ture of ZnO) -ferrite ring (D=1.06; d=1.02; 

h = 1.00) in position III show that the intensity 

of weak signals varies but little with frequency. 
If the temperature is lowered to liquid nitrogen 
temperature the intensity increases by a factor 
of approximately 3—5. 

The results enumerated above show that the 
phenomenon of muitiplet ferromagnetic resonance 


is quite a complicated one depending on many con- 
ditions. Its further study may turn out to be useful 
both from the point of view of understanding the 
properties of ferrites, and also for technical appli- 
cations. 

The author expresses his sincere gratitude to 
A. I. Pil’shchikov for a number of very valuable 
discussions. 
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The mean energy of 7° mesons produced in collisions between protons of energy ~ 9 Bev and 
photographic emulsion nuclei was determined to be Eq = 750 + 180 Mev. The fraction of the 
energy carried off by 1?” mesons in such reactions lies between 0.33 + 0.08 and 0.27 + 0.07. 


fees question of the fraction of energy k carried 
off by secondary a mesons is of great importance 
to the study of the mechanism of interaction of high- 
energy particles. Investigations of interactions be- 
tween cosmic-ray particles and light nuclei in the 

~ 10! ey energy region have shown that the value 

of k is ~30%.' It is of interest to evaluate k for 
conditions in which the energy and nature of the pri- 
mary particles are exactly known. 

In the present investigation the mean energy was 
determined for 7° mesons produced by the interac- 
tion of 9-Bev protons with emulsion nuclei. 

Electron-positron pairs produced by y rays 
from 7m -meson decay were analyzed in a stack of 
layers, each 450, thick, of type “R” NIKFI emul- 
sion, which had been irradiated with protons in an 
inner beam of the proton synchrotron of the Joint 
Institute for Nuclear Research. The pairs were 
found by tracing the separate relativistic tracks 
selected from a strip perpendicular to the beam 
and at a distance of 30 mm from the edge of the 
stack. Tracks with 1° < gy = 30°, where ¢ is 
the emulsion-plane angle relative to the beam 
direction and with a projection length / = 1600y 
in one plate were selected. Tracks that met these 
conditions were extended back to the generation 
point of the pair, or to a star, or to a point out- 
side the stack. This line of research had been 
suggested by King? It suited our purposes be- 
cause it obviated the necessity of energy dis- 
crimination of pairs. 

To find the mean energy of y rays originating 
directly from nm’ meson decay, one must exclude 
the background due to bremsstrahlung y rays. 

For this reason the area around the generation 

point of each pair was inspected for an electron 
track parallel to the pair. Pairs that had such 

tracks were discarded as secondary. These 


483 


amounted to ~ 10%, in agreement with the pre- 
dicted number of secondary pairs for our condi- 
tions as based on cascade theory .? Moreover, the 
background due to the y rays that entered the 
stack from outside was evaluated and found to be 
insignificant. The number of pairs found, exclud- 
ing the secondary ones, was 93. There were 116 
relativistic tracks leading to stars. 

In both cases distributions were constructed 
for the emission angles in relation to the primary 
beam. These distributions are shown in Fig. 1. 
Also shown is the angular distribution for the 
tracks of relativistic particles in stars found by 
tracing along the primary proton tracks. All three 
distributions coincide within experimental error. 
Since the distributions for y rays and m mesons 
roughly coincide* in the energy region studied, the 
angular distributions for neutral and charged 7 
mesons can be assumed to be similar to one an- 
other. 

Evaluation of the ratio R= nt’ /ng; taking into 
account the geometric conditions and y-ray con- 
version probability, indicates that R~ 0.5. The 
exact value of R could be found if there were 
much more statistical data. 

Values of 4.3 + 0.2 and 7.8 + 0.7 were found 
for mic and Ny respectively for the stars located 
by extending the secondary relativistic tracks. For 
the present system for locating stars, some in- 
crease should be expected in ng in relation to the 
value of ng which corresponds to stars found by 
extension along the primary proton tracks, or spe- 
cifically 

n=n,+D/n,, 
where D is the dispersion of the star distribution 


*The analysis given here confirm this supposition (see 
also King?). 
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a FIG. 1. Distribution 


of angles of emission for 
electron-positron pairs 
(solid line) and for fast 
charged particles from 
stars found by extending 
primary proton tracks 
(dotted line) and from 
stars found by tracing 
secondary fast particles 
(dash-dot line). 
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in ng. According to Gramenitskii et Alege Nee 
3.21 40.1 and D=3.64+0.15, which means that 
the value of ng = 4.3. This is in good agreement 
with the experimental value for ng and indicates 
that there was no discrimination when the relativ- 
istic tracks were selected. 

The mean y ray energy Ey can be evaluated 
from the distribution of the divergence angle w 
between the components of a pair, since Ey = 
K(1/w). The coefficient k was computed by means 
of the theoretical angular distribution for the given 
y-ray energy. The partition of energy between the 
electron and positron was also taken into account.° 
The numerical value for kx is 4.15,if w is ex- 
pressed in radians and the energy in Mev. 

For our experimental conditions it was prac- 
tically impossible to measure the spatial angle w 
for narrow pairs. Therefore, the method proposed 
by Weil et al.,’ which reduces the influence of mul- 
tiple scattering, was used to measure the projected 
divergence angles. The error in the determination 
of the divergence angle of an individual pair, in- 
cluding the error due to multiple scattering and 
observation error, amounts to 25%. The distribu- 
tion of projected divergence angles shown in Fig. 2 
was approximated by a linear combination of two 
Gaussian distributions. Then a transformation 
was made from this distribution to a distribution 
for spatial angles w, and the quantity (1/w) was 
computed. The value of ( 1/w) was found equal 
to 120 + 10 (the error is purely statistical). Thus, 
the mean value of the y-ray energy was Ey = 420 
+100 Mev. The error includes the measuring er- 
ror, inaccuracy in determining x, inaccuracy in 
the approximation, and the statistical error in the 
determination of (1/w). 
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FIG. 2. Distribution 
of projected divergence 
angle. 
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To obtain the mean 1’ -meson energy E70 it 


is necessary to determine the ratio f= E70 /Ey, 
where Ey is the mean energy of the y rays en- 
tering the examined solid angle. The value of f 
depends to a rather slight extent on the energy 
spectrum of the nm’ mesons. The upper limit of 
{f, for a reasonable assumption for the spectrum, 
would be 1.8. Consequently, the upper limit for 
the mean energy of the 7 mesons moving within 
the examined solid angle is 750 + 180 Mev. 

The mean energy transferred to the 7 mesons 
in a single disintegration is determined as follows: 


En — 3/5 (ns = a) Eve 


where a is the average number of fast protons, 
which is 0.5. If one substitutes the proper value 
for ng and assumes that the mean m-meson en- 
ergy does not depend on the emission angle, an 
upper limit of 3.0 + 0.7 Bev is obtained for Ez. 

A more exact value of E7, = 2.5+0.6 canbe 
obtained if one assumes that the transverse mo- 
mentum (i.e., perpendicular to the direction of 
the primary particles) of the secondary particles* 
is constant (see, for example, Zhdanov’), Since 
the magnitude of p, does in fact increase some- 
what with an increase in the emission angle, the 
value given here determines the lower limit of 
the mean energy carried off by the m mesons. 

Thus, the fraction of energy carried off by 7 
mesons in interactions between 9-Bev protons 
and emulsion nuclei lies between 0.33 + 0.08 and 
0.27 +007. 

The authors express their gratitude to M. Ya. 
Danysh for going over our results and to V. P. 
Solomakhina for helping with the scanning. 
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The following internal conversion coefficient ratios have been obtained for 411.8-kev gamma 
rays in the shells and subshells of Hg!%, K/L = 2.69'4°0.02; Uy: Ly: by = C100 = 0.02) 
(0.45 + 0.01); L:M:N:O=1: (0.252 + 0.0045): (0.077 + 0.004): (0.018 + 0.002). Within the 
accuracy of the measurements, the experimental ratios agree with the theoretical ones pre- 


sented in the tables by Sliv and Band. 


Ir has been established by various means that the 
411.8-kev gamma rays emitted by the excited nu- 
clei Hgl% represent E2 electric quadrupole ra- 
diation.1~> A precision measurement of the con- 
version coefficients of these rays is therefore of 
particular interest to the verification of the high- 
accuracy theoretical calculations of the conversion 
coefficient now in progress. 

The experimental accuracy can be increased 
substantially by determining not the absolute val- 
ues of the conversion coefficients, but their ratios. 
The conversion-coefficient ratios can be measured 
with any beta spectrometer of sufficient resolution. 
If the conversion lines are fully separated, the 
measurement accuracy increases with the close- 
ness of the spacing of the investigated lines, owing 
to the reduced values of the various necessary cor- 
rections. Since we had at our disposal a magnetic- 
prism beta spectrometer of high resolution (in- 
strument line half-width 0.04% at a source width 
of 1 mm),‘® capable of separating the internal- 
conversion lines of the foregoing gamma rays on 
the L sub-shells and onthe M, N, and O shells 
of Hg'*®, we undertook the measurement of the ra- 
tios of the corresponding conversion coefficients. 
The measurement of the K/L ratio, which does 
not require high instrument resolution, was made 


conversion lines of 
411.8 kev gamma 
quanta on the L sub- 
shells of Hg’®®. 
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FIG. 1. Internal- 
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with a double-focusing beta spectrometer, de- 
scribed by Bobykin and Novik,® with a resolution 
of 0.3%. In both cases, the source was a gold film 
1.3 x 10 mm, deposited by cathode spattering on 
an aluminum backing and then activated with neu- 
trons. The thickness of the gold film was 0.34 
mg/cm?. The aluminum backing was 8 thick. 
The internal conversion lines on the L subshells 
and M, N, and O shells, plotted with the high- 
resolution spectrometer, are shown in Figs. 1 and 
2. The same lines and the K _ line obtained with a 
double-focusing spectrometer are shown in Fig. 3. 

The measurements yielded the following ratio 
between the conversion coefficients: 


K/L=2.69+0.02; 
Ly 3 Ly) 5 Ly == | 2 (1.05-+-0.02) 5 (0.45 els 0.01); 
IL BAM LOIN oO 
= 1:(0.252 + 0.004) : (0.077 + 0.004) : (0.018 +0.002). 
The accuracy here represents the probable 


errors. 
The data obtained for the K-shell andthe L 
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FIG, 3. Internal-conversion lines of the 411.8 kev 
gamma quanta on the K, L, M, N, and O shells of Hg'®®, 1000 


plotted with a double-focusing spectrometer. The only 
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Conversion-coefficient ratios of 4.11.8-kev gamma rays in Hg!%8 


Reference K/L LpLy: Lyy L, M, N,O 
[*] 2.240. _ L/M =1:(0.24 +0.17) 
[*] 222 = L/(M + N) =1:0.25 
(°] ey = tM = 41:0:3 
[7] — L/M =1:0.3 
[3] 210.58 (1.00 + 0.16): (1.16 
+ 0.16) : 0.53 * ; 
Present work 2.6940.02 | 4:(4.05 + 0.02) : (0.45 LE MeN Ot O.252 
+ 0.01) + 0.004) : (0.077 
+ 0.004): (0.018 + 0.002) 
Tables’ DTP 1:1.09:0.46 


*In these measurements the accuracy is expressed in terms of the maximum 
error. 


sub-shells were compared with the very detailed 21, Simons, Phys. Rev. 86, 570 (1952). 
conversion-coefficient tables, compiled by Sliv 3 Connors, Miller, and Waldman, Phys. 
and Band! with allowance for screening effects Rev. 102, 1584 (1956). 
and for the finite dimensions of the atomic nucleus. “Kel’man, Kaminskii, and Romanov, Izv. Akad: 
Sufficiently accurate theoretical calculations of Nauk SSSR, Ser. Fiz. 18, 209 (1954). 
the conversion coefficients at the higher levels > Kel’man, Romanov, Metskhvarishvili, and 
are still unavailable at present. An interpolation Kolyunov, J. Exptl. Theoret. Phys. (U.S.S.R.) 
of the energy data listed in the table for Z = 80 32, 39 (1957), Soviet Phys. JETP 5, 24 (1957). 
yields K/L= 2.72 and Ly: Ly: Ly =1:1.09: 0.46. 6B. V. Bobykin and K. M. Novik, Izv. Akad. 
Thus, the theoretical and experimental data agree Nauk SSSR, Ser. Fiz. 21, 1556 (1957), Columbia 
within the limits of experimental error. Tech. Transl. p .1546. 

The table has been compiled from the most ac- TL. A. Sliv and I. M. Band, Ta6smupi koodpdbumextos 


curate measurements of the conversion coefficients | BHYyTpeHHew KOHBepcuu ramMMayvsayyeHua, 4. 1, K-o6on0uKa, 
of 411.8-kev gamma quanta in Hg!*®, made by vari- 4. 2, L-o6on0uxa (Tables of Gamma-Ray Internal Con- 


ous investigators. In addition, it lists the theoret- version Coefficients: part 1, K-shell, part 2, 

ical data obtained from the Sliv and Band table. L-Shell) U.S.S.R. Acad. Sci. Press. 1956-1958. 
One general conclusion that can be drawn from ®Dzhelepov, Bashilov, Zolotavin, and Anton’eva, 
an analysis of the table is that as the experimental Dokl. Akad. Nauk SSSR 64, 803 (1949). 

accuracy is increased, the measured conversion- Ae Siegbahn and A. Hedgran, Phys. Rev. 75, 
coefficient ratios approach the theoretical ones. 523 (1949). 


This is evidence of the high accuracy of the latter. 


1 Steffen, Huber, and Humbel, Helv. Physica Translated by J. G. Adashko 
Acta 22, 167 (1949). 130 
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A magnetic spectrometer was used to measure the momentum spectrum of muons at a 
depth of ~ 40 m water equivalent in the 2 x 10®—5 x 107! ev/e momentum range. 


1. INTRODUCTION 


Wikear momentum spectra at sea level and on 
high mountains have been the subject of many ex- 
perimental investigations. The most complete re- 
sults, based on the largest statistical material, 
have been recently obtained by Alikhanyan and 
Alikhanov,!»? Owen and Wilson,® Caro et al.,* and 
Kocharyan et al.°»® through magnetic analysis of 
cosmic radiation by the magnetic mass spectrom- 
eter method. At sea level the muons comprise the 
main part of the penetrating component of cosmic 
radiations. According to Owen and Wilson, not 
more than 1% of the total intensity is due to pro- 
tons. Underground, the nucleon component is 
rapidly absorbed and at depths greater than 8 or 
10 meters of earth the penetrating component of 
cosmic rays consists of muons. 

Usually, when necessary, the muon spectrum 
at a given depth underground is determined from 
the known muon spectrum at sea level. Approxi- 
mating the sea-level spectrum at energies 2 101° 
ev by 

N (p) dp = p~No ap, 
where p is the particle momentum and y ® 2.7 — 
3.0, we obtain for the spectrum at a depth h 


N (p) dp =(p + po) “Nodp (1) 


(see, for example, references 7 and 8). Here pg 
is the momentum lost by a muon in passing through 
a layer of earth of thickness h. 

Until comparatively recently there were no di- 
rect measurement of momentum spectra under- 
ground. We note that measurement of the spectra 
underground is a rather complicated matter: the 
construction of mass spectrometers is difficult 
under such conditions for technical reasons, and 
the use of other methods does not provide the nec- 
essary statistical material (see below). 

Recently the problem of the underground muon 
spectrum has assumed great significance in con- 
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nection with the investigation of the interaction 
between muons and matter, since usually an ex- 
trapolation of spectrum (1) is used to calculate 
various cross sections — production of 6 elec- 
trons, stars, cascades, or anomalous scattering. 
The anomalous scattering of muons is of basic 
significance, and from this point of view the direct 
measurement of the muon spectrum at relatively 
low energies is of great interest. Actually, the 
observed excess scattering could be explained, 
were the true number of slow muons at a given 
depth to exceed that calculated by Eq. (1). We 
note that when determining the intensity of slow 
muons at a given depth from data obtained from 
the number of muons at sea level it is necessary, 
generally speaking, to consider not only the ioni- 
zation energy losses that this formula accounts 
for, but several other factors, such as scattering 
of slow muons in the ground, etc. 

The first reports of attempts at direct meas- 
urement of the momentum spectrum of muons 
underground were not published until 1956. George 
and Shrikantia’ give the muon spectrum in the mo- 
mentum range from 100 to 4,000 Mev/c, obtained 
experimentally from muon scattering in a photo- 
emulsion exposed at 57 m water equivalent (w.e.). 
Compared with the spectrum calculated for this 
depth from the sea-level spectrum, this spectrum 
exhibits a considerable particle excess in the en- 
ergy range from 1 to 5 bev and a deficit in the 
energy range from 5 to 20 bev. George and Shri- 
kantia believe, however, that this discrepancy 


cannot be seriously considered, since the accuracy 


of the data is small. 

The spectrum in the low-energy region, E < 
10° ev, was analyzed in connection with the prob- 
lem of the anomalous scattering. Here, however, 


by virtue of the small statistical accuracy, no con- 


clusion can be reached concerning the type of the 
spectrum. George and Shrikantia noted that in 
spite of the long time covered by the investigation 
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(more than two years), the material gathered was 
quite meager, merely 317 trajectories included 

in the spectrum, and the statistical accuracy of 
the results could hardly be increased with the 
photoemulsion method. 

Nash and Pointon? determined the muon spec- 
trum at 40m w.e. in the energy range of ~2—8 x 
108 ev, using experimental data on meson scat- 
tering in two lead plates placed inside a cloud 
chamber. Here, unlike the preceding investigation, 
where the momentum of each particle was deter- 
mined, the spectrum was plotted on the basis of 
a Statistical treatment of the experimental scat- 
tering data, with allowance for the known distri- 
bution function of the scattering angles. The cal- 
culation was based first on the assumed muon 
spectrum at a given depth, and the most probable 
form of the spectrum was then determined by 
successive approximation. 

In the spectrum obtained by Nash and Pointon, 
the total number of particles with energies 0.5 — 
1.0 Bev agrees with the expected value at the given 
depth of observation, provided the spectrum meas- 
ured at sea level is suitably transformed. In the 
momentum range from 2 to 7.5 Xx 10° ev/c there 
is also a qualitative agreement in the general 
form of the spectra. However, the results of this 
paper pertain to a rather narrow muon energy 
range and give only a qualitative idea of the form 
of the spectrum in this region. 

In 1956 the underground laboratory of the Mos- 
cow State University initiated research on the 
muon momentum spectrum at a depth of 40 m w.e. 
by the most direct method, magnetic analysis of 
cosmic radiation with the aid of an Alikhanyan- 
Alikhanov mass spectrometer. We describe below 
the experimental setup and the results. 


2. DESCRIPTION OF APPARATUS 


We list here only the salient features of the ap- 
paratus, since a detailed description of similar 
setups can be found in the literature (references 
iL Bas UDR Een le 

A diagram of the instrument is shown in Fig. 1. 
In the electromagnet gap (measuring 20 x60 10 
em) are located six trays of counters 1, 2, 3, I, Il, 
and III. Three trays of small-diameter counters, 
i. 2, 3, permit measurement of the radius of the 
curvature and thus the momentum of the particle. 
The tray marked O,, is for monitoring purposes. 
Four other monitoring trays Olin, I, II, and Il 
serve to check the linearity of the trajectory in 
the plane B. Located under the gap are absorbers 
IV, V, VI, and VII, and counter trays that deter- 
mine the ranges of the particles. In the case of 
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FIG. 1. Diagram of the instrument. 


hard particles that pass through all the absorbers, 
they provide additional control over the linearity 
of the trajectory in the plane B. 

The arrangement of the counters in trays 1—3, 
I— III is shown in the same Fig. 1. Table I lists 
the counter data. The electronic portion of the 
apparatus consisted of a coincidence block and a 
hodoscopic system GK-7,'! controlled by a 14+2+3 
coincidence pulse. Before the start of the inves- 
tigation, the entire counter system was thoroughly 
adjusted and the adjustment was checked by a 
special series of measurements performed without 
a magnetic field. These control measurements 
were repeated frequently. 

During the actual measurements, the direction 
of the magnetic field in the gap was reversed twice 
a day, whenever the films were changed. 


TABLE I 


Number Wall 


- e 
nee eS eoustes Cathode of counters | thick- 
trays jain length, mm material in tray ness, mm 
Om 10 200 Cu 50 0) 445) 
it 4.8 100 Al o9 0.4 
LD 4.8 100 Al 59 0.1 
3 4.8 100 Cu 59 0.4 _ 
Olin 10 900 Cu 18 0.15 
I 8 200 Al 49 0. 15 
AG 8 200, Al 47 Ont 
IU 10 200 Cu ie) 0.15 
IV 10 450 Cu 33 0.15 
V 10 550 Cu 37 0. 15 
VI 20 800 Cu 20 Oris 
VII 20 900 Cu 42 O15 
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from the initial direction; b) Shape of the distribution function 
of the values of A. 


3. PROCESSING OF THE DATA 


We shall deal in somewhat greater detail with 
the processing of the experimental data, since our 
method differs from that used in most similar in- 
vestigations. 

It is known that the system makes it possible 
to identify the counters through which a particle 
has passed by the flashing of corresponding neon 
lamps. However, the placement of the counters 
does not determine uniquely the radius of the cir- 
cular trajectory of the particle since a given com- 
bination of counters may lie in the path of trajec- 
tories of various curvatures. 

We introduce a quantity A, uniquely related 
with the radius of curvature p of the particle 
trajectory (see Fig. 2a). In a narrow long tele- 
scope, the following relation between p and A 
is satisfied, with good approximation: 


p = (L? + A?) /4A, (2) 


where L= 1. + 1,3. The distribution function of 
the quantity A within the counter combination 
characterized by the quantity A; =md can be 
represented in the following form!” 


F (@) = ater 0<|ol|<, 
2(1—|o})’*, *h<lol<l, 
where w = (A—Aj))/2d. 

In our case d=d)/3, where dy is the counter 
diameter. A plot of this function is shown in Fig. 
2b. This yields a statistical error of 0.26 x 2d 
in the determination of A, anda relative error 


(3) 


(8A / A). op = 0.26» 2d/A. 


pro 
For large values of A, the error is small and 
therefore in determining the spectrum in this re- 
gion (for small p) the radius of curvature of 
each trajectory is determined from the positions 
of the centers of the corresponding counters,* and 
the momentum of the particle is calculated from 
the formula p = 300 Hp. 


*We shall not dwell on the method of calculating the radius. 


the primary beam by devia- 
tion categories. 


4d. 4d 32. fe fds Ge tie 

The data obtained for small values of Ay, = md 
were processed with allowance for the distribution 
function (3).* The method used can be most clearly 
explained with the aid of Fig. 3. Here the abscissas 
represent the deviations of A. The quantities 1d, 
2d, 3d, ete. correspond to experimentally -obtained 
categories of deviations Ay, = md (m = 1, 2, 3,...). 
The dotted curves show the distribution functions of 
A within each category A,, (and are so marked). 
The same diagram shows the spectrum of the par- 
ticles incident on the apparatus (dash-dot line). 

To determine the probability of entrance of 
particles with a deviation A in category Am, the 
ordinate of the spectrum for given must be multi- 
plied by the corresponding ordinate of the distri- 
bution function (more accurately, taking normali- 
zation into account, by a quantity equal to half the 
ordinate). The curves 1’, 2’, 3’... thus obtained 
give the actual distribution relative to the devia- 
tions inside each category of deviations [for a 
specified primary spectrum s(A)]. 

This raises the question of how the total num- 
ber of particles Ny, registered in a given cate- 
gory of deviations m (Ny is proportional to the 
area under curve m’) can be used to determine 
the primary spectrum in this energy range. In 
investigations where the distribution function is 
not taken into account, it is essentially assumed 
that any deviation category corresponds to a devi- 
ation interval 


Nip id [2 IN gt OF (4) 


*An analysis of spectra with use of the distribution func- 
tion is contained in reference 3, 
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TABLE II 
H = 6300 oe H = 3300 oe 
A 
m pM), : p®, 8 
Bev/c ToS ¥=2.8 “ye 3.0) Bev/c y= 2.5 rl eS y = 3.0 
1 2 3 4 6 7 8 9 
4/4a | 49.5 1.67 1.92 26 1.42 | 4.47 1.7 
1d 12.5 0.7 0.66 | 0:63 6.5 0.86. | 0.77 | (0.72 
2d 6.18 ey a 3.25 | 4.14 | 4.40 | 4:08 
3d 4.42 ei me 2.17 | 4,08 | 4.07 | 4.06 
4d Sigvh Ded a 1°62 | 4.06.| 4:05 1.05 
5d 2.47 a oa ee 4-34» 21208 \—4.03 24.03 


The average number of particles Nm per unit 
momentum interval is determined, for example, 

by dividing the total number of particles Ny, by 
the momentum interval corresponding to the de- 
viation interval (4). The resultant value is usually 
associated, without additional justification, with the 
momentum Pm corresponding to the center of the 
category Am (or to the center of the momentum 
interval). Calculation based on the foregoing 
scheme of subdividing the primary spectrum into 
deviation categories shows that the resultant val- 
ues Ny must be subjected to corrections that are 
different for different deviation categories and de- 
pend, furthermore, on the type of the original spec- 
trum. 

The corrections were calculated for several 
initial spectra (see below). In each case curves 
similar to those shown in Fig. 3 are used to deter- 
mine the values of ny by calculating the areas 
under the curves m’ and dividing these areas by 
the momentum interval corresponding to the devi- 
ation interval (4). (This corresponds to the method 
used to obtain the value of ny, from the experi- 
mental data). The resultant values of ny were 
compared with the true value of the average num- 
ber of particles per unit momentum interval Ngp 
in the initial spectrum, S(A), at the point Ap. 
The 0m =Nm/Ngp shows by how much the values 
of Ny obtained with this method of data process- 
ing exceed the true values. 


4, EXPERIMENTAL RESULTS 


Before starting the investigation, a special ex- 
periment was set up to measure the intensity of 
the hard component (p & 3.5 X 10° ev/c) at sea 
level (I)) and at our depth (Ip), using a tele- 
scope that subtends the same angle as the telescope 
of the mass spectrometer. Based on the obtained 
I) /In = 11.13 + 0.43 and on the known spectrum of 
the muons at sea level,’ the value of py was de- 
termined from the condition that the number of 
particles in the spectrum* with momenta greater 
than py constitutes 1/11.13 of the total number 
of particles in the spectrum. Such an estimate 


yields py © 9.8 Bev/c, which may be somewhat 

of an underestimate. Other methods of determin- 
ing these quantities lead approximately to the same 
value of py. Since the absolute intensity of the hard 
component at sea levelis 0.83 x 10cm “*sec™!sterad“}, 
the intensity at our depth was assumed to be 0.83/ 
US OAS em sec"!sterad”!; the spectrum ob- 
tained by us was normalized to this value of abso- 
lute intensity (see below). 

It is natural to expect that in the momentum 
range of interest to us the underground muon spec- 
trum would be described, at least approximately, 
by Eq. (1) with y ~ 2.5 to 3.0. Our calculations 
for Oy were therefore based on the spectrum (1). 
Since, for a given p, the deviation A depends on 
the value of the magnetic field H (p ~ 300HL?/4A), 
the corrections o,, were calculated for two ver- 
sions of the experiment: one with a 6300 0e magnetic 
field (first series of measurements) and one meas- 
ured at 33000e (second series of measurements), 
and in each case for y = 2.5, 2.8, and 3.0. 

The values obtained for o are listed in Table II, 
from which it is seen that in the first series of _ 
measurements the correction plays a noticeable 
role only for two deviation categories, Ay=0 and 
A; =1d, and that the value of o depends here on 
the value assumed for y.* For the categories 
Am = 2d, the coefficient o is practically inde- 
pendent of y. Thus, the method for processing 
the experimental data in this series of measure- 
ments, in the region Ay, = 2d, is practically in- 
dependent of the assumed initial muon spectrum. 
The solid circles in Fig. 4 represent the spectrum 
we obtained in this range of momenta. The ab- 
scissas represent the particle momenta, and the 
ordinates the absolute intensities within a 1-Mev 
momentum interval, with allowance for the geom- 
etry of the instrument (cf. below). 


*In calculating the values of 0,, for the category A, and A, 
we considered that particles of both signs may be included in 
this category. It was assumed that the spectra of positive and 
negative mesons are similar and that the positive excess is 
n,/n. = 1.20. In the category A, = 0, the value of a was 
calculated at the point d/4. 
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FIG. 4. Comparison of calculated spectra for y=2.5 
and y=3.0 with the spectrum obtained for the muons. 


Figure 5 shows the same spectrum, for the mo- 
mentum range p > 10° ev/c, but at a different 
scale: the abscissas represent p+py. It is seen 
from this that in the momentum range 2 X 10° ev/c 
Zp 210! ev/e the spectrum can be approximated 
by a straight line, whose slope yields y ~ 2.7 —2.8. 

If it is assumed that at large momenta, corre- 
sponding to the deviation categories A,, = 0 or ld, 
the spectrum exponent remains constant, then the 
corrections listed in column 4 of Table II, and cor- 
responding to y= 2.8, should be introduced in the 
experimental values of ny and n,. The intensities 
obtained with allowance for these corrections are 
plotted in Figs. 4 and 5 with light dots. It is seen 
that these two fit well the same straight line. The 
most probable value of y, calculated over all 
points of the spectrum in the region p> 2 x 10° 
ev/e, is y= 2.78 + 0.23. It must be recalled, 
however, that when Ay < 2d the magnitude of 
the correction depends on the initial assumptions 
concerning the shape of the spectrum. Since it 
is very probable that in this region the true value 
of the spectrum exponent is greater than the as- 
sumed initial value y = 2.8, the two last points 
of the spectrum are only tentative. 

In our preceding analysis, the values of ny 
pertain to the center of the interval A), (only 
the quantity ny pertained to the deviation A = 


TABLE III 
H = 3300 oe H= 6300 oe 
P, : : i 
dev/c Se ratio Aperture ratio 
| Dis D ee (pe! =e ip — 3 
1 2 3 y; ) 6 7 
0.2 0.95 0.92 | 0.9 0.78 ORTON 
0.4 0.98 0.97 | 0.96 0.94 0.93 | 0.94 
0.6 0.99 0.98 | 0.98 0.98 0.97 | 0.96 
0.8 0.99 0.98 | 0.98 0.99 0.98 | 0.97 
1.0 ~! 0.99 | 0.99 0.99 0.98 | 0.97 
AD, ~l1 ~1 ~1 ~ | 0.99 | 0.98 
3.0 ~1 ~! ~1 ~! ~) ~1 
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d/4). However, as can be seen from Fig. 3, the 
maximum number of particles (the maxima of 
the curves 1’, 2’, 3’,...) registered within a 
given category have smaller deviations, Aj max: 
The quantities ny, can be related to the devia- 
tions Aj max. It is necessary to use, in this case, 
when plotting the spectrum, other correction co- 
efficients o},, calculated in the same manner as 
the coefficients oy,. The spectrum plotted by this 
method was not found to differ from the one given 
here.* 

Starting with the results of the first series of 
measurements, the calculations performed in the 
examination of the data of the second series were 
based on a spectrum with y = 2.8; the values of 
the corresponding corrections go are given in 
column 8 of Table II. For comparison we give 
also the values of o at y=2.5 and 3.0. The 
spectrum obtained is marked on Fig. 4 by crosses. 
It is seen that within the limit of statistical errors, 
the spectra obtained in both series of measure- 
ments are the same. 

We indicate in the conclusion that the total num- 
ber of trajectories, selected for the construction 
of the spectra, is 26,226; of these the spectrum of 
the first series included 12, 740 trajectories, and 
the spectrum of the new series included 13,486. 


Remarks on Allowance for the Aperture Ratio of 
the Instrument 


When we plotted the spectra for small momenta 
we took into account the aperture ratio of the in- 
strument, which depends both on the geometry of 


*Essentially it is more logical to associate the given de- 
viation category A not with the momentum Pm» Corresponding 
to the center of the category Aas or with Pmax’? Cotesponding 
to the maximum in the curve showing the A distribution, but, - — 
say, a momentum p such that the number of particles in the 
given category, having a momentum less than p, equal the num- 
ber of particles with momentum greater than p. 
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FIG. 6. Comparison of the spectrum ob- 
tained with (a) that of Caro et al.,* (b) con- 


verted to a depth equivalent to ~ 40 m of 
water. 
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the telescope and on the angular distribution of the 
particles in the beam. There are numerous calcu- 
lations in the literature for the aperture ratios of 
the mass spectrometers. Our calculation was 
based on the method described in reference 10. 

The angular distribution at our depth of observa- 
tion in the momentum range from 2 to 7 x 10° ev/e, 
where it influences the magnitude of the aperture 
ratio, is represented by the law Ig = Ig cos” 6, 
with n ~ 2.9.14 However, allowance for the scat- 
tering of mesons in a lead block placed over the 
apparatus shows that the value of n will be less 
for the particle beam registered by this instrument. 
In view of the weak dependence of the aperture 
ratio on n, an exact calculation of n was not car- 
ried out. In Table III we list the values of the aper- 
ture ratio, calculated under the assumption that 
n= 2. We show also for comparison the aperture 
ratios for n=1 and n=3. In plotting the spectra 
we used the values of the aperture ratio given in 
columns 3 and 6 of Fig. 3. 


5. DISCUSSION OF THE RESULTS 


It is interesting to compare the spectrum ob- 
tained with the muon spectrum at sea level and 
with the customary spectrum approximation as 
represented by Eq. (1) (see Fig. 6). Figure 6b 
shows the muon spectrum at sea level, obtained 
by Caro et al.4 Since the muons lose an energy 
of 9.8 Bev on the path from the surface of the earth 
to the specified depth, the spectrum of interest to 
us will be in the region E > 9.8 Bev, where the 
approximation of reference 4 is shown dotted. 

We have recalculated the Caro spectrum to our 
depth, taking into account the indicated muon energy 
losses in the earth. We also allowed for the change 
in the widths of the momentum intervals, to which 
the same particles belong at sea level (dp) and 
at the given depth (dp;). The dp;/dp ratio was 
calculated from the expression for dR/dp (R is 


Ih, (Mev/c)“*cm7?sec"sterad7! 
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the particle range) given by Rossi and Greisen.»® 
The intensity of the muons having a momentum p 

at a given depth was determined by dividing the 
ordinate of the Caro spectrum at the point p+ 9.8 
Bev/c by the.quantity dp,/dp. The results are 
shown by the solid line in Fig. 6a. If we take into 
account the statistical errors in the Caro spectrum, 
we can state that our data agree with the trans- 
formed Caro spectrum. 

The Owen and Wilson spectrum? in the region 
p 2 10° ev/e lies somewhat above the Caro spec- 
trum (a comparison of the spectra is cited in ref- 
erence 3), but the Owen and Wilson data are less 
trustworthy in this momentum region, since they 
correspond to the zero category of deviations (see 
section IV). 

The spectrum shown in Fig. 4 was obtained from 
spectra calculated by formula (1), for y = 2.5 and 
3.0. In both cases the spectra are normalized to 
the total number of particles in the experimental 
spectrum. 


6. CONCLUSIONS 


1. In the momentum range p = 2 x 10° ev/c, 
the muon spectrum can be expressed approxi- 
mated by the formula 


N (p) dp == Nodp/(p + po) 
where y = 2.78 + 0.23 and py = 9.8 Bev/c. The 
same formula can be used to approximate the spec- 
trum in a wider region, for p < 2 x 10° ev/c. 

2. The spectrum obtained leads to the conclu- 
sion that the so-called anomalous scattering of 
muon mesons, observed in many underground in- 
vestigations, can absolutely not be due to under- 
estimating the number of slow muons. 

The authors express their great indebtedness 
to A. I. Alikhanyan for much help in completing 
this work, for valuable advice, and for discussion 
of the results, anu also to V. Kh. Volinskikh and 
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V. Krugovykh for help with the experimental por- 
tion of the work. The authors take this opportunity 
to express gratitude to S. N. Vernov, N. L. Grigorov, 
and G. B. Khristyansen for affording the opportunity 
of working at the underground laboratory of the 
Moscow State University. 
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Experimental data are presented on the track densities of five high-energy electron-positron 
pairs in nuclear emulsions. The measurements were performed for the first pairs in elec- 
tron-photon showers. The pair energy was estimated from the energy spectrum of cascade 
electrons at a distance of 2.5 or 3 radiation lengths from the vertex of the first pair. In 
three cases the pair energy was close to 10!” ev and in two cases was approximately 3 x 10! 
ev. The track density was determined from grain density and from the gap length distribu- 
tion. The track density of a pair near its vertex was found to be smaller than that of a par- 
ticle for which the specific energy loss is twice as large as the ionization loss of an electron. 


This decrease of pair track density can be accounted for by the mutual electron-positron 
screening during the ionization process. The results are compared with the theoretical 
ionization curves for pairs calculated by Chudakov. 


1. INTRODUCTION 


Waen an electron-positron pair is produced with 
energy greater than 101! or 10" ev a peculiar ioni- 
zation effect is observed along the initial portion of 
the track. Before the separation between the elec- 
tron and positron becomes greater than their range 
of interaction with electrons of the medium (~5 Xx 
hs cm) the specific ionization loss of the pair is 
less than twice the electron loss. The reduced ion- 
ization results from mutual screening of the elec- 
tron and positron fields and was first calculated by 
Chudakov! as a function of the angle of divergence. 
Chudakov’s result has since been confirmed by 
other investigators,” who have shown that reduced 
ionization can actually be observed for pairs with 
210! ev. 

Grain density at the vertex of a pair increases 
with the ionization loss. When the separation of 
the electron and positron paths becomes r ~ 5 X 
107’ cm the grain density corresponds to that of 
particles with the double ionization loss 2Ip} 

(Ip) is the plateau value of the ionization). How- 
ever, this level will not generally equal twice the 
track density of an electron with ionization loss 

Ip] because of the nonlinear relation between grain 
density and ionization. 

The practical interest of the screening effect 
lies in the fact that the length of the track segment 
along which ionization continues to grow can in 
principle be used to determine the vertex angle, 
from which the energy quantum producing the pair 
can be calculated.** 

Lohrmann® has shown that at distances greater 
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than 100 —1000p from the vertex the separation r 
of electron and positron tracks is determined mainly 
by multiple scattering. Therefore measurements 
to determine the vertex angle must be performed 
at distances from the vertex which are relatively 
uninfluenced by multiple scattering. At high en- 
ergies, however, the tracks coalesce at such dis- 
tances x from the vertex and it is impossible to 
determine the angle visually. 

At a distance greater than 1 or 2 cm from the 
vertex of a high-energy pair the tracks of second- 
ary pairs are usually observed and the energy of 
the pair may be considerably reduced by radiation 
loss. It thus becomes possible to measure mul- 
tiple scattering directly along a relatively short 
track length. Since even the measurement of the 
relative amount of multiple scattering does not 
exclude the so called “grain noise” of emulsions 
(~0.10u) it is clear that pair energies can actu- 
ally be determined from multiple scattering only 
at energies < 10" ey. 

The screening effect can thus be used to deter- 
mine pair energies in the high-energy range where 
the usual methods are no longer applicable. It is 
first necessary to determine the energy depend- 
ence of the effect, for which purpose both meas- 
urements of track densities and independent meas- 
urements of pair energies are required. 

The present paper gives measurements of grain 
density and mean gap length along the tracks of 
five electron-positron pairs with energies % 3 x 
10!! ev. Pair energies were estimated from the 
energy spectrum of cascade electrons produced 
by the pair and track densities were measured 
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over a few millimeters. Three pairs with ~ 107 
ev revealed the screening effect. The results are 
in agreement with Chudakov’s theoretical curves.! 


2. SHOWER CHARACTERISTICS 


We studied electron-positron pairs which gener- 
ated electron-photon showers in emulsions. Table I 
gives data on the emulsion stacks in which the show- 
ers were registered.' 

The energies Ey of pair-producing photons 
were determined from the energy spectrum of the 
cascade electrons. The method of determining Ey 
was similar to that described by Pinkau® and by 
Miesowicz et al.® 

At distances of 2.5 or 3.0 radiation lengths from 
the vertex of the first pair the energy spectrum of 
electrons within 200 —300u about the shower axis 
was measured from multiple scattering. (The total 
noise in measurements of second differences was 
0.13 in a 250p cell.) Cascade curves were used 
to determine pair energies in first approximation 
from the number N of electrons with energies 
>3x10% ev. After corrections for the spatial dis- 
tribution of electrons the same cascade curves 
were used to determine Ey. We used Janossy’s 
cascade curves;!” shower energies E,, are given in 
Table II. 
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FIG. 1. Size distribution of developed grains in R-NIKFI 
emulsion. Mean diameter 0.57 p. 


The errors indicated in the table were deter- 
mined from calculated data on fluctuations of N 
in a cascade. In accordance with Janossy’s re- 
sults! we determined the relative rms deviation 
o from the mean value N (>€). The experimen- 
tal value of N was used to determine the mean 
value of Ey, and the upper and lower limits of 
Ey were determined from N+oN and N —- oN, 
respectively. We are now engaged in obtaining 
more accurate values of Ey from curves calcu- 
lated by the Monte Carlo method, taking into ac- 
count the influence of the medium on bremsstrahl- 
ung;!1>12 the results will be published at a later 
date. 


3. CALIBRATION OF EMULSION 


As can be seen from Table I, in the present 
work we used principally R-NIKFI (Motion Pic- 
ture and Photography Research Institute) emul- 
sions. Figure 1 gives the size distribution of 
developed silver grains in one of the emulsion 
stacks. 

Pair track densities were determined in two 
ways. We first counted grains directly to deter- 
mine the grain density n. The gap length distri- 
bution was also obtained. An exponential descrip- 
tion of the integral distribution was determined by 
least squares, with the exponential index giving 
the mean gap length G (Fowler and Perkins‘), 
The procedure for measuring G was simplified. 
Gap lengths were not measured; instead we only 
determined the number of gaps longer than 1, 2, 

3 etc. ocular scale divisions along the track image. 

After determining G we calculated the coeffi- 
cient g=1/(G+a), where @=0.28y is the av- 
erage diameter of AgBr crystals. According to 
O’ Ceallaigh"4 g is the density of silver halide 
crystals which are developable as the result of 
the passage of a charged particle. We call g the 
density of developable AgBr grains to distinguish 
it from n, which is the density of developed Ag 
grains. In the developing process grain diameter 
is approximately doubled; one developed grain may 


appear in place of several closely situated develop-_ . 


able AgBr grains. n is thus generally smaller 
than g. 
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FIG. 2. Distribution of Ag grain density along relativistic 
electron tracks. 


In our R-NIKFI emulsions the average grain 
density at the ionization plateau was ~ 32 grains 
per 100u. Figure 2 shows the grain density dis- 
tribution n per 80, along relativistic electron 
tracks. The  y?-test probability P compared 
with the Gaussian distribution is P = 0.5 to 0.6. 
The root-mean-square deviation from the mean 
of grain density along electron tracks is o = 
0.89 vn, which is thus smaller than Vn (see 
reference 15). 

In order to determine pair-induced ionization 
from grain density (n,g) we plotted calibration 
curves of grain density vs ionization. In the re- 
gion of single ionization on the plateau ( Ip1) grain 
density was measured along electron tracks. The 
track of a relativistic @ particle was used to de- 
termine grain density for ionization 4Ip]. In the 
intermediate region (2—3Ip]) we used the tracks 
of a few pions stopping in the emulsion. Pion-in- 
duced ionization for different ranges was deter - 
mined from the curves of Barkas and Young’® for 
specific ionization loss in AgBr crystals of Ilford 
G5 emulsions. The nuclear composition of the 
R-NIKFI emulsion" is close to that of Ilford G5. 

Grain density measurements along the tracks 
of electrons with 2 10° ev and of pions with ~5 
x 108— 10° ev gave the following ratio between 
the grain density n for plateau ionization and the 
grain density for minimum ionization: 


Rot! Md min y= VIt6 0.03: 


FIG. 4. De- 
velopable grain 
density g asa 
function of spe- 
cific ionization 
loss in AgBr 
crystals. The 
dashed line re- 
presents g(I) 
as linear. 


FIG. 3. Grain 
density n asa 
function of spe- 
cific ionization 
loss in AgBr 
crystals. 
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In determining Ip) from the known value of Imin 
it was assumed that Ip] /Imin © Np1/n (Imin ). The 
value used for Ip] was 1.01 Mev cm?/g. 

The calibration curve for the density n of de- 
veloped grains is shown in Fig. 3 with the statisti- 
cal errors Vn. It is evident from the curve that 
the grain density n(2Ip]) of doubly ionizing par- 
ticles differs from 2Np] (dashed curve) repre- 
senting twice the density of singly ionizing particles 
by not more than 8 + 1%. 

Figure 4 shows the calibration curve for the 
density g of developable grains with the errors 
g/VNp, where Ng is the total number of counted 
gaps (equal to the number of blobs along the track). 
The curves show that g(I) is more nearly linear 
than n(1I). The difference between ¢g (2Ip1) and 
2p] does not exceed 1 or 2%. 


4. RESULTS 


We measured n and g for each of five electron- 
positron pairs. Figure 5 gives histograms of the 
measured grain density n for three pairs with 
~ 10!" ey along 2-mm track segments at the vertex. 
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FIG. 5. Grain density n along tracks of pairs with ~ 10" 
ev (histograms). The irregular line represents the track den- 
sity for relativistic electrons. 
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FIG. 6. Density g of developable grains 
along tracks of pairs with ~ 10” ev. 
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FIG. 7. Grain density n along tracks of pairs with ~ 3 x 10** ev. 


Statistical errors are indicated, as in all succeed- 
ing figures. 

The irregular curve at the np) level serves as 
an index of the uniformity of emulsion properties 
and processing for the measured segments; it rep- 
resents measurements of a few electron tracks at 
the same depth in the emulsion not farther than 100 
or 200u from a measured segment of a pair track. 
Results obtained from different emulsion layers in 
which a single pair was measured were reduced to 
a single density n-}. The density g was meas- 
ured similarly along tracks of pairs (Fig. 6), and 


the results of the two procedures are seen to agree. 


Ina segment x < 250y at the vertex the observed 
ionization is clearly less than double ionization. 
With increase of the distance x from the vertex 
ionization rises rapidly, but the growth slows down 
for x > 250u. In 1.5—2 mm the grain density 
along pair tracks approaches the n (2Ip]) level. 
Screening evidently occurs here for pairs with 

~ 10! ey. 

Similar measurements were obtained for two 
pairs with ~3 x 10'! ev (Fig. 7) and, as was to be 
expected, showed no appreciable reduction of track 
density at the vertex. 

It is interesting to compare our data with Chu- 
dakov’s calculations,} according to which when 
multiple scattering of electrons is absent pair 
ionization in an emulsion must obey the law 


23.9 + In Ox 
qa (1) 


where @ is the vertex angle of the pajr in radians 


1=2lp1 


and x is the distance from the vertex in centi- 
meters (4 X LOnes em <0x<3x107% cm). 

When multiple scattering is taken into account 
as in reference 1, but with the correct value of 
the scattering constant K = 27Vm Mev: deg/V100u 
which gives the spatial separation of two electrons 
departing from the point x=0 in the same direc- 
tion the formula becomes 


23.9 + In (0x V1 + 70x 
eee ae (2) 
where @ is the most probable vertex angle. 

The best agreement between the experimental 
results for pairs in D-84, O-209, and E-53 and 
the theoretical curve (2) was observed for @ close 
to 10-*. Figures 5 and 6 show the curves of n and 
g obtained from (2) for 6 =107° and the calibra- 
tion curves. According to Borsellino* the angle 
@=10~* corresponds to the most probable pair 
energy E,= 2x 10’? ey. 

Table II shows that the values of Ey obtained 
by the different methods are in agreement, thus 
confirming the possibility of determining pair en- 
ergies from ionization by using theoretical formu- 
las which take screening into account. The uncer- 
tainty in determining Ey from the screening effect 
results from statistical errors in determining ion- 
ization, from multiple scattering, the probabilistic 
character of the relation between @ and Ey and 
the inexactitude of the theoretical formula. Addi- 
tional experimental data are obviously needed to 
determine the errors in the values of Ey obtained 
from ionization. 


yey eg, 
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We have compared our ionization measurements 
only with formula (2) of Chudakov,! which takes 
multiple scattering into account more correctly 
than the formula of Yekutieli,? for example. The 
latter ionization formula for a pair separated by 
the distance r (in cm) is 


44.5 + In (r?) 
——— 


121% 5 


The average of I is obtained by averaging In (r?). 
Integration of r multiplied by a function of its dis- 
tribution is performed over the entire region from 
0 to », thus including the region of r where the 
given formula for I is meaningless (0 =I = 2Ip}). 

Grain densities n were also measured at large 
distances x from the vertex (along almost the 
entire coalesced track segment). Figure 8, which 
gives the results for three high-energy pairs, shows 
a gradual increase of n for x >1 or 2mm, al- 
though the specific ionization loss of a pair remains 
constant. 

A study of the structure of shower E-53 shows 
that one electron of the first pair possesses much 


Bam S, 
aed, ee, 2 8 456789 a UR 29 496789 
[} / 


We 
Distance from vertex of pair, p 


higher energy than the other electron, so that the 
distance between the paths of the pair members 
increases more rapidly than in the case of the D-84 
and O-209 pairs. This can account for the fact that 
n approaches the 2np) level more rapidly along 
the E-53 pair. 

It is clear that the growth of grain density from 
the n (2Ip1) level to the 2np) level is a purely 
geometric effect. The 2np] level is reached as 
the electron separation becomes comparable to the 
diameter of developed grains (~5 x 10~° em)» dikes, 
when the adhesion of grains no longer affects the 
count. The blob density is even more strongly sub- 
ject to this geometric effect. 

In the present work for a visual count of n the 
difference {2np]—n(2Ip1)}/2np] was 8%, while 
the corresponding blob difference was about 20%. 
Weill and his coworkers’® give 20% as the blob 
density. 

We shall now estimate how much the gap den- 
sity can be increased by the geometric effect. We 
first note that in the region where r is greater 
than or comparable to the diameter of AgBr crys- 
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tals (r 2 2x 107° cm) the density g along a pair 
track remains constant. The gap density b and 
the average gap G are also constant. Indeed, in 
the measurement of gaps along a pair track (the 
x axis), when two grains not separated by a gap 
along x are taken as a single grain, the size and 
number of gaps is independent of the grain distri- 
bution in the plane perpendicular to the x axis. 
If when grain diameters are increased during the 
developing process there is no repulsion between 
contiguous grains the grain distribution with re- 
spect to x along pair tracks will also be inde- 
pendent of r (for constant g). 

We shall now consider the region 5 Xx 107’ cm 
<r<2x10°cm. We denote by (I) the prob- 
ability that a grain is struck during specific ioni- 
zation loss I. According to reference 19 the gap 
density b is defined by b=7(1 _r)k, where k 
is given approximately by the ratio between the 
diameters of a developed and undeveloped grain. 
For the R-NIKFI emulsion we have k * 2 and 
T (Ip}) = 0.08. 

For distances 5 x 107’ em r «2x107°> cm 
the values of b and G will be determined by the 
probability m(2Ip]). On the other hand, for r 
comparable with the diameter of AgBr crystals 
(r~2x107> cm) b and G will be determined 
by the probability 27 (Ip1) - [7 (Ip1)]’. 

With small recombination we have, generally, 


m (21) x {2n (1) — [x (/)}} 


and b will not increase with r; there may even 
be some decrease of b. 

The inequality 7(2Ip1) < {27 (Ip1) — [7 (Ip1)]?} 
can be satisfied if recombination in AgBr grains 
for double specific losses 2Ip] is appreciably 
greater than for Ip}. 

According to Della Corte et a m(2Ip)}) can 
be reduced by ~ 3% as a result of recombination, 
while m(Ip]) can be reduced by 1—2%. There- 
fore the greatest possible growth of b through 
the geometric effect is not above 1—2%. Thus 
the geometric effect must be very small for gap 
density (in the sense of the growth of b), unlike 
the case for the grain density n and blob density 

In principle the geometric effect can also be 
used to determine the divergence angle of a pair; 
in this case it is better to use the blob density. 
The geometric effect will also appear for pairs 
with lower energies, when screening is absent; 
but this cannot result in errors when energy is 
determined from decreased ionization at the ver- 
tex since the two effects differ. Screening reduces 
pair ionization and track density compared with 
the level for a doubly ionizing particle, while the 


1,29 


geometric effect would increase the density above 
this level. 

We find no grounds for the conclusion reached 
by Weill, Gailloud, and Rosselet!® that ionization 
measurements for pairs with energies & 10° ev 
and the use of formulas that take screening into 
account will increase the result of the geometric 
effect by a factor of 100. If this were true the 
geometric effect for 5X10 'cm <r <2x10° 
cm could reduce track density compared with the 
level corresponding to double ionization. Our pairs 
had a small angle of divergence, so that their com- 
ponents were separated by a small distance for a 
relatively long time. The investigated region of 
the geometric effect occupies altogether about 
2 cm of pair tracks. This region nowhere showed 
any appreciable reduction of n or g compared 
with the double ionization level. This refers par- 
ticularly to measurements of n and g for the 
I-109 pair in an Ilford G5 plate. In any event, a 
reduction below the double ionization level could 
only be observed at the vertex. 

As was stated by Weill et al, in their paper the 
variation of blob density resulting from the geo- 
metric effect is treated as a variation of ionization 
I; this led to the conclusion regarding the error in 
determining E, from screening. With calibration 
curves like those in Figs. 3 and 4 it is always pos- 
sible to distinguish the regions of the geometric 
effect and screening. 

Our results and those obtained by Perkins and 
by Wolter and Miesowicz”! thus show the possibil- 
ity of using the screening to determine pair ener- 
gies. Any track parameters may be used which 
are sufficiently sensitive to variation of the ioni- 
zation near 2Ip). The geometric effect cannot 
change the ionization and increase the energy Ey. 

In conclusion the authors Wish to thank Profes- 
sor I. I. Gurevich for his interest and for discus- 
sions, A. A. Kondrashina for assistance with the 
treatment of experimental results and D. M. Sa- 
moilovich and his group for the developing of the 
emulsions. 
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Some general considerations are presented concerning the possibility of formation of a 
cumulative jet in the course of contraction of a conical plasma envelope. Preliminary 
results of some experiments performed with so-called single and double conical systems 
are presented. Photographs of discharges in conical chambers are presented, and also 


results of some other measurements. 
1. INTRODUCTION 


Tue present work represents an attempt of utiliz- 
ing the effect of formation of a cumulative jet as a 
mechanism of communicating additional energy to 
a certain group of particles in the course of forma- 
tion of a plasma column in the process of develop- 
ment of a high current pulse discharge in a gas. 
The principle on which the investigations that we 
have carried out is based is similar to the princi- 
ple of jet formation in a cumulative charge.! 

We shall show that in the process of compres- 
sion of a gas column of conical shape a jet may 
also be formed. We consider a conical vessel 
filled with gas (Fig. 1) through which a rapidly 
growing current passes. The magnetic forces of 
the current will compress the gas towards the 
center of the vessel. In the case of interest to 
us, when the speed of compression exceeds the 
speed of sound in the gas, a shock wave is formed 
moving towards the axis of the vessel. The instant 
of arrival of the shock wave on the axis (the in- 
stant of “singularity”) may be determined from 
the following formula? 


4 dJ\-h {x 
- =1.8r(55) (5 


Here Mn is the mass of gas per cm?, while r = 

ro +z tan d@. Evidently tg will be different at 
different heights within the vessel. If we make 

the quite rough assumption that dJ/dt is constant, 
then the speed of displacement of the point z, ver- 
tically and the total compression time will respec- 
tively be equal to 


Mn)". (1) 


dz 1 dN / x fh 
At =1.8l tan % (= a) (= Mn)", (3) 


i.e., the compression of plasma will be spread 
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out in time and all the quantities characterizing 
the process (current, voltage between the elec- 
trodes) will vary smoothly. 

We consider an intermediate stage of the proc- 
ess of compression (cf. Fig. 1). We assume that 
at a certain instant of time the front of the shock 
wave has reached the axis of the chamber at the 
point z,, while above this point the wavefront 
forms a cone whose vertical half angle is equal 
to a. The gas contained within this cone may be 
regarded as unperturbed. We shall at first as- 
sume that a strong skin effect exists and the mag- 
netic field does not penetrate inside the plasma. 
Since the pressure in the compressed column is 
many times greater than the pressure of the un- 
perturbed gas, then at this instant of time large 
pressure gradients exist in the plasma, with the 
maximum value being exhibited by the pressure 
gradient directed along the axis of the cone. As 
a result a jet of gas will be propagated along the 
zZ axis towards the unperturbed gas, which is 
analogous to a certain extent to the effect of for- 
mation of a cumulative jet. 

A consistent solution of the problem encounters 
a number of mathematical difficulties which have 
not yet been overcome. A rough estimate of the 
speed of the jet may be obtained if we make use 
of the results of the solution of the problem on 
the propagation of a front of a nonstationary rare- 
faction wave which arises in the case of an instan- 
taneous removal of a barrier which separates a 
gas from a region of complete vacuum.® The speed 
of the front of the rarefaction wave v¢ = 2uy)/(y—1) 
or, in the case of a monatomic gas, when y = 
Cp /Cy = hs 

Ue = 3, (4) 
where up is the velocity of sound in the gas prior 
to the removal of the barrier (since the thermal 
velocity of the gas atoms Vite (3/V5 ) ug, then 
Ve =2.2 vT,): 
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If we assume that the gas jet represents a rare- 
faction wave, while the angle @ determines only 
the mass of gas captured into this wave, and 
thereby the total momentum of the gas jet, then the 
energy of the particles at the front of jet with re- 
spect to a stationary system of coordinates will 
be several times greater than the thermal energy 
of the particles in the compressed plasma.* 

Such is the rough qualitative picture of this phe- 
nomenon in the case of a strong skin effect. How- 
ever, if the skin effect is weak and the magnetic 
field of the current penetrates inside the plasma, 
the problem is even more complicated since in 
this case the motion of the gas will be determined 
not only by the gradient of the gas pressure, but 
also by the difference of magnetic pressures. 

As an example we consider the one dimensional 
problem on the propagation of a rarefaction wave 
in the presence of a frozen-in magnetic field. We 
assume that within a certain region of space sep- 
arated from the rest of space by the plane x= 0 
we have a plasma of density py) with a frozen-in 
magnetic field Hy, whose lines of force are per- 
pendicular to the plane of the diagram (for x= 0, 
p=0 and H=0). Ata certain instant of time the 
plasma together with the field H starts spreading 
into the region of positive values of x. Let us de- 
termine the velocity of the front of the rarefaction 
wave. 

The intervals of time in which we are inter- 
ested are such that the conductivity of the plasma 
may be considered infinite. Then the equations 
describing the process will differ from the equa- 
tions of a similar problem in gas dynamics only 
by the fact that the pressure of the gas p will be 
replaced by the sum of the pressure p and of the 
magnetic pressure H?/87, i.e., by the pressure 
P =p+H?/8r. In virtue of the fact that the mag- 
netic field is frozen-in into a perfectly conducting 
plasma, we have H/p = H)/py. Taking into account 
the equation of an adiabatic p/py = (p/p))” (which 
may also be written in the form p/p = (u/uy)/Y-4), 
where u is the velocity of sound) we obtain: 
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where w=H)/V 4p) is the magnetohydrodynamic 
velocity in the field Hy. This equation differs from 
the corresponding equation for Hy =0 by the fact 


that in place of u® it contains [u2 + w? (u/uy)/Y-)), 


Therefore the one dimensional self-similar solu- 
tion? obtained in the usual gas dynamics (v-—7)* = 


*Cf, the experimental determination of the optimum value of 
the angle a in reference 4. 


FIG. 1 


u? (where 7 =x/t) must be replaced by the ex- 
pression 


(v — y)? = u? + w? Gaye (5) 


Further, on utilizing the equation of continuity 


Wo Ceo) — ot de , d(pv)\ 
ot | Ox ( ae eu 


= a 


we obtain 


2 v—7 du du 
atk Nn ee ia = 0. (6) 


We determine the velocity v by eliminating v-—7 
from (5) and (6): 


Flt Soya 


On taking into account the fact that in the case of 
a monatomic gas y=° and u=(vV5/3)vq7, we 
obtain: 


vp, w2 */a 
vy = £0.83 2 (1 = 1.8 5 er) Boal 


Since v=0 when vT= Ag Dene get 
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an ve es 
v= £0.83 [(: 1 1,8 z or) (1 at 18a ) i (7) 
and at the front of the shock wave where p =0, 
and consequently, also v~T =0, 


2\2 
: —1]. (8) 
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When w<vT, we obtain the already known rela- 
tion vf = 2.2 VT): In the other limiting case when 
Ww > VT o> 


U, = 2w. (9) 


These results cannot, of course, be directly ap- 
plied to the case of compression of a conical plas- 
ma shell since, first of all, in order to do this a 
two dimensional problem should be solved, and, 
secondly, the distribution of gas density and mag- 
netic field in space in our case is no longer uni- 
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FIG. 2. Probable configuration of 
currents in the plasma in a discharge in 
a cone; 1—direction of the main current; 
2—gas jet determined by a fall in the gas 
pressure; 3—gas jet determined by a fall 
in the magnetic pressure. 


form. Nevertheless, we can still draw some qual- 
itative conclusions. On the axis of the vessel 
where there is no magnetic field the velocity of 
the front of the jet which will be determined by 
the fall in gas pressure must be greater, by a 
factor of 2 or 3, than the thermal velocity of the 
gas in the compressed column. Nearer to the 
edge of the column, where the magnetic field in- 
creases sharply while the density of particles 
decreases, a difference of magnetic pressures 
may prevail and the velocity of the jet at that 
spot under certain conditions may become greater 
than the velocity of the jet along the axis (mag- 
netic implosion). Since in this case the moving 
particles carry the lines of force of the magnetic 
field along with them the distribution of current 
over the cross section of the column must change 
(above the point z,;). As a result of the fact that 
the total current over the cross section must re- 
main the same local currents may appear in the 
plasma directed oppositely to the direction of the 
main current. A possible picture of the distribu- 
tion of current is shown in Fig. 2. 

To increase the energy of interaction of accel- 
erated particles two jets may be created and di- 
rected one against the other. Then the distribution 
of current at a certain instant of time may have 
the form shown in Fig. 3. Circulating currents 
flowing within the plasma may lead to the produc- 


FIG. 3. Probable configuration of 
currents in the plasma in a discharge 
in a double cone. 


tion of very high local electric and magnetic fields 
which in turn may communicate to a certain group 
of particles energy tremendous in comparison with 
thermal energy. 

The possibility is not excluded that such a mech- 
anism of acceleration of a group of particles may 
be used to explain neutron emission observed in a 
cylindrical gas discharge at a relatively low plas- 
ma temperature. As is well known, the constrict-~ 
ing cylindrical plasma column is very inhomoge- 
neous along its length. One may suppose that the 
compression of the plasma towards the axis does 
not take place strictly simultaneously. At some 
spots the plasma will reach the axis somewhat 
earlier and other places somewhat later. Because 
of this at the instant of compression, conical or 
more complex surfaces may be formed near the 
axis of the cylinder, As a result when such sur- 
faces contract a cumulative effect similar to the 
one described above may take place. The fact that 
the observed neutron emission is localized along 
certain segments of the compressed plasma® sup- 
ports this hypothesis. Thus, apparently, it is pos- 
sible to explain the neutron emission which appears - 
at the instant of the first singularity. A much more 
intense emission of neutrons at the moment of the 
next plasma constriction is possibly also due to 
nonsimultaneous compression. But at this instant 
along the axis of the tube we no longer nave unper- 
turbed gas, as at the instant of the first singular- 
ity, but plasma and a magnetic field, and this in- 
tensifies the effect of magnetic implosion. It is 
difficult to indicate the possible configuration of 
circulating currents at that instant, but it may be 
supposed that the intensities of the magnetic and 
the electric fields in such a case may attain very 
high values. 
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FIG. 4. Diagram of the apparatus. 1—capacitor bank; 
2—truncated glass cone; 3—copper coaxial f eeder; 4—cop- 
per electrodes; in the center of the upper electrode there 
is an opening of 5 cm diameter; 5—glass cylinder of 6 cm 
diameter; 6—piezoelectric detector; 7—spark relay; 8—Ro- 
govskii belt; 9-windows in the coaxial line for photo- 
graphing the discharge, 
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FIG. 5. Photographs ° 
of a discharge in deuter- 
ium in the conical cham- 
ber. C=43 pf, U, = 25 kv, 
Pp = 0.2 mm Hg. 
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2. INVESTIGATION OF THE DISCHARGE IN 
SIMPLE CONICAL SYSTEMS 


1. The object of the first experiments was to 
study the process of constriction of plasma in a 
conical vessel and of the determination of the ve- 
locity of its propagation along the axis of the system 
behind the ring electrode. A schematic cross sec- 
tion of the apparatus and its external appearance 
are shown in Fig. 4. 

The discharge current was measured by means 
of an integrating Rogovskii belt. For the measure- 
ment of the velocity of propagation of plasma be- 
hind the upper electrode a piezoelectric detector 
was used. The use of the piezo effect for the de- 
termination of plasma pressure encounters at 
least two serious difficulties. Firstly, the condi- 
tions of the flow around the detector of a pressure 
wave moving with a speed of more than 10° cm/sec 
are still little known. Apparently the magnitude of 
the recorded pulse must depend both on the density 
of the particles in the front of the pressure wave, 
and also on its velocity. Therefore, there can be 
no certainty that even relative measurements of 
the pressure pulse under different conditions give 
a unique result. Secondly, the absolute calibration 
of the piezo detector must be performed under the 
same conditions under which these detectors are 
used, i.e., at a sufficiently high velocity of the pres- 
sure wave. Therefore in the present experiments 
the piezo detector was used only for the determin- 
ation of the instant of the beginning of the pressure 
pulse, i.e., of the instant of arrival of the pressure 
wave at some specified point in the space behind 
the upper electrode. 

For the investigation of the behavior of plasma 
in the cone in the initial stages of the discharge an 
ultra high speed photo recorder (u.h.s.p.r.) was 
used.® The speed of rotation of the mirror of the 
u.h.s.p.r. in all cases amounted to 60000 r.p.m. 

In accordance with this the time interval between 
frames in all the photographs shown below is equal 
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to 0.5 x 10-® sec. In order not to disturb the essen- 
tially axial symmetry of the current distribution in 
the course of photographing the discharge, three 
openings with conducting covers were made in the 
coaxial feeder bringing up the current to the dis- 
charge gap. Thus in the photograph (cf. Fig. 5a) 
we can see in each frame four rectangles situated 
one below the other. The three lower rectangles 
represent the windows in the coaxial feeder. The 
upper rectangle is a glass tube placed behind the 
ring electrode. 

The experiments were carried out under the 
following conditions: the capacitance of the conden- 
ser bank which served as the supply for the dis- 
charge was C = 35 —465uf, the initial voltage on 
the condensers was Up) = 25 —40 kv, and the ini- 
tial deuterium pressure was py = 0.02—1.0 mm 
Hg. 

2. The photographs of the discharge enable us 
to obtain some idea about the initial stage of the 
process. As in the case of a cylindrical chamber 
breakdown occurs near the walls. Then, as the 
current increases, the plasma begins to constrict 
towards the axis of the chamber. From the photo- 
graph (Fig. 5) it is seen that constriction of plas- 
ma occurs first in the region nearest to the vertex 
of the cone. With time the region of constriction 
extends towards the ring electrode. The whole 
process of eompression lasts approximately 1.5 
microseconds. However, even when the gas has 
been compressed only in the central part of the 
chamber the plasma column near the lower elec- 
trode is already beginning to break up. Towards 
the end of the process of compression when a 
plasma column can be seen near the ring elec- 
trode a compressed column no longer exists in 
the remainder of the chamber. 

Figure 5b shows a photograph of only the upper 
window in the coaxial cable and the glass tube be- 
hind the electrode. The speed of propagation of 
the luminosity in the tube is approximately equal 
to 1.1 x 10’ em/sec. 
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FIG. 6. Photograph of the glass tube beyond the upper elec- 
trode of the cylindrical chamber during discharge in deuterium; 


C = 43 uf, U, = 25 kv, pp = 0.2 mm Hg. 


Figure 6 gives for comparison a photograph of 
a similar glass tube placed behind the electrode 
of a straight discharge tube whose diameter is 
equal to the diameter of the larger base of the 
cone (i.e., 20 cm). In this case the speed of 
propagation of the luminosity is somewhat smaller 
(~7 x 10° cm/sec). 

3. As already mentioned, the speed of propaga- 
tion of the gas jet was determined by a piezoelec- 
tric detector.’ The signal from the detector which 
was placed on the axis of the cone behind the upper 
electrode was amplified and applied to the plates 
of the oscillograph. The signal from the integrat- 
ing belt was applied to the second pair of plates. 
Typical curves showing the variation of the dis- 
charge current and the pressure are given in Fig. 7. 
As should have been expected the discharge current 
varies smoothly. The singularity on the current 
curve is very much smoothed out. This is in com- 
plete accord with the photographs of the discharge 
which show that the compression of the plasma 
takes place gradually. 

Figure 8 shows the dependence of the instant at 
which the piezo detector pulse begins on the initial 
deuterium pressure. The curve was obtained with 
the distance between the surface of the electrode 
and the surface of the detector equal to h = 6.5.cm. 
The capacitance of the condenser battery in this 
case amounted to C = 36uf, while the initial volt- 
age was Uy) = 35 kv (Jm ~ 340 kiloamp). The de- 
pendence of the instant tp (at which the pressure 
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FIG. 8. Dependence of the 
initial instant of the pulse from 
the piezodetector on the initial 
deuterium pressure. 


FIG. 9. Position of the 
front of the gas jet at time t. 
X —cone, 0 —cylinder. 
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FIG. 7. 1—discharge current, 
2—pulse from the piezodetector, 
C= 35 pf, U, = 25 kv, po = 
0.2 mm Hg. 50 
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pulse begins) on the value of h was obtained at 
C =43yf, initial deuterium pressure of pp = 0.3 
mm Hg and at 3 different initial voltages (Up = 
25, 30, and 38 kv). A common characteristic of 
all three curves is the fact that initially (as h 
changes from 0 up to approximately 5—8 cm) 

tp varies linearly, but at larger h an appreciable 
deviation from a straight line occurs. Figure 9 
shows this dependence obtained at U) = 30 kv 

(Jm * 300 kiloamp). For convenience, the time 
is plotted along the horizontal axis. For compar- 
ison we have plotted in the same graph the form 
Of a (tp) obtained when the cone was replaced by 
a cylinder of 20 cm diameter, but with the same 
initial voltage and deuterium pressure. Each point 
on the graph has been obtained by averaging the 
results of several independent measurements. At 
h=15 cm the results of all the individual meas- 
urements are shown. By utilizing this graph it is 
possible to make an estimate of the speed of prop- 
agation of the front of the jet behind the electrode. 
In the case of the cylinder this velocity amounts to 
approximately 6 x 10° cm/sec. For the gone the 
velocity of the front of the jet increases as it 
moves away from the electrode from 6 x 10° em/ 
sec to ~(1.5—2.0) x 10’ cm/sec. An increase in 
velocity begins when h is of the order of the di- 


FIG. 10. Diagram of the double 
conical system. 1—-glass chamber; 
2—copper coaxial feeder; 3—windows 
with covers; 4—Rogovskii belt. 
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FIG. 11. Photograph and oscillogram of the discharge current in deuterium in a double conical system. 


ameter of the opening in the upper electrode. One 
might conjecture that here apparently some elec- 
trode effects are felt as a result of which the jet 

is no longer formed in the region close to the upper 
electrode. 


3. INVESTIGATION OF THE DISCHARGE IN 
DOUBLE CONICAL SYSTEMS 


1. To use the energy of the particles carried by 
the gas jet it seems advisable to produce in the 
same system two jets directed one against the 
other. A diagram of the simplest apparatus in 
which such a process may be realized is given in 
Fig. 10. 

A photograph of the discharge in such a system 
obtained with C = 43uf, Up =35 kv (Jy ¥ 410 
kiloamp) and py) = 0.2 mm Hg is shown in Fig. 11. 
The following two features should be noted. First, 
the compression of the plasma begins at the elec- 
trodes and extends towards the center of the cham- 
ber. This indicates that in such a system two op- 
posing jets may actually be formed. Secondly, the 
breaking up of the compressed column also begins 
near the electrodes. The compressed column of 
plasma in the central part of the system exists for 
a relatively long time (~2 pwsec). This may be 
explained by the fact that when the plasma column 
near the electrode begins to break up, the induc- 
tive reactance of the discharge decreases, the cur- 
rent rises, and the electrodynamic forces compres- 


sing the plasma are also increased. Because of 
this, just in that part of the discharge where the 
greatest number of particles is available per unit 
length (and, correspondingly, the density of par- 
ticles in the constricted plasma column is great- 
est) and where the energy of the particles is also 
a maximum, as a result of the formation of the jet, 
the constricted column lasts for a longer time, than 
in the case of a discharge in a straight tube under 
the same conditions. 

Figure 12 shows a photograph and an oscillo- 
gram of the discharge current in argon, where all 
the characteristic phenomena are exhibited more 
distinctly. The photograph was obtained at an ini- 
tial voltage of Up) = 32 kv (Jm * 350 kiloamp) 
and at an initial pressure of py = 0.05 mm Hg. 
The plasma column in the central part of the sys- 
tem lasts approximately until the end of the first 
half period of the discharge current. 

2. Some measurements were carried out using 
a double porcelain cone whose dimensions differed 
somewhat from the dimensions of the glass cone. 
The diameter of the larger base of the truncated 
porcelain cone was 250 mm, the diameter of the 
smaller base was 90 mm, the height of each cone 
was 275 mm, the distance between the electrodes 
was 550 mm, the half-angle at the vertex of the 
cone was 17°. 

Figure 13 shows oscillograms of the discharge 
current and of the voltage between the electrodes 
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FIG. 12. Photograph and oscillogram of the discharge current in argon in a double conical system. 


in the double cone, and for comparison also the 
same oscillograms obtained for the discharge in 
a cylinder. While the latter (curves c and d) 
exhibit three singularities, the oscillogram for 
the cone (curves a and b) shows only one smooth 
singularity indicating that the compression of plas- 
ma and its decay occur gradually, which is in ac- 
cord with the photographs of the discharge. This 
is also confirmed by measurements of the velocity 
of propagation of the discharge current from the 
periphery towards the axis of the chamber carried 
out by means of magnetic probes (cf. Fig. 14). 
Two small coils (of cross section 0.4 X 0.6 cm 
and with a number of turns w = 15) were placed 
inside the chamber. One of these was placed in 
the median plane (coil 1) while the other was 
placed at a distance of 12 cm from the first one 
in the direction towards the upper electrode 


kv J kiloamp 


FIG. 13. Oscillo- 
grams of the voltage 
between the electrodes 
and of the discharge 
current in the porce- 
lain double cone and 
in the straight tube. 

In both cases C= 65 pf, 
Up= 40) kv, pp = 

0.06 mm Hg. (deuter- 
ium). 


(coil 2). Thus the radius of the first cross sec- 
tion was 12.5 cm, while the radius of the second 
was 9 cm. Both coils could be displaced radially. 
Since all the oscillograms were obtained consecu- 
tively it is not possible to obtain from these meas- 
urements the distribution of the current density 
over the cross section of the chamber, but the data 
on the propagation of the current front shown in 
Fig. 14 may be regarded as sufficiently reliable. 
Moreover, from the oscillograms obtained it is 
seen that near the axis of the chamber, in its me- 
dian cross section, at the time of compression a 
current exists in a direction opposite to the dis- 
charge current. This supports to some extent the 
hypothesis concerning the existence of closed cir- 
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l§ 2 sec 
a b 
FIG. 14. a—propagation of the current front towards the axis 
of the system, b—curves showing the compression of the inner - 
boundary of the current towards the axis of the porcelain double 
cone: 1—magnetic probe No. 1; 2—magnetic probe No. 2. 
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FIG. 15. Current in the region near the axis of the porcelain 
double cone. 1—total current; 3—current in the middle section 
of the chamber measured by means of a small coil placed at a 


distance of 4 cm from the axis; 2—the same current in a section 
situated 12 cm above the first. 


culating currents in the discharges of such a type. 
The duration of the “reverse” current does not 
exceed 0.3 psec. Figure 15 shows curves of the 
variation of current recorded by both coils at a 
distance from the chamber axis of r; =r, =4 cm 
(it is assumed that the cylindrical symmetry of 
current distribution in the initial stage of the dis- 
charge is not upset). 

3. In the course of all the experiments with the 
porcelain double cone the neutrons and the x rays 
was recorded. A scintillation counter with a Nal 
crystal or naphthalene with anthracene* served as 
a detector. Experiments were carried out with 
C = 65uf, Up = 40 kv (Jy * 500 kiloamp) and at 
various deuterium or hydrogen pressures. 

The neutron radiation appears after several 
conditioning discharges, with the pulse of this ra- 
diation beginning between the singularity and the 
current maximum (cf. Fig. 16). No hard x rays 
(which would be capable of penetrating 2.5 cm of 
porcelain, 0.1 cm of copper, 0.3 cm of lead and 
an aluminum screen of thickness 0.5 cm) were 
observed when the discharge chamber was filled 
with hydrogen. 


CONCLUSION 


1. The theoretical investigation of the processes 
occurring during the constriction of a conical plas- 
ma envelope of a high current pulse discharge is a 
very complicated problem which at present has not 
yet been solved. Nevertheless, the considerations 
presented in the first section of this paper allow 
us to postulate that under certain conditions addi- 


*The threshold of sensitivity of this counter is not lower 
than 10* neutrons per pulse. Since the sensitivity of another 
method of recording neutrons (by means of the induced f activ- 
ity in a silver foil), which is approximately equal to 10° neu- 
trons per pulse, turned out to be insufficient to detect the neu- 
trons, the observed yield must lie in the range from 10* to 10° 


neutrons per pulse. 
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FIG. 16. Oscillogram of the discharge current J, of the vol- 
tage between the electrodes U and of the neutron emission n 
in the case of a discharge in the double conical chamber. 


tional energy may be communicated to a certain 
small group of particles. In particular, in a double 
conical chamber the temperature of the plasma in 
the central portion of the column may be increased 
by these means. 

2. Experimental investigations indicate that the 
cumulative process which occurs in a single con- 
ical system leads to a certain increase (by factor 
of approximately 2 or 3) of the velocity of the 
plasma along the axis of the column compared to 
the velocity of the plasma along the axis of a cylin- 
drical system. It should be emphasized that to ob- 
tain more accurate and complete information on the 
motion of plasma in such systems further detailed 
investigation is required. 

3. Investigation of the neutron emission by the 
plasma produced in a double conical system indi- 
cates that this radiation, first, is not related in 
time to the singularities in the oscillograms of the 
current and of the voltage and, secondly, is not ac- 
companied by x rays. Unfortunately the experi- 
mental data available to us are insufficient to ex- 
plain either the magnitude of the neutron yield, or 
the displacement in time between the negative spike 
of current near the axis (Fig. 15) and the moment 
of initiation of the neutron pulse. 

4, The photographs of Fig. 14 apparently point 
to a possibility of stabilizing a plasma column by 
means of prescribing a definite initial configura- 
tion of the discharge. 

The present work must be regarded only as a 
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Multiple-plate ionization chambers were used to detect the fission of heavy nuclei by cos- 
mic rays. The altitude dependence of fission was investigated as well as the angular dis- 
tribution of the fission-inducing particles. The energy and momentum of the latter were 
estimated. It is shown that in the great majority of cases the fission of nuclei is induced 


by the nucleonic component of cosmic radiation. 


iN number of remarkable phenomena have been 
discovered through studies of the interactions be- 
tween cosmic ray particles and matter. Cosmic 
rays are far from being homogeneous and their 
energies can be very high. It is known that the 
fission of heavy nuclei such as uranium and thor- 
ium requires excitation energies of only a few 
Mev independently of the excitation mechanism. 
It could naturally be expected that cosmic radia- 
tion would be able to induce the dission of heavy 
nuclei. Conversely, the study of fission induced 
by cosmic rays furnishes additional information 
about the composition of cosmic rays. 

Flerov and Stolyarov detected in 1945 the fis- 
sion of uranium and thorium by cosmic rays. 
Flerov’s dissertation in 1950 was based on a 
number of experimental studies of the cosmic 
ray component which can induce the fission of 
heavy nuclei. 

The fission of heavy nuclei can be recorded 
by many means such as thick emulsions contain- 
ing a heavy element, ionization chambers or 
counters and chemical techniques. We used mul- 
tiplate ionization chambers, which had previously 
been employed in the study of spontaneous fission. 
Substantial improvements in the design of the cham- 
bers and in the methods of amplification increased 
the efficiency of this technique a factor of 50 to 100 
compared with the apparatus of 1939 — 1941 and 
thus made it possible to observe fission induced 
by cosmic rays, whereas attempts which have 
been made by means of photographic plates?»? did 
not yield definite results because of the low effi- 
ciency of this latter method. 

In 1945 an ionization chamber containing urani- 
um was raised to an altitude of 11 or 12 km above 
sea level. This first chamber contained only 0.3 g 
of fissionable uranium. In the course of 30 min- 
utes the chamber, which was entirely surrounded 
by a thick layer of boron, registered 9 ionization 
pulses, of which 3 or 4 pulses could be attributed 
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to spontaneous uranium fission occurring with a 
lifetime of about 1018 years. 

The ionization pulses could be produced by 
(1) nuclear disintegrations releasing large amounts 
of energy, (2) cosmic ray showers of large num- 
bers of particles, or (3) nuclear fission. Since this 
last cause only applied to a chamber containing 
uranium, another ionization chamber containing 
plates covered with lead was raised to the same 
altitude. The absence of any effect in the control 
chamber eliminated the first two causes so that 
some of the ionization pulses, after subtracting 
those resulting from spontaneous fission, could be 
attributed to the fission of uranium by cosmic rays. 

The small magnitude of the observed effect — 
even at high altitudes and the large spontaneous 
fission background made it practically impossible 
to obtain quantitative results with a uranium- 
loaded chamber. We therefore prepared multi- 
plate chambers containing thorium as the working 
material. Special experiments showed that the 
spontaneous fission lifetime of thorium is at least 
102 years.! Experiments with these chambers at 
high altitudes furnished even more convincing evi- 
dence that cosmic rays can cause fission. 

The first experiments with the fission-inducing 
component aimed to establish some basic laws such 
as the variation of intensity with altitude and the 
angular distribution of fission-inducing particles. 
Sounding balloons were used in 1945 — 1948 to in- 
vestigate the altitude dependence. Measurements 
were obtained at 9 — 22 km, at geomagnetic latitude 
>A = 52°. From 9 km to 15 km the chamber count- 
ing rate increased by a factor of about 4 and 
amounted to 10 fissions per gram of thorium per 
hour. At greater altitudes the count decreased 
appreciably instead of increasing, leading to the 
very important conclusion that the particles which 
induce fission in the chamber do not belong to the 
primary cosmic ray component. 

At lower altitudes the effect becomes very small 


FIG. 1. O—A = 28° 
(Pamir), @—A = 52° 
(120 m above sea 
level); solid curves — 
experimental, dashed 
curves — calculated. 
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(1 or 2 fissions per gram of thorium per day) and 
measurements are extremely difficult. Thorium 
fission by cosmic rays was measured at 4700, 
3860, and 2200 m (Pamir, A = 28°) as well as 
120 m above sea level (A = 52°). 

Figure 1 shows the altitude dependence of the 
fission-inducing component. The results obtained 
with apparatus raised by sounding balloons are 
seen to be somewhat shifted with respect to those 
obtained at Pamir. This shift can apparently be 
attributed to the difference of latitude, which is 
associated with the geomagnetic effect of primary 
cosmic rays. 

At Pamir the angular distribution of the fission- 
inducing component was measured at 3860 m. 
Three pits were dug in the sandy soil, which were 
2m deep and had the shapes of cones with angles 
2a@ = 80, 60, and 44. The counting rate N (2a) 
at the bottom of a pit was compared with the rate 
for the same chamber, N(m7), at the surface. 
There was relatively little background from radi- 
ation passing through the soil. 
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The results, with a background correction, are 
shown in Fig. 2, where the dashed curve repre- 
sents the calculated effect for isotropically di- 
rected radiation and the solid curve gives the 
actual intensity of the fission-inducing component 
as a function of 2a. A comparison of the two 
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curves shows that the fission-inducing particles 
are mainly included within a relatively small 
solid angle around the vertical direction. 

Experiments on altitude dependence and angular 
distribution do not, however, clearly determine the 
nature of the fission-inducing radiation since, as 
we know, uranium and thorium can be fissioned at 
a few Mev regardless of the type of particle which 
contributes this energy to the nucleus. Accord- 
ingly, further experiments were directed toward 
the study of the fission-inducing particles them- 
selves for the purpose of determining their nature. 

The essential properties of a particle are its 
charge, energy, momentum (mass) and lifetime 
(if the particle is unstable). 

In order to determine whether the fission-in- 
ducing component is charged or neutral we ran a 
series of experiments at 3860 m in which a multi- 
plate chamber registering thorium fission was 
surrounded on all sides by one or two rows of 
Geiger counters. Pulses from fission fragments 


were registered on film, while a special electronic | 


circuit recorded coincidences between fission 


pulses and counter pulses, thus permitting a rough - 


estimate of the number of ionizing particles as 
registered by the counter system for all coinci- 
dences. 

In some runs 690 fissions were recorded in the 
chamber, of which only 89 were accompanied by 
counter pulses. These data lead to the conclusion 
that most of the radiation which induces fission is 
neutral. The ionizing component apparently does 
not exceed 15%. 

The first experiments on the absorption of the 
fission-inducing component by lead showed that 
this component is highly penetrating and com- 
pletely eliminated the hypothesis that fission might 
be induced by cosmic gamma rays. We must thus 
attribute fission to cosmic neutrons. 

The energy of the fission-inducing cosmic par- 
ticles was determined by means of an ionization 
chamber with bismuth-loaded plates. We know 
from experiments on heavy-element fission by 
fast neutrons?® that for neutron energies of a few 
tens of megavolts the fission cross section of bis- 
muth is about 104— 10? times smaller than the 
thorium cross section. The bismuth fission cross 
section grows quite rapidly with increasing neutron 
energy and at 100 Mev becomes 3 x 10~ barns, 
whereas the thorium fission cross section, which 
is one barn at a few tens of megavolts, remains 
practically unchanged in this region. Thus the 
bismuth-loaded chamber registered essentially 
only those fission events in which the fission-in- 
ducing particle contributes more than 100 Mev to 
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the nucleus, whereas the thorium-loaded chamber 
can be regarded as integrating the intensity of the 
fission-inducing component over its energy spec- 
trum because the threshold for thorium fission by 
neutrons is very low (~1 Mev). 

In 1949 bismuth-loaded multiplate ionization 
chambers were carried by balloons to a height of 
13 —20 km. In two ascents lasting two hours at a 
high altitude 18 bismuth fissions were recorded, 
comprising about 1.5 fissions per hour per gram 
of working material. Experiments with a large 
chamber containing about 40 g of effective bis- 
muth were performed at 3860 m, at which altitude 
during 370 hours of observation 123 fissions were 
registered, comprising 0.33 + 0.03 fissions per 
hour. By comparison a similar thorium-loaded 
chamber registered 4.0 + 0.2 fissions per hour 
under the same conditions. The ratio of 12 should 
be determined by the ratio of the mean thorium 
and bismuth fission cross sections taking into ac- 
count the cosmic ray spectrum. Assuming that 
thorium and bismuth fission is caused by neutrons 
and considering that the thorium fission cross sec- 
tion is not reduced when the neutron energy in- 
creases up to 400 Mev (at 380 Mev, o¢ Th = 0.9 
barns) while the bismuth fission cross section 
continues to grow (at 380 Mev, of pj = 0.074 
barns), we can infer from our results that the 
fission-inducing neutrons have an effective energy 
of about 400 Mev..A chamber containing tungsten, 
which has a fission cross section for 400-Mev neu- 
trons that is about 20 times smaller than the bis- 
muth cross section, yielded practically no result, 
which indicates that the fission-inducing compo- : 
nent contained no neutrons with energies consid- 
erably above 400 Mev. 

Particles with energies of a few hundred Mev 
transfer considerable momentum to fissioning nu- 
clei. The mass of a particle can be determined 
from its energy and momentum; we therefore ran 
a series of experiments to determine the recoils 
of fissioning nuclei which have captured very fast 
particles. We prepared special multiplate ioniza- 
tion chambers in which the thorium layers were 
deposited on only one side of each plate. Since 
the motion of the fission-inducing particles is 
predominantly in the vertical direction, the mo- 
mentum of a fissioning nucleus would be revealed 
by the fact that fission fragments would not have 
an isotropic spatial distribution but would tend to 
emerge from the fissioning material in the down- 
ward direction of the incident particle. The pulse 
counting rate would then depend on the ionization 
chamber arrangement, i.e., on whether the active 
layers were on the upper or lower surfaces of the 
plates. 


Two identical chambers operating simultane- 
ously, but alternately with respect to the “up” and 
“down” positions, during 944 hours registered 431 
downward fissions and 296 upward fissions, thus 
establishing an asymmetrical fission fragment 
distribution. It is easily seen that the difference 
between the downward and upward effects compared 
with the total number of fissions is directly propor- 
tional to the momentum imparted to the fissioning 
nucleus. The observed asymmetry is somewhat 
reduced by the fact that the direction of the fission- 
inducing particle is not strictly vertical. Allow- 
ance for the angular distribution of fission-inducing 
particles increases the observed effect by about 
20%, so that the asymmetry amounts to about 0.23 
sO Or 

This result was compared with the correspond- 
ing data from thorium fission in the same chambers 
induced by fast 4- or 5-Mev neutrons from a Po + 
Be source. In this latter case the asymmetry is 
much smaller, amounting to only 0.034 + 0.008. 
Therefore the momentum imparted to a fissioning 
nucleus by a cosmic particle exceeds that imparted 
to thorium by neutrons from the given source by a 
factor of about 7+ 2. If we assume that the mass 
of the cosmic particle is of the order of a nucle- 
onic mass we can estimate the mean energy of 
the fission-inducing particle from the momentum 
ratio. A rough estimate gives 100 —400 Mev as 
the mean energy of the particles that induce thor- 
ium fission. In actuality the energy values derived 
from recoil experiments is considerably reduced 
through the fact that the momentum imparted to 
the nucleus by a fission-inducing particle may be 
partly carried away by a considerable number of 
fast neutrons escaping from a highly excited nu- 
cleus before it fissions. 

Thus the rough estimate of neutron energy based 
on the recoil experiments is not in conflict with the 
more exact results obtained for bismuth fission; 
that is, the effective energy of cosmic neutrons 
which induce the fission of heavy nuclei is about 
400 Mev. 

We also performed a long series of experi- 
ments at 3860 m on the absorption of the fission- 
inducing component in dense matter (graphite and 
aluminum ) whose atomic weight is close to that of 
air. These results were compared with data on 
the altitude dependence of the fission-inducing 
component intensity. The range of this component 
in air as determined from the altitude dependence 
(Fig. 1) is about 140 g/cm?, which is in good agree- 
ment with the 120 g/cm? range of the nucleonic 
component. The ranges of the fission-inducing 
component in graphite and aluminum considerably 
exceed the ranges calculated from the mass and 
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3 Range of fission-inducing com- 
Thickness of abeonee fi Patenetie e/ ee wane oe 
ECE 2 i i sorber 
Absorber absorber, lowing for its |— a 
g/cm? eagles Experimental Calculated 
Graphite 119 126 410-120 130 
” 136 144 550-+-100 130 
” 177 188 340-90 130 
Mh) 495 207 410-+80 130 
Aluminum 150 120 340+110 170 
” 300 240 330-485 170 


atomic weight of the absorbers by comparison with 
the experimental range in air. Thus, the calculated 
ranges are 130 g/cm? for graphite and 170 g/cm? 
for aluminum, while the experimental ranges are 

~ 400 g/cm? (see the table). 

A similar but somewhat smaller effect has been 
observed by a number of investigators of the ab- 
sorption of the nucleonic component in dense mat- 
ter.° However, the complex processes which occur 
when cosmic particles pass from air into a dense 
medium make it very difficult to interpret the ex- 
perimental results. In free air different portions 
of the nucleonic component are approximately in 
equilibrium, with a relatively small number of 
pions present in virtue of their short lifetime. 

The relative number of pions is strongly enhanced 
in dense matter, as noted by G. T. Zatsepin in 

1949 during a discussion of these results. The ob- 
served low absorptivity of graphite and aluminum 
compared with air could be accounted for by an 
additional number of fissions under dense matter 
due to the pion excess. We might then expect that 
under dense matter the ratio of fissions induced 

by neutral and charged particles would change 
strongly in favor of the latter. However, it was 
found that an ionization chamber surrounded by 
counters connected for coincidence with fission 
fragments and placed under an 80-cm graphite 
absorber registers, as previously, an overwhelm- 
ing majority of fissions induced by neutral par- 
ticles. The percentage of registered coincidences 
compared with the total number of fissions under 
the absorber is somewhat increased (~ 20%), but 
the nature of the effect suggests that a consider- 
able fraction of the coincidences results from the 
fact that the chamber under the absorber also reg- 
isters large dense showers (0.5 particle/cm?). 
This also follows from experiments on enhanced 
ionization in a tungsten-loaded chamber surrounded 
by counters. In the open air this counter revealed 
no practically measureable effect, whereas under 
an 80-cm graphite absorber a considerable number 
of pulses was observed, all accompanied by the 
triggering of all or a large fraction of the counters. 
We can thus assume that under an absorber thorium 


fission is induced mainly by neutrons. The extra 
number of thorium fissions under a dense material 
could be attributed to some difference in the neu- 
tron spectra within the atmosphere and under an 
absorber such as graphite. Indeed, the interaction 
of neutrons with atmospheric nitrogen involves a 
(n, @) reaction which can considerably attenuate 
the flux of neutrons possessing energies of a few 
tens of megavolts. It is difficult to calculate this 
effect exactly; an experimental estimate was ob- 
tained by measuring the number of fissions in a 
thorium-loaded chamber surrounded by 20-cm 
thick paraffin under a graphite absorber and in 
air. However, these experiments showed that the 
relative number of neutrons with 10 — 20 Mev is 
small in both cases, that there is no essential ob- 
servable difference and that this effect can there- 
fore not account for the absorption data. 

It is therefore most reasonable to associate 
the unusually long range of the fission-inducing 
component with the extra number of pions in 
dense substances. Experiment has shown, how- 
ever, that fission is not induced directly by pions, 
but evidently by neutrons which appear as a result 
of pion-induced nuclear reactions in dense matter. 
The given measurements as a whole therefore sug- 
gest that the enhanced ionization registered by the 
ionization chambers was produced by fragments 
from fissions induced mainly (~ 85%) by the neu- 
tron portion of the nucleonic component. 

An effective nucleonic energy ~ 400 Mev was 
estimated from experiments with bismuth as well 
as from the recoils of fissioning nuclei after neu- 
tron capture. 

The angular distribution of particles which in- 
duce the fission of heavy nuclei was found to be 
sharply anisotropic, with most of the particles 
within a solid angle of about 60 — 80° about the 
vertical direction. 

It follows from the altitude dependence of the 
fission-inducing component that its intensity rises 
approximately exponentially with the exponential 
index 140 g/em?, A peak of the altitude depend- 
ence was observed at a depth of the order of 100 
g/cm? from the top of the atmosphere, thus indi- 
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cating the secondary character of these particles. 
Finally, our experiments permitted an estimate 
of neutron flux at a few hundred Mev. Since the 
thorium fission cross section in this energy region 
is practically invariant at about one barn, the flux 
can be estimated from the measured counting rate 
in a chamber containing a known amount of active 
thorium. The latter quantity was determined by 
comparison of the counting rates produced by a 
Ra + Be neutron source in two chambers of iden- 
tical dimensions loaded with thorium and uranium, 
respectively. The ratio of the uranium and thor- 
ium fission cross sections was taken to be 4. The 
amount of active uranium was computed from the 
number of spontaneous fissions in the uranium- 
loaded chamber. It was also shown that the pulse- 
height distribution resulting from cosmic-ray-in- 
duced fission does not differ generally from that 


induced by neutrons from a Ra + Be source (Fig. 3). 


At 3860 m above sea level (atmospheric depth 
655 g/cm”) a chamber containing 11 +1 g of 
thorium (2.85 x 107? atoms) registered 741 fission 
events in 672 hours. Thus the nucleon flux, assum- 
ing of Th=1bn, was 10~? nucleon/cm?-sec. The 
accuracy of this flux measurement is not better 
than 10% without including the uncertainty intro- 
duced by using the given cross section for thorium 
fission. A comparison can be made with calcula- 

tions of nucleon flux at different heights recently 
published by Benioff.’ Figure 1 gives the calcu- 
lated total nucleon flux with energies = 40 Mev 
plotted against elevation for geomagnetic latitudes 
A = 30° and 53°. With allowance for the accuracy 
of the experiment (solid curve) and of the calcu- 
lation the agreement at different elevations is quite 
satisfactory. There was also good agreement be- 
tween experiment and calculations with respect to 
the position of the maximum on the altitude curve, 
the magnitude of the geomagnetic effect and the 
neutron-proton ratio in the total nucleon flux. 

Experiments on the passage of the fission-in- 


FIG. 3. 0—Th fis- 
sion induced by neu- 
trons from a Ra + Be 
source; @— Th fission 
induced by cosmic 
rays; N —number of 
pulses; A—pulse 
height in relative 
units. 
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ducing component through air and through dense 
absorbers lead to the conclusion that under dense 
absorbers an essential role in fission is played by 
neutrons which apparently result from interactions 
between pions and absorber nuclei. 

In conclusion the authors wish to acknowledge 
their great indebtedness to the staff of the P. N. 
Lebedev Physics Institute of the U.S.S.R. Academy 
of Sciences, who assisted in a large portion of the 
experimental work at high altitudes and in Pamir, 
and to Academician I. V. Kurchatov for his interest. 
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The ring scatterer method was used to determine the differential elastic n-p scattering 
cross section for 590 Mev neutrons for angles from 5 to 35° in the c.m.s. A strong increase 
of the cross section was found with decrease of scattering angle. Furthermore, the forward 
scattering cross section was found to exceed the backward cross sections: A comparison of 
the results obtained with the prediction of the optical theorem shows that it is incorrect to 
treat nucleon-nucleon scattering at ~ 600 Mev on the basis of the opaque-nucleon concept. 


INTRODUCTION 


ORF of the problems arising in the investigation 
of nucleon-nucleon interactions is the synthesis of 
the elastic-scattering amplitude. 


M =a +8 (9, + o9)-nm + ¥(o1-N) (¢2-n) 
+ 8 (oy1) (69:1) + © (¢,-m) (¢-m), 


i.e., the determination of the complex quantities 

a, B, y, 6, and e from the experimental data 
for each scattering angle and for all energies of 
incident nucleons. The presently available ex- 
perimental data are quite inadequate for the solution 
of this problem. It is therefore of interest to obtain 
from individual experiments numerical values of 
various independent combinations of amplitude co- 
efficients. In the particular case of forward scat- 
tering (= 0°) the expression (1) simplifies some- 
what because the coefficient y (.=0°) vanishes. 
As a result, the scattering cross section at #= 0° 
becomes: 


o(% = 0°) =la/? +18) + | 8+ el 


On the other hand, the optical theorem makes it 
possible to find the imaginary part of the spin-free 
term a of the forward scattering amplitude, from 
data on the total cross sections o, of the nucleon- 
nucleon interactions at the same energy 


(1) 


Ima (3 = 0°) = ko; / 4r, (2) 


where k is the wave number of the incident nu- 
cleon. The difference 
o (9 = 0°) — [Ima (9 = 0°)? 
=|ReaP+/B) + [8[? + fe?| (3) 
determines the contribution of the real part of the 


spin-free and spin-dependent terms of the ampli- 
tude in the forward scattering of the nucleus. Thus, 
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knowledge of the total interaction cross sections 
and of the differential scattering cross section at 
3 = 0° makes it possible to find the numerical val- 
ues of the two independent functions (2) and (3) 
from the scattering amplitude coefficients for this 
angle. 


EXPERIMENTAL PROCEDURE AND DATA 


We determined the differential n-p scattering 
cross sections at a mean neutron energy Ey = 590 
Mev in the interval from 5 to 35° in the c.m.s. We 
used for the measurement a specially constructed 
setup with ring scatterers (described in detail in 
reference 1), shown schematically in Fig. 1. A 
collimated neutron beam with a spread gy = 0.5° 
and an annular cross section was incident on the 
scatterer; the beam and scatterer had a common 
axis. The scatterer was a ring, or more accu- 
rately a polygon built up of cylindrical blocks 62 
mm in diameter, arranged in a circle of mean 
radius R=32cm. The neutrons were scattered 
by an angle 


®,,,= tan '(R/x)+9, (4) 


and registered with a neutron telescope, mounted 
at a distance x from the ring scatterer. By mov- 
ing the telescope along the axis of the neutron beam 
(by varying the distance x) it was possible to in- 
vestigate neutron scattering at various angles. The 
effect due to the scattering of neutrons by protons 
was determined by taking the difference of the 
counts produced by polyethylene and graphite 
scatterers. 

Only the realtive values of the cross sections 
were determined directly in this experiment, so 
that it was possible to dispense with the deter- 
mination of the absolute value of the neutron cur- 
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FIG. 1. Overall diagram of the experiment. a — monitor, 
b — annular neutron beam, c — additional lead shield, d — 
ring scatterer, ¢ — scattering angle, e — scintillation 
counters, f — neutron telescope, g — converters, h — filters, 
j — brass core of the collimator. 


rent and of many characteristics of the neutron 
telescope. The relative cross sections were nor- 
malized to the n-p scattering cross section for 

¥ = 35°, which is known for this energy.? The 
results of the measurements are given in Table I. 
The deviations indicated include statistical meas- 
urement errors and deviations in the cross section 
used for normalization. 

The 11° and 23° n-p scattering cross sections 
for neutrons having the same energy were meas- 
ured earlier in our laboratory by a different pro- 
cedure.’ The values of the cross sections obtained 
for these angles are in good agreement with the 
corresponding quantities determined in this inves- 
tigations 


GENERAL REMARKS ON THE CHARACTER OF 
n-p SCATTERING AT ~600 Mev 


The data of Table I show a strong increase in 
cross section with diminishing scattering angle. 
Furthermore, a comparison of the cross sections 
for angles close to 180°,” shows that the “forward” 
scattering (3 = 0°) at 590 Mev becomes even more 
probable than the “backward” scattering (= 180°), 
in contrast with what was observed at lower neutron 
energies. One of the causes of this change in the 
energy dependence of the elastic n-p scattering 
is the sharp increase in the contribution of inelas- 
tic processes to the n-p interaction cross section 
at energies exceeding 400 Mev, imparting a diffrac- 
tion character to the scattering. 

The great scattering anisotropy, characterized 
by the fact that at 590 Mev. the cross section 


TABLE I 

Scattering | Relative n-p et scattering 
angle 2}° scattering |cross section, 
c.m.s. cross section | 10?” cm*/sterad 

D 2.7-40.4 10-41 .5 

8 2.20.3 8.2+1.4 

4 3 4.7-++0.2 6.4+0.9 

23 4.2++0.1 4.3+0.5 

35 (normali- 1 3.7+0.2 [°] 


zation) 


Opp (5°) is eleven times greater than the cross 
section Onp (90°) (which, according to reference 2, 
equals (0.91 + 0.06) x 107?’ cm*/sterad) and the 
sharp increase in the cross sections in the region 
of small angles (3 = 10°—5°) are additional argu- 
ments in favor of the necessity, demonstrated in 
reference 3, of accounting for states with orbital 
moments on the order of six and higher in the anal- 
ysis of data on elastic n-p scattering at this en- 


ergy. 


NUMERICAL VALUES OF EQUATIONS (2) AND 
(3); CONCLUSIONS 


The experimental data in the current literature 
permit a determination of the imaginary part of the 
coefficient @ in Eq. (1) for #=0° over a wide 
range of energies. The corresponding values for 
the interaction of nucleons in states with isotopic 
spins T=0 and T=1, calculated from the fol- 
lowing formulas 


Im a C=O = Ro, (pp)/4z, 


Ima, . (o = 0°) == [2ko, (np) — ka, (pp) 4a, (5) 


T=0 


are shown in Fig. 2. We used here total cross 
sections obtained both in our laboratory and abroad, 
as listed in the surveys.’ It is seen that, at neutron 
energies less than 200 Mev, the value of Im @ 
(3 = 0°) is determined essentially by the contri- 
bution from states with T=0, while at energies 
~ 600 Mev the contributions from both types of 
states become equal. 

To find the second of the foregoing combinations 
of amplitude coefficients [Eq. (3)] it is necessary to 
know the differential n-p scattering cross section 


FIG. 2. Measurement depend- 
ence of Im a (3 = 0°) for the 
interaction of nucleons in states 
with T= 0 and T = 1(accuracy 
~ 10%). 
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TABLE II 
f Sextr, (0°)— 
E,. Mev Sextr, (0°), —[Im app (0°)]?, 
10-2? cm?/sterad 
90 [*] 14 10 
137 [8] 441 8.5 
400 7] 4.0 0.5 
590, present 12 6 
work 


for #= 0°. Since such data cannot be found in any 
of the known investigations, we chose those inves- 
tigations, in which the angular dependences of the 
cross sections were investigated for angles closest 
to 0°, and extrapolated these to #¥ = 0°. The extra- 
polation of the cross section for four energies, and 
the resultant contributions to the real part of the 
spin-free and spin-dependent terms of the ampli- 
tude in the n-p forward scattering amplitude, are 
listed in Table II (accuracy 10 — 20%). 

The optical theorem, inasmuch as it permits 
calculation of the imaginary part of the spin-free 
term of the scattering amplitude, determines 
thereby the minimum possible forward scattering 
cross section, which for 590 Mev neutrons is 


- 0°) = [Im onp(9 = 0°)]? = 5.8 - 10-27em?/sterad. 


C 
fo} . 
Ymin (0 


A comparison of our results with the predictions 
of the optical theorem shows that the n-p scatter- 
ing cross section for Ep = 590 Mev reaches a 
value Omjn(0°) even at #=11° and continues 
to increase with diminishing angle. The value 
found for the difference oexty (0°) — [Im Anp(0°)]? 
(see Table II) is evidence that at this energy the 
real part of the spin-free amplitude and the spin- 
dependent terms of the amplitude make a consid- 
erable contribution to the n-p forward scattering. 
This fact, together with the data obtained by us on 
the considerable polarization of nucleons in n-p 
scattering,® leads to the conclusion that there is 
no justification for attempting to consider the scat- 
tering of neutrons by protons at approximately 600 
Mev by using the concept of the nucleon as a black 
sphere, since the forward scattering amplitude for 
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such a model reduces to the imaginary part of the 
spin-free term, and there is no polarization.® This 
conclusion can be extended to include p-p scatter- 
ing at the same energies, since in this case, too, 
the polarization is considerable,!" and the differen- 
tial cross sections, increasing rapidly with dimin- 
ishing angle, reach the minimum value predicted 
by the optical theorem even at 3 = 153 
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The ratio of the yields of photodeuterons and photoprotons has been measured for gold ir- 
radiated with bremsstrahlung of maximum energy 70 Mev. This ratio equals 0.14 + 0.07. 
The protons and deuterons were identified by grain counting in emulsions over the last 


90p of their range. 


ly a series of papers on the photodisintegration 
of nuclei a rather high deuteron yield has been re- 
ported.!~? In these investigations it was also found 
that for low and medium photon energies the deu- 
teron yields fluctuate strongly from element to 
element. A theoretical interpretation of these 
results is however frustrated by the lack of a 
sufficient amount of data. 

The aim of the present work is the determina- 
tion of the ratio of the deuterium yield to the pro- 
ton yield from gold under irradiation with brems- 
strahlung of maximum energy of 70 Mev. As the 
detector nuclear emulsions of type NIKFI Ya-2 
were utilized. The particle masses were deter- 
mined by the well known method of grain counting.’ 


EXPERIMENTAL METHOD 


The gold target was irradiated inside a multi- 
plate chamber. The experimental arrangement is 
shown schematically in Fig. 1. The chamber con- 
sisted of a cylindrical brass vessel with a cover 
plate and with two nipples. The entrance nipple 
was placed in a constant magnetic field to clear 
the beam of electron and positron contamination. 
The chamber was evacuated to 2.5 x 10°? mm Hg 
pressure. The target was a gold foil 99.1 mg/cm? 
thick. It was placed at an angle of 40° with respect 
to the photon beam. An area of 1.7 X 2.2 cm? was 
irradiated. Bremsstrahlung with a maximum en- 
ergy of 70 Mev was utilized. The relative dose of 
the irradiation was measured with an ionization 
chamber placed in the photon beam. The reaction 
products were registered in nuclear emulsions 
type NIKFI Ya-2 of thickness 200 placed at 90° 
with respect to the beam. The particles entered 
the emulsions with a mean angle of 15°. The cam- 
era was surrounded by heavy lead shield. The ex- 
posed plates were developed with a metol hydro- 
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quinon developer. The developing was controlled 
by the temperature of the developer. The scanning 
was performed with an MBI-2 microscope with a 
90 x objective and a 10x ocular. The horizontal 
projection of the tracks was measured with an oc- 
ular scale graduated 1.23 per division. The mi- 
crometer with which the vertical track projections 
were determined had a graduation of ly per divi- 
sion. The tracks between 90 and 500 u long which 
entered the emulsions were selected for measure- 
ment if their direction indicated that they came 
from the illuminated region of the target. Further- 
more, 89 tracks of recoil protons were found and 
the characteristic grain distributions were obtained 
from these. They were selected such that they be- 
gan and terminated within the emulsion and had a 
track length of at least 90. The grains in the last 
90 of these tracks were counted twice each. The 
average of these two counts was taken to be the 
true number. Additionally the grains on the last 
45 of each recoil proton track were counted. 

The ends of the tracks of the photoparticles 
and of the recoil protons were inclined 0° to 40° 
to the surface of the emulsion. If the grain num- 
bers were determined similarly in all tracks, one 
would obtain a smaller count in the steeper tracks 
compared with the more horizontal ones, because 
the number of optically nonresolvable grain pairs 


FIG. 1. Experimental arrangement. 1—target, 2—y-ray beam, 
3—nuclear emulsions, 4—lead shielding, 5— sweeping magnet 
pole pieces, 6—monitor, 7—lead collimators, 8 — synchrotron, 

9 —to the pump. 
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increased with increasing track steepness. In 
order not to distort the results, all measurements: 
were reduced to an inclination of 15°. The correc- 
tion curves were obtained from the recoil-proton 
tracks since they were uniformly distributed in 
inclination. 

The surface of an emulsion is usually more 
fully developed than the interior. Therefore the 
grain density of tracks near the surface was 
greater than of those near the backing. To cor- 
rect for this effect all grain counts were reduced 
to the middle of the emulsion. The necessary cor- 
rections were also obtained from the proton recoil 
tracks, which were distributed uniformly in depth. 
The grain count obtained by the same observer 
may differ at different times (drift).’ To estab- 
lish this subjective factor in the course of deter- 
mining the stabilized grain count, the number of 
grains was counted for 64 recoil proton tracks. 
The grain count was repeated a short time after- 
wards. A possible drift was eliminated by alter- 
nating grain counts on photoparticle tracks with 
counts on proton recoil tracks, thus establishing 
checkpoints. 
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FIG. 2. Distribution of recoil protons as a function of the 
number of grains in the last 90 of the track. The smooth 
curve is the normal distribution. 


Figure 2 shows the distribution of the number 


of grains of the last 90 of the proton recoil tracks. 


The mean grain count of this distribution is Noou 


136.8; its standard deviation is oP = 0.56¥V Nou : 


The indicated deviation is not in disagreement with 
the value o ~ 0.7VN_ which has been proposed by 
Hodgson.® It is known that for singly charged par- 
ticles? 


Nr=mF (R/m) 


and thus 


Noo See (1) 


where BR is the residual range, m the particle 
mass, Np the grain number in the residual range 
R, and p and d denote the respective particles. 
One can thus obtain the mean number of grains in 
the last 90 of deuteron track from the number of 
grains of the last 45y of the proton track, by means 
of (1). Such a distribution is shown in Fig. 3. From 
the mean proton grain count Nibu = 72.7 we thus 
obtain for the deuterons NCR = 145.4. 
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Like in reference 7, it was assumed that the 

number of grains on the last 90u of the proton 
tracks forms a normal distribution with a mean 
value N},, anda standard deviation oP = 0.56 x 
Vv Ny . The observed distribution was checked by 
means of the well known  y? test and was found to 
fully agree with this hypothesis. The smooth curve 
in Fig. 2 shows the calculated normal distribution. 
It was further assumed that the grain number of 
the deuteron tracks also forms a normal distribu- 
tion with mean value Nou and standard deviation 


ol = 0.56VNG 
The ratio (N4/NP) =1.06 thus obtained for 


plates developed in a metol-hydroquinon developer 
is rather low. Under these circumstances it was 
not possible to resolve single protons from deu- 
terons. It was therefore necessary to represent 
the experimentally observed distribution in the 
best possible manner by a sum of two normal dis- 
tributions. This was done by the method of least 
squares.!! The analysis was performed in the fol- 
lowing manner. The experimental distribution ob- 
tained from 180 photoparticles was plotted as a 
histogram (Fig. 4). The ratio of the number of 
photoprotons to the total number of photoparticles 
was then assigned several values 6, andthe cor- | 
responding number of photoprotons and photoneu- 
trons was determined. Then the corresponding 
normal distributions were computed!’ with account 
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of the known characteristic distributions, and both 
distributions were added. Finally the sum of the 
squares of the differences between the distribution 
so determined and the points of the histogram was 
computed. The most probable value was found to 
be @=0.878. The corresponding individual dis- 
tributions are shown as the dashed curves in Fig. 4 
while their sum is plotted as the full curve. The 
uncertainty of 8 was obtained from the magnitude 
of the sum of the squared deviations of the calcu- 
lated from the observed distribution. It was found 
that for @ = 0.878, A@ =+0.057. It is possible for 
systematic errors to occur when the corrections 
for track stopping depth and inclination are applied 
to the grain count. Such errors can occur if there 
exist small differences between the angular and 
stopping depth distributions of the photoprotons 
and the recoil protons. This error will not exceed 
0.5% for the photoprotons and will be <0.4% for 
the photodeuterons. 


RESULTS AND DISCUSSION 


The ratio of the yield of deuterons of energy 
7 —14 Mev to that of protons of energy 5 —11 Mev 
was found in the present experiment to be 


Y (y, d)/Y (y, p) = 0.14 +0.07. 


The indicated error was calculated from the above 
given value A@. The small systematic errors in 
the determination of the grain number of the photo- 
proton and photodeuteron tracks and the background 
of approximately 5% were not taken into account. In 
addition to the 180 tracks making up the histogram 
of Fig. 4 there had been found three further tracks 
of lengths between 90 and 100u. They had grain 
counts of 117, 108, and 114. They were considered 
to be photoproton tracks and were included in ob- 
taining the final result. It was assumed that the 


possible contribution of triton tracks was negligible. 
Evidently, a rather high yield ratio was obtained. 


It is interesting to note that also in the case of sul- 
fur and copper the obtained deuteron yields are 
rather high for irradiation with bremsstrahlung of 
Ey max around 70 Mev.* They are several times 
greater than those obtained with bremsstrahlung 
of Eymax © 30 Mev.*)" 

The energy distribution of photoprotens from 
gold!? has a sharp rise between 8 and 10 Mev with 
the maximum at 10.5 Mev. The computations per- 
formed in reference 12 according to the statistical 
theory and to the direct photoemission were not 
able to explain these facts. From the evaluation 
of the photodeuteron yield of this work we can con- 
clude that these facts are not related to deuterons, 
since otherwise there would have had to be ob- 
served a significantly higher photodeuteron yield. 
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FIG. 4. Distribution of the tracks of photoparticles as a 
function of the number of grains in the last 90 of the track. 
1 — normal distribution of photodeuterons, 2 — normal distribu- 
tion of photoprotons, 3 — sum of both. 


The author is grateful to A. P. Koman for val- 
uable comments and for his collaboration in the 
work and to E. G. Stepanov for his help in perform- 
ing the computations. 
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The energy dependences of the cross sections for bismuth and uranium fission induced by 
accelerated C!*, N!4, and O' nuclei are presented along with the dependences of the gold, 


> 


rhenium, and ytterbium fission cross sections on the N'4 ion energy. The measurements 
were performed with an ionization chamber and a monochromatic beam from a 150-cm 
cyclotron. Experimental results of the measurement of the ranges and angular anisotropies 
of the U?88 and Au fission fragments produced by accelerated c'2 ions are also presented. 


ler niet ee cuARGED ions interact with nuclei 
of heavy elements to form compound nuclei excited 
to an energy equal to several tens of Mev. The de- 
cay of these nuclei proceeds either via fission or 
via neutron evaporation. The relation between these 
two processes depends on the charge and mass of 
the compound nucleus and on the excitation energy. 
We have carried out several experiments on the 
determination of the fission cross section of sev- 
eral elements irradiated by multiply-charged ions. 
In addition, we began experiments on the more de- 
tailed investigation of the fission process, in par- 
ticular on the study of the angular distribution and 
the ranges of the fragments. 

We report below the result of these experiments. 


. EXPERIMENTS ON THE DETERMINATION OF 
THE FISSION CROSS SECTION OF NUCLEI 
INTERACTING WITH MULTIPLY-CHARGED 
IONS 


Experiments on the determination of the fission 
cross section were performed both inside the cy- 
clotron chamber as well as with the external ion 
beam at a distance of 12 meters from the cyclotron. 
We investigated the energy dependences of the fis- 
sion cross sections of of various elements acted 
upon by C!, N‘4, and O° nuclei. 

In the experiment with the external beam, the 
fission fragments were registered with an ioniza- 
tion chamber. In this case we determined both the 
relative course of the curve og =f(E) and the ab- 
solute magnitude of the fission cross section. In 
experiments with the internal beam we determined 
only the relative variation of of with energy of 
bombarding particle. The fragments were identi- 
fied by their beta activity. 
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The energy of carhon, nitrogen, and oxygen ions, 
as determined from their absorption in aluminum 
and from the energy dependence of the ion range in 
aluminum as determined experimentally in our lab- | 
oratory.! The particle energy was varied by placing 
aluminum absorbers in front of the target. 

In the first experiments on the fission of ura- 
nium, bismuth, gold, and rhenium by nitrogen nu- 
clei,” the energy. of the N'4 was measured and 
varied with the aid of a focusing magnet, placed 
between the ionization chamber and the cyclotron. 
The magnet was calibrated here with deuterons of 
known energy. However, owing to a certain differ- 
ence between the trajectories of the multiply- 
charged ion and the deuteron, and also owing to the 
presence of ions entering the gap of the focusing 
magnet at different angles, the energy of the mul- 
tiply-charged ion corresponding to a specified 
value of the magnetic field was not determined 
sufficiently accurately. Experiments with alumi- 
num absorbers permitted to dispense with the cal- 
ibration of the focusing magnet and made it pos- 
sible to obtain a more exact energy dependence of 
the cross section. The results of the experiments 
are shown in Figs. 1, 2, and 3. 

It is seen from Figs. 1 and 2 that the cross sec- 
tion of fission of Bi and U8 py c!2, ni4, and of6 
nuclei are adequately described by the following 
formula 


A’ 


Sea ge 
oar Tro ( targ. nuc. 


+ Aga.) (l= B/E) 

with rp = (1.4—1.5) x 107 em for bombarding- 
particle E energies exceeding the coulomb bar- 
rier B. Figure 3 shows the great dependence of 
the fission cross section on the Z2/A of the com- 
pound nucleus for a specified excitation energy. 
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FIG. L Dependence of the 16 
fission cross section of bismuth fl 0 80 
on the ion energy: O-—C, e—N, 
@—O (solid lines — experimental 
curves, dotted lines — calculated 
from the formula o = o,(1—B/E) 
for values of r, = L5f (light 
circles) and L55f (solid circles). 


Particle energy, Mev 
FIG. 2. Dependence of the uranium 60 70 60 90 100 
fission cross section on the ion energy: 
1) C, 2N, 3) O. Solid curves — experi- 
mental, dotted —theoretical for r, values 
of 1.4f£(1), 1.45£(2), and L52f (3). 
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FIG. 3. Dependence of the fission 
cross section of bismuth, gold, uranium, 
and ytterbium on the energy of the N** 


A —chamber data for U?**, o — chamber ions. 
data for U?**, ea— activation data for U2". 


2. ANGULAR DISTRIBUTION AND RANGES OF 
FRAGMENTS OF THE FISSION OF URANIUM 
AND GOLD BY CARBON 


One of the features of the reactions that occur 
in the interactions with multiply-charged ions is 
that the resultant compound nuclei have large an- 
gular momenta. Theoretical estimates made by 
Strutinskif and Pik-Pichak (private communica- 
tion) show that the large angular momentum of 
the compound nucleus leads to an anisotropic dis- 
tribution of the fission fragments. One can ex- 
pect the fission fragments to be emitted essen- 
tially in the forward direction. 

We undertook an experimental investigation of 
the angular anisotropy in the fission of nuclei of 
uranium and gold by carbon nuclei. In the perfor- 
mance oi these experiments we also succeeded in 
obtaining experimental estimates of the ranges of 
the fragments. 

The experiments were made in the internal cy- 
clotron beam. The fission fragments emitted at 
angles of 90 and 135° to the beam of incident par- 
ticles were registered. The targets employed 
were thick foil (several microns) of uranium 
and gold, located at 45° to the carbon-ion beam. 
The fission fragments, emitted at angles of 90° 
and 135°, were stopped in 35-micron aluminum 


foils placed at these angles. After irradiation 
for an hour, the number of beta particles emitted 
from these foils was measured. No chemical sep- 
aration of the fragments was made. This involves 
the danger of appearance of a background due to the 
activation of the aluminum and of its various im- 
purities by neutrons and scattered carbon nuclei. 
However, control experiments carried out by ir- 
radiating a copper foil instead of an uranium or 
gold foil have shown that the background can be 
neglected in practice. The experiments have shown 
that the ratio of the activity of a foil at 135° to that 
of a foil at 90° is 1.18 + 0.06 for uranium and 1.48 
+ 0.06 for gold. Here the fragments registered are 
those leaving a layer of thickness equal to the range 
of the fragment. The fragment-registration effi- 
ciency for 135° is therefore higher than that for 90°. 
Knowledge of the dependence of the fission cross 
section on the energy makes it possible to deter- 
mine this difference. After taking this difference 
into account, we obtain for J(135°)/J (90°) values 
of 1.05 + 0.10 for uranium and 1.21 + 0.10 for gold. 
A recalculation to the center-of-mass system yields 
J(141°)/J (99°) = 1.15 + 0.10 for uranium and 
J(142°,)/5(101°))= 1.36 2) 0.13 for gold! therer— 
fect obtained is averaged in the carbon energy 
range of 73 —78 Mev. 

The measurements began immediately after ter- 
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mination of the irradiation and continued until the 
number of counts became comparable with the 
counter background. The ratio of the activities of 
the foils remained almost constant in this case. 

In addition to experiments on the angular aniso- 
tropy, we made an experimental estimate of the 
fragment ranges. For this purpose we placed 
other aluminum foils, 5, 7, or 10 thick in front 
of the 35-y aluminum foil. After irradiation we 
measured the ratio of the actiyity of the first foil 
to that of the 35-y foil. This ratio is related to the 
fragment range R as follows 


R= A[1l + (Ns5 (Nx) a], 


where A is the thickness of the first foil, N35 /Nx 
is the ratio of the activity of the 35-p foil to the 
activity of the first foil, and a is a coefficient 
that accounts for the change in the fission cross 
section with the depth of the layer of the fission- 
ing substance. 

It is seen from the experiments that in changing 
from a 5-y foil to a 10-p foil the ratio N3;/N, 
diminishes, in the case of uranium, by a factor 7.5 
for 90° and 8.2 for 135°, while in gold the decrease 
is 10 and 27 fold for 90° and 135° respectively. 


elvauol We, JN ID)ARULILIN 


After processing the éxperimental data we obtain 
the following values for the range of aluminum frag- 
ments (in microns ): 


pa Element 
eo Uranium | Gold 
90° 41,.2+0.8 10.841.0 
135° (aOR: 10.1+1.0 


The authors are indebted to Prof. G. N. Flerov 
for continuous attention to the work. We thank Yu. 
V. Lobanov for help in the measurements and in | 
the processing of the results. | 
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Targets made of LiF, Al, and Cu were irradiated with ~ 92-Mev N" ions. The radio- 
active isotope N!® was identified among the reaction products by its decay period and by 
the beta-particle energy. It is concluded that N!® is formed through “capture” of two 
neutrons from the target by the bombarding particle. 


Ik many investigations of the interaction between 
heavy particles (C, N, O) with nuclei!~§ there 
were observed the so called “capture” and “strip- 
ping” reactions, in which the bombarding particle 
captures a neutron, proton, or a@ particle from 
the target nucleus, or else adds such a particle to 
it. A detailed investigation of the “stripping” of a 
neutron in the bombardment of various targets by 
N'4 ions [Z4(N!4, N13) ZAt+1 3,6 indicates that re- 
actions of this type occur, in all probability, in the 
case of glancing collision between the interacting 
nuclei, without formation of a compound nucleus. 
The energy transferred in this case is small. This 
- causes, in particular, the kinetic energy (and con- 
sequently the range) of the N* nuclei not to dif- 
fer much from the kinetic energy and range of the 
N'4 ions. The large range of the reaction products 
of “stripping” and “capture” makes it possible to 
separate them from the reaction products of the 
decay of the compound nucleus, without having to 
resort to radiochemical methods.°® 

It appears to us that to investigate the mechan- 
ism of interaction between heavy particles and nu- 
clei in the case of glancing collisions it is advis- 
able to study not only the foregoing reactions, but 
also the “stripping” and “capture” of two neutrons. 
A detailed investigation of this process may yield 
useful information on the structure of the periphery 
of the nucleus, particularly on the character of the 
interaction of the outer neutrons. The possibility 
of “capture” of two neutrons follows from the work 
of Alkhazov et al.,’ who observed the formation of 
n‘6 in the irradiation of LiCl by 15.6-Mev Nu 
ions. However, the results obtained do not lead 
to definite conclusions concerning the mechanism 
by which this isotope is produced. 


*The results of this work were reported in the survey 
paper by G. N. Flerov at the All-Union Conference on Nuclear 
Reactions at Low and Medium Energies (1957). 
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It was the purpose of this investigation to ob- 
serve the “capture” of two neutrons in the inter- 
action between accelerated N‘* ions and nuclei of 
several elements. 


1 
Beam N 


SLLSVLSTT LIS 
eee 


To current 
meter 


The experiments were performed with the in- 
ternal beam of the 150-cm cyclotron of the U.S.S.R. 
Academy of Sciences. Five-charge N'* ions with 
energy ~ 92 Mev were used to bombard targets of 
LiF, Al, and Cu. The figure shows the arrange- 
ment of the experiment. The thickness of the tar- 
gets 1 was chosen such that the nitrogen ions were 
emitted by the target at an energy of ~ 55 Mev. 
Placed behind the layer of the investigated sub- 
stance was a 9-y gold foil, 2, in which the short- 
range reaction products were absorbed. No nu- 
clear reactions were produced in the gold itself, 
since the energy of the N'4 ions (55 Mev) was 
not enough for this. Placed beyond that was a tan- 
talum plate, 3, which collected both the beam and- 
the reaction products that passed through the gold 
foil. The collector was moved periodically to a 
luminescent beta-particle counter 4, with a thick 
stilbene crystal (30 mm in diameter and 30 mm 
high ), so that the counting could start 5 seconds 
after the end of the irradiation. The counter, 
placed in a magnetic shield, was 2 meters away 
from the target. To reduce the background due 
to beta particles with energies less than 1.0 Mev, 
a 1.5-mm aluminum absorber, 5, was placed in 
front of the crystal. The electronic circuitry 
employed comprised a single-channel amplitude 
analyzer, which determined the beta-particle en- 
ergy and simultaneously measured the drop in 
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activity with time. The beam intensity was meas- 
ured when the collector was near the counter. The 
ion current amounted to 0.1—0.3ya. The inten- 
sity of the beam was stable enough throughout the 
experiments for quantitative estimates of the cross 
sections. 

The irradiation of each target (LiF, Al, Cu) 
resulted in a beta activity with a half-life T = 
7.5 +1 sec and a maximum beta-particle energy 
Emax > 7 Mev. 

In the experimental setup used, the only nuclei 
that could proceed from the target to the tantalum 
collector were those formed by “stripping” or 
“capture.” The registration of isotopes — decay 
products of the compound nucleus — was excluded, 
since they were absorbed in the gold-foil shield. 
The fact that irradiation of targets having so wide 
a range of atomic numbers produced the same 
activity also indicates that this activity is obvi- 
ously connected with the decay of the isotope that 
is produced by the “stripping” or “capture” reac- 
tions. An analysis of the possible products of such 
reactions leads to the conclusion that the observed 
beta activity must be attributed to the decay of the 
N6 nucleus (T = 7.35 sec., Emax = 10.4 Mev) 
which is formed by “capture” of two neutrons by 
the N‘4 nitrogen from the target nucleus. 


Cu 


3) AL 
F Cur*y| En 
Q, Mev -—6.65 | —5.86 | —4.37 | —11.06 
Relative yield of B 
activity with 
ese norSeC. | 30 3 


A characteristic feature of the reaction that 
occur during glancing collisions, as already men- 
tioned, is the large range of the nuclei formed 
from the bombarding particle. To disclose more 
clearly this feature of the mechanism of N!® pro- 
duction, an experiment was performed, in which 
we used a thinner target made of copper, covered 
on the collector side with a gold foil 15y thick. 
The yield of ni6 per single copper atom was re- 
duced here by 20 —40%. For comparison we indi- 
cate that 2 or 3y of gold are sufficient to absorb 
completely the decay products of the compound 
nucleus formed upon fusion of the gold and copper 
nuclei.’ No beta activity with a half-life of approx- 
imately 7.5 sec. was observed in a control experi- 
ment in which a gold target of equivalent thickness 
was irradiated. 
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The table lists a relative yield of the observed 
beta activity for various targets, referred to one 
atom of the investigated matter. The table also 
lists the values of Q, the difference in the bind- 
ing energy of two neutrons in N'® and in the target 
nucleus: 


Q = Eon (N}*) — En (2*). 


(In the calculation of this quantity we used the data 
of reference 9 on the binding energy of the nuclei). 
It is seen that as Q decreases the activity yield 
decreases. This variation serves as further con- 
firmation of the conclusions concerning the produc- 
tion of N'®, It must be noted that in the case of 

LiF target, the N!® nucleus appears obviously 
mostly as the result of the interaction of the ni- 
trogen N'* with lithium. 

What attracts attention is the absence of this 
effect in the bombardment of a gold target, although 
in this case the reaction of “capture” of two neu- 
trons is energetically quite feasible. This is obvi- 
ously connected with the fact that the produced ni6 
nuclei are so strongly deflected in the field of a 
target nucleus away from the direction of the bom- 
barding-particle beam, that they do not fall on the 
collector. 

The cross section of the reaction that leads to 
the appearance of the radioactive N‘ upon inter- 
action of N*4 with lithium, averaged over the ion 
energy in the interval from ~ 92 to ~ 55 Mev, 
amounts to ~ 5 x 10778 em?. This quantity must 
be considered as the lower limit of the cross sec- 
tion for the “capture” of two neutrons by a N!4 
nucleus, since the production of N!® in the excited 
state at sufficiently high excitation leads to the 


evaporation of a neutron: N!4 + 2n — N16* — N19 4, 


This circumstance may also cause the yield of N‘® 
to decrease with increasing energy of bombarding 
particles, owing to the increase in the average ex- 
citation energy of the nitrogen nucleus in the “cap- 
ture” of the two neutrons. 

The authors are grateful to Prof. G. N. Flerov 
for continuous attention in the work, and also to 
the cyclotron crew members, headed by Yu. M. 
Pustovoit, for ensuring correct operation of the 
apparatus. 
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Data are presented on the number of high-energy nuclear-active particles in showers con- 
taining a total number of particles between 1 x 104 and 2 x 10°, and also on the lateral dis- 
tribution of the energy flux of the nuclear-active component. It has been found that the en- 
ergy of the nuclear-active component in individual showers with an equal number of particles 
may differ widely. Some conclusions are drawn from the shape of the spectrum of the nu- 
clear-active particles and from the lateral distribution of the energy flux of the nuclear-active 
component regarding the nature of the elementary interaction of the nuclear-cascade process. 


INTRODUCTION 


Expuriments on extensive air showers (EAS)! 
prove the presence of high-energy nuclear-active 
particles at sea level. The cascade of nuclear- 
active particles contained in EAS has, in the ma- 
jority of past experiments, been studied indirectly 
by measuring the electron-photon and pw -meson 
components accompanying the shower, or by meth- 
ods which did not permit one to measure the energy 
of the nuclear-active particles directly.* The study 
of these cascades is of great interest in explaining 
the interaction process. 

We carried out a statistical study of nuclear 
cascade in EAS at sea level, using a detector hav- 
ing a high efficiency for the detection of high-energy 
nuclear particles. The measurements were carried 
out in 1957, using the array for the comprehensive 
study of EAS operating at present at the Moscow 
State University. 


DESCRIPTION OF THE ARRAY* 


For the detection of nuclear-active particles 
and the determination of their energy, we used 
four cylindrical pulse ionization chambers placed 
under a composite absorber made of lead and 
graphite. The charged particles in EAS were re- 
corded by 720 Geiger-Miiller counters with differ- 
ent areas. The counters were connected to a hodo- 
scope. The masterpulse for the chambers and the 
hodoscope was given by a six-fold coincidence of 


*A detailed description of the apparatus and of the setup 
is given in references 2 and 4. 
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pulses from counter groups connected to a coinci- 
dence circuit. The area of each group amounted 
to 330 x 4= 1320 cm?. The position of the cham- 
bers, the master counters, and a cross section of 
the detector are given.in Fig. 1. 

As has been mentioned,° the use of a composite 
absorber containing low-Z material (graphite) 
together with high-Z material (lead) makes it 
possible to separate, to a maximum extent, the 
nuclear and electron-photon cascades along the 
depth of the absorber. The development of the 
nuclear cascade takes place mainly in the graphite, 
while that of the electron-photon cascade takes 
place mainly in lead. In this way, an approximate 
proportionality of the number of particles in the 
electron-photon cascade to the energy carried 
away by 7° mesons is assured for any place of 
initiation of the nuclear cascade. In the study of 
showers of large size (with total number of par- 
ticles N=>1x 10%) the thickness of the top layer 
of lead was increased to 8 cm since, in such show- 
ers, the frequency of incidence of electrons or 
photons with energies of about 10! ev on the array 
is high and the cascades produced by these par- 
ticles are not fully absorbed by 4—5 cm lead.” 


RESULTS OF MEASUREMENTS 


The selection system efficiently detected show- 
ers with N=10*. The spectrum of EAS selected 
by the array is the usual one for arrays of a simi- 
lar type, with a maximum for N = 2.5 x 104. The 


density of the distribution of the axes of registered | 


showers was practically constant in a circle with 
radius 2.5 m for showers with N=1x 10‘, and 
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FIG. 1. Plan of the array and cross section through the 
detector. 


the density of the axes of low-density showers fell 
off for large distances. For showers with N = 

1 x 10°, the axes are distributed uniformly in a 
circle with radius R=5m. 

Reduction of the hodoscope data by the usual 
method® made it possible to determine, for each 
individual shower, the total number of particles 
N and the position of the axis. A part of the hodo- 
scope data was reduced using an electronic com- 
puter, and in these cases, the method used was 
that of directly finding the probability maximum 
for a given distribution of discharged counters in 
all hodoscope points as a function of N and the 
position of the shower axis.! Thus, it was unnec- 
essary to calculate the density of each hodoscopic 
point. A comparison of the characteristics of 
showers reduced by the usual method and by means 
of the computer shows, that the error in finding the 
shower axis in the first method was not greater 
than 1 m, while the error in the determination of 
the total number of particles was not greater than 
20% (when the shower axis fell into the hodoscope 
area). 

The chamber section records the amplitude of 
ionization bursts produced in the chambers when 
an EAS passes through the array. The size of 
the bursts is expressed in the number of N rela- 


tivistic particles passing through the chamber along 


the mean chord. In order to obtain the energy of 
the nuclear-active particle from the burst size, we 
used the same coefficient for all energies of nu- 
clear-active particles. The value of the coefficient 
is given in the appendix. The contribution of bursts 
from nuclear disintegrations and radiation bursts 
from p-mesons have been discussed earlier,° and 
were found to be insignificant. 

All recorded and reduced showers were divided 
into four groups, according to the number of par- 
ticles in the shower: 


Bei = No te 10": 
Nise end. 


ere Nel Os 
| eO8<— Nex .3-y10*; 


To obtain more data we considered 218, 270, 186, 
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TABLE I. Number of particles with energy 
larger than a given value in a circle with 
radius R in showers of different size, and 
the maximum energy of nuclear-active 
particles detected in the shower 


R=3m; R= 4m; =5m; =6m; 
E,ev | 10%<N<3-10* | 3-10'<NV-<108 1083-108 34ND 108 
Qe 2 a 29 59 
3-101 1.3 3 14 29 
4012 0.7 2.9 10 24 
2.4012 0.4 0.7 20 9 
95-1012 0.4 1.0 5 
7-1012 0 2 0.8 3 
125-4018 0.4 2 
5-1018 120) 
Emax ey 
na’ 4.7.10 1018 1.8-1018 6.1038 


and 100 showers in each group respectively. Plots 
of the number of particles with energy greater than 
a given value were constructed for an average 
shower of each group. In fact, the number of re- 
corded showers N(E) of each group accompanied 
by bursts of n particles, i.e., produced by a par- 
ticle of energy E=kn, is related to the total num- 
ber of showers N,(=R) ina circle of radius R 
for a constant probability of shower detection, the 
axes of which fall within a circle with radius R, 
according to the formula 
R 
M(E)= \o9(N) W(N, r)o(E, r) Qer dr 


0 
R 


= oWo(N) \ o(E, r) Qar dr = oNs(<R)n(E) 


i} 


[S5 


/ 


ines 
h(E) = ME) S) No AR) o 


Here n(E) is the number of particles with en- 
ergy E in the average shower in a circle with 
radius R, r is the distance from the shower axis 
to the center of the detector, W is the probability 
of shower detection, o is the detector area, 
p(E,r) is the density of particle energy E in the 
shower, g~(N) is the number of showers in the in- 
terval under consideration per unit area, and S= 
tR*, The condition W = constant determines the 
choice of the radius of the circle for the construc- 
tion of the spectra of particles (bursts), for dif- 
ferent number of particles in the shower. For the 
groups mentioned above, the radii equal to 3, 4, 5, 
and 6 m respectively were chosen.* The mean 


*Jt should be noted that the condition W = constant is sat- 
isfied in practice also for low-density showers, since the mas- 
ter counters are separated by a distance of about 2 m; the prob- 
ability of recording such showers is smaller than unity, but its 
value does not change greatly. For a shower with N = 1 x 10°, 
W changes in the chosen circle by 5%; for N = 2 x 10* by 30%. 
It can be shown easily that the errors introduced into the value 
of n(E) are smaller than the given change of W. 
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FIG. 2. Spectrum of nuclear-active particles in showers of 


different density: 1 — in showers with N =5.6 x 10° (R <6 m); 
2 — in showers with N = 2x 10‘ (R< 3 m). 


number of particles with energy greater than a 
given value in the above-mentioned average shower 
of each group, obtained by means of the formula 
given above, is given in Table I. In Fig. 2, the in- 
tegral spectra for the two limiting groups of show- 
ers are given. Inthe region E = nes ev, the 
spectra are characterized by different values of 
exponents: for Ny y=1.8+0.5, for Ns y=0.94 
0.3, andfor Ny y=0.7 40.3. The spectrum of 
bursts in the same region for all showers with 
N=1%x 10! is given in Fig. 3. In that case, y= 
ies (OA 


log F(27) 
4 


FIG, 3. Spectrum 
1 of large bursts (n > 
1000) in showers 
with N> 1x 10°. 
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Data on the number of particles with a given 
energy n(E) in the average shower make it pos- 
sible to determine the value of the total energy 
carried by the nuclear-active component of the 
shower in the circle of radius R (Ena =Dn(Kj) Ei, 
where the summation is carried out over all energy 
ranges). In Table II, these data are given for two 
groups of showers.* When the position of the axis 


*The use, in the energy of estimates, of circles of larger 
radius for larger showers does not change the energy apprecia- 
bly. Thus, the value of energy in the circle 4 m in radius for 
showers of the group N, is different only by 4% from that 
given in Table II, and for showers in the group N, by 5%. 
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and the size of the burst for each shower are known, 


it is possible to determine the lateral distribution 
of the energy flux carried by the nuclear-active 
component at the shower axis. 

The energy flux density pr(r) at the distance 
r, r+Ar was determined from the formula 


pe (1) = SEr/ Ne lr), 


where the summation is carried out over all energy 
values recorded at the distance r, r+Ar; Ng(r) 
is the number of recorded showers whose axis fell 
between r and r+Ar from the detector. The 
distribution of energy density for separate groups 
of showers and for the average shower are given 

in Figs. 4 and 5.* 

Data were also obtained on the lateral distribu- 
tion function of particles of various energies in 
showers. If m(r,n) out of Ng(r) showers 
whose axis fell between r and r+Ar were ac- 
companied by a burst of n particles then, for 
Youn 


p(r, n) =m(r, n)/oN5(r), 


where o is the area of the detector, and p(r,n) 
is the particle density of a given energy. The ex- 
periment shows that m(r,n) <Ng(r) and, con- 
sequently, the formula is correct. 


Figure 6 shows histograms for particles of vari- 


ous energies and also data obtained for particles 
With Eng = 6-10 ov in showers evaluated using 
the electronic computer. It should be noted that 
the maximum distance of particles with energy 
Ena ~ 10! ev from the shower axis recorded by 
us corresponds to 5 m and, for showers with 

Ena ~ 10'! ev, to 30m. This cannot be due to 
several particles of smaller energy, since the 
corresponding bursts were due to ionization in 

one chamber only. 


DISCUSSION OF RESULTS 


Data on the spectra of nuclear-active particles 
given above show that the shape of the spectrum in 
various energy ranges is not the same for showers 
with different number of particles. For showers 


*Data on the lateral energy distribution make it possible to 
determine the energy flux carried by the nuclear-active com- 
ponent in another way: Ej, = Pp (rj) AS; where AS; is the 

1 


area of the ring in which p, (rj) has been determined. Such a 
determination of Ena is, in principle, less accurate, since 
the influence of the recorded individual value of the energy 
vary Strongly for different ranges of r in the same shower. 


This process of axis transiation takes place since the accuracy 


of determination of the axis is of the order of ~1m-~Ar. The 
values of Ex, are given in Table II. 
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TABLE II. Values of the energy carried by the nuclear-active 
component in a circle with radius R in showers of 
different size 


AS 


N 10'<N<3-10¢ 


3-10'<N< 108 


1-10°<N<3-108 | 3-10°<N 


Ena, ev 


(2.4 + 0.5)-4012 
2.11022 


‘ 
Ena: eV 


(7.6 + 2.2)-4012 
8.0-1012 


(2.9+0.9)-40! | (1.3 + 0.67).410% 


of the group N,, the region with an exponent y > 1 
(y=1.8+0.5) starts for the energy Ena > 107? ey. 
(For showers of a smaller size, according to ref- 
erence 2, for Eng => 10" ev, y=1.5 40.2.) In 

the same energy range of nuclear-active particles 


(10! ev = Ena = 1048 ev) and for showers with larger 


number of particles (group Ns), y =0.9 + 0.8, and for 
showers of the group Ny, y = 0.7 + 0.3. The value 


y =1 for showers with small number of particles of 
the group N; corresponds to the energy region 101! ev 


= Ena = 10'* ey. Such a character of the energy 
spectra follows from the assumption that the nu- 
clear cascade does not depend greatly on the en- 
ergy. Several authors® assume that the character 
of the elementary interaction for the energies 

E 2 104 ev changes abruptly. In order to test the 
effect of a change of the elementary interaction, 
as done by Nikol’skiY et al.,® we calculated the 
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FIG. 4. Energy flux density of nuclear-active particles in 
showers with different N. 
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log p. (7) 
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FIG. 5. Distribution of the 

energy flux in showers for 

N=2.x 10°. p is the energy 

flux density in ev/m?, r in m. 
11 
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spectra of nuclear-active particles in showers with 
different initial energy (Ey ~ 3x10! ev and E) ~ 
3.61044 ev) for constant characteristics of the in- 
teraction and for a sharp dispersal of the energy 
in interactions with E = 10!‘ ev. The calculation 
was done by the method of consecutive generations. 
It was assumed, after Vernov et al.° that two par- 
ticles with E =0.3E) are produced in the interac- 
tion, and that, for E = 10'4 ev, six particles with 
E=0.1E) are produced. The calculations carried 
out under the assumption that the character of the 
interaction between particles does not vary with 
the particle energy, show that the mean exponent 
of the spectrum for showers of different size in 
the intervals 10!! ev < Egg < 10 ev and 10” ev 

< Ena < 10% ev differ greatly (for Ey =3 x 10 ev, 
¥,= 0.9, Yp=1.1; for Ey) ¥ 3x10 ev, y= 1.1, 
and y,=1.4). For the above variation of the char- 
acter of the interaction, the spectra are very simi- 
lar in both ranges (y,=1.1, y,=1.4, and y, = 1.2, 
Y. = 1.5 correspondingly). Such a result is natural: 
for rapid dispersal of the energy, the energy of 
nuclear -active particles becomes smaller than the 
“critical” energy (=< 1014 ev) already after a small 
number of interactions. Further development of 
showers produced by primary high-energy particles 
then proceeds in the same way as for shower pro- 
duced by particles of lower energies. The contri- 
bution of high-energy particles produced in the 

first interaction is small at sea level, in view of 
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FIG. 6. Lateral distribution of nuclear-active particles in 
showers for particles with energy: 1 — 1x 10% to 3 x 10" ev; 
2 —3 x 10" to 1 x 10? ev; 3 —> 1 x 10" ev; 4 — data for 
particles with E > 8 x 10" ev calculated with an electronic 
computer. 


the large depth of the observation level. There- 
fore, the result will be the same for any other as- 
sumption concerning the character of the interac- 
tion, if only we assume a strong degeneration of 
energy for energies higher than a certain “critical” 
value. 

The comparison of the experimental data with 
the calculation shows that the assumption about an 
abrupt change of the elementary interaction for 
E = 10! ey is unnecessary, and indicates rather 
a weak dependence of the characteristics of the 
elementary act of interaction on the energy. For 
a final solution of this problem, more accurate 
data in the range of large energies of Eng are 
necessary. 

As may be seen from Table II, the value of the 
energy carried out by the nuclear-active component 
in the average shower is of the order of the energy 
carried by the electron-photon (e.p.) component 
of the shower, and is proportional to shower size, 
at least in the range of N from 1 x 10*to 1 x 108 
(energy of the e.p. component Eep © 3BN © 2 x 
10°N ev). The values given in the table represent 
the lower estimate of the energy carried by the 
nuclear-active component of the shower. In fact, 
in the showers with N = 1x10‘, the spectrum of 
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nuclear-active particles has been studied by us up 
to the energy range where the spectrum exponent 
y is of the order of 1. On the other hand, we took 
into account the energy of the nuclear-active com- 
ponent in the circle with radius 6 m, where the 
gradient of the lateral distribution function of the 
energy flux is of the order of ~ r~* (see below). 
It is therefore possible in principle, that we did 
not take into account a part of the energy of the 
nuclear-active component. 

The presence of such energy in the nuclear- 
active component at the observation level can sub- 
stantially change the absorption of the shower par- 
ticles. The variation of the energy of the electron- 
photon component in a layer with thickness dt is 
given by the equation 


dion = BN di (Loo Mena 


where (1—qa@) is the energy fraction carried away 
by 7° mesons in nuclear interactions, Eng — the 
energy carried by the nuclear-active component, 

ty) — the radiation length in g/em?, and A — the 
mean free path for nuclear interactions in g/ em?, 
In the electron-photon cascade for 1.5 =>s =1.2, 
the mean energy € per charged particle is prac- 
tically independent of s,'! and therefore: 


edN = —BNdt + aEna dt. 


The solution of this equation can be obtained easily 
if the absorption of the energy of the nuclear-active. 
component in the atmosphere is known. Assuming 
that Eng = Ej) exp(—ppt) where uy is the absorp- 
tion coefficient of the energy of nuclear-active com- 
ponent in the air, and Ey is the energy of the nu- 
clear-active component at the observation level, we 
obtain for (for pp > Un) 
c aE, 
mes [Ne = (Yo— Pn) 


aE Unt 


| e—tot 1 e : 
& (Yo ee Un) 


where Ny is the number of particles in the shower 
at the observation level, and py is the absorption 
coefficient of particles in showers for Eng = 0. 
The number of shower particles absorbed at large 
depths is determinéd by the absorption of the en- 
ergy of the nuclear-active component. As can be 
seen from the expression obtained, the develop- 
ment of the shower with a given N is substantially 
dependent on the value of the energy Ey of the 
nuclear-active component of the shower. Near the 
observation level, the absorption is characterized 


by the absorption coefficient 
M=Yo—4Epa/Eep; Ap=po—p=aEna/Eep. 


The absorption coefficient of shower particles is 
y=0.17.2 For (1—a) =0.3 and Ena /Eep = 1.0, 
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we have Au=0.05; for (l—a@)=0.1, Ay = 0.08. 
The measured values of the coefficient py = 0.22 
— 0.25, correspond to s = 1.3.!2 

Data on the average number of nuclear-active 
particles of various energies in showers of differ- 
ent size show that, in certain showers, we recorded 
nuclear-active particles of such energies that the 
mean frequency per shower was less than unity. 
The energy of single particles recorded in the 
first group of showers is equal to the total ener gy 
carried by the electron-photon component of such 
a shower. The exponent of the energy spectrum 
in this energy region for showers with N = 3 x 104 
is y=1, and, consequently, the total energy of 
the nuclear-active component in such showers is 
large (Eng > Eep). This indicates a strong vari- 
ation of the absorption coefficient yw in the shower. 

In showers of small size, N <1%X 10‘, we re- 
corded? showers with the measured energy of nu- 
clear-active component larger by a factor of 10 
than the energy of the electron-photon component. 
In such showers, one would expect a further in- 
crease in the number of particles rather than 
their absorption. 

The fact that in individual showers, nuclear- 
active particles are present with an energy much 
larger than the average energy of particles which 
are found in each shower indicates strong fluctu- 
ations in shower development. This conclusion, 
drawn in reference 2 for showers with small num- 
ber of particles, is correct for showers with N < 
3x 10°. Insufficient statistics does not permit to 
make an analogous conclusion for showers with 
Ne 30". 

The large fluctuations in the energy balance of 
the showers, the energy carried by the nuclear- 
active component may be much lower than the av- 
erage. In the limiting case, (for Eng =0), the 
absorption of particles in showers is determined 
by fo. It should be noted that the detection of such 
showers is. possible from a study of the energy 
balance of the different components in the shower 
core, since the difference in the lateral distribu- 
tion of the particle flux due to different shower 
age may be insufficient for determining the age 
in individual showers by means of the method of 
correlated hodoscopes. 

At the same time, it should be noted that, the 
observed value of the energy of the nuclear-active 
particles in the average shower confirms the lim- 
iting assumption about the relation between the 
nuclear-active and the electron-photon shower 
components (i.e., that on the average, an equi- 
librium exists between the nuclear-active and 


electron-photon components). In reference 1, 

the energy of the nuclear-active components was 
estimated for such a case. The relation which 
was obtained, namely Eng 210°N ev, is satis- 
for all N, as can be seen from Table II. Data 

on the energy composition of showers obtained 

at mountain altitudes indicate also that the nu- 
clear component plays a large role. The conser- 
vation of the relative contribution of the energy 
carried in the shower by the different components 
at two altitudes also confirms the assumption that, 
on the average, the two components are in equilib- 
rium. 

The obtained lateral distribution of the energy 
flux of nuclear-active component in showers with 
given N (Fig. 5) can be well approximated by a 
power law with an exponent n= 2+0.4, apart 
from the dependence on the shower size.* 

Recently various authors! have obtained data 
showing that the transverse momentum of particles 
produced in nuclear interactions is independent of 
the energy carried away by the particle. This fact 
can be used to obtain the lateral distribution of the 
energy flux of nuclear-active particles. We carried 
out such a calculation in which we used the method 
of consecutive generations, in order to obtain the 
energy spectrum of particles produced in interac- 
tions. We used very simple models of the interac- 
tions, following reference 10. From the same work 
we took also the values of the mean free path for 
the interactions for various models, obtained from 
the normalization to the observed number of par- 
ticles with energy greater than a given value in a 
shower at sea level. The mean production level 
for particles of each generation was introduced. 

It was assumed that the particles of given energy 
are distributed uniformly in a circle, the mean 
radius of which is determined from the value of 
the particle energy and the level of production. 
The transverse momentum, according to our es- 
timates (see below) and estimates of reference 
14, is assumed to be equal to 10° ev/c. The atmo- 
sphere was assumed to be homogeneous, since the 
production level of particles which are essential 
to the discussion was not greater than one third 
of the atmosphere. 

The obtained lateral distribution of the energy 
flux, was, for the same transverse momenta, found 
to be sensitive to the type of interaction. For dis- 
tances of 0.5—8 m, the lateral distribution can be 


*Lateral distribution of the energy flux of the nuclear- 
active component averaged over showers with N = 1 x 10*- 
2 x 10° is characterized by an exponent n = 2 + 0.25. 
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described by a power law with exponent n, where 
n depends on the model of interaction: 


If 7 particles with energy 0.1 E, are produced, then n = 1.8 


hte eee oe * ne2i 
” 1 " " * 0.7 Ey " " Bs ae 2.4 
Pal " " " 0.1 EG ” " 


An even sharper difference is observed for 
r >10m. These distances, however, were not in- 
vestigated in our work. A comparison of the ex- 
perimental data with the calculations shows that, 
for the accuracy attained, a final unambiguous 
conclusion on the shape of the function of the lat- 
eral energy distribution cannot be drawn. 

The data of Fig. 6 show a sharp concentration 
of particles of high energies (E 210" ev) near 
the shower axis. For the estimate of the width of 
the distribution of high-energy paiticles, a calcu- 
lation of the lateral distribution of shower axes in 
the plane of hodoscope counters was carried out, 
based on the following assumptions: (1) the accu- 
racy of axis location by means of hodoscope count- 
ers is +1m, and the fluctuations are subject to 
the Gauss distribution law, (2) the zenith-angle 
distribution of shower axes is given by the relation 
I(@) =I cos’ 6, (3) nuclear-active particles of 
high energies are concentrated near the shower 
axis. 

The area of the chamber amounts to g=1 m?, 
and thesheight of the counter plane above the cham- 
ber h=2m. The curve obtained as a result of 
the calculation, which reduces to a numerical in- 
tegration of the Bessel function I)(x), is shown 
in Fig. 6 (solid line). 

It can be seen from a comparison of the calcu- 
lated results with the experimental data that the 
high-energy particles (Eng = 10” ev) are con- 
centrated in a narrow region around the shower 
axis, of the order of the size of the chamber (r & 
1.0m). Particles with energy 1 x 10!4—3 x 101! 
ev are distributed much more widely: their density 
at the distance of 6 m falls off only by a factor of 
three as compared with the central region. 

The lateral distribution of particles with E = 
10" ey makes it possible to estimate the value of 
the transverse momentum obtained by such par- 
ticles during their production. Assuming a height 
of production of ~ 2Ainter ~ 102m, we obtain 
pie = 10 x10 *="10" ay. 

In conclusion, the authors would like to express 
their gratitude to S. N. Vernov, and G. T. Zatsepin 
for their great help in the carrying out of the work 
and for helpful advice in discussing the results, and 
to G. V. Bogoslovskii, V. I. Artemkin, and V. N. 
Sokolov, who took part in the measurements. 


APPENDIX 


CONNECTION BETWEEN THE SIZE OF THE 
BURST AND THE MEAN VALUE OF THE 
PRIMARY-PARTICLE ENERGY 


In references 2 and 5, we obtained the value of 
the coefficient relating the number of particles in 
the burst to the energy of the particle producing 
the burst, by means of an actual analysis of the 
interaction of the first four generations of a nu- 
clear cascade in the absorber. The connection | 
between the average energy carried away by me- 
sons and the energy of the primary particle can 
also be found from energy considerations. In fact, 
the variation of the energy flux E70(x) carried 
by the 7? mesons at the depth of the absorber x 
(in nuclear units) is described, if we neglect the 
17™—-p decay, by the equation 


dE» (x) /dx = B(1 —a) Ew (x) + BE, + (x), 


where En (x) is the energy carried by nucleons 
at the depth x, E,+(x) is the same for 7 me- 
sons, a is the energy fraction conserved by nu- 
cleons in interaction, and 6 is the energy of ‘ia 
mesons compared with the energy transferred to 
m™ mesons in the interaction. 

Analogous equations determine the absorption 
of the energy carried by the nucleons and 1* 


me- 
sons. The solution for the equation for E,0(x) 
is 


A ball omere crear @ a se Se 


es ER. 
where EN is the energy of the nucleon incident 
on the absorber. Assuming, after reference 15, 
a=0.7 and B= ths, we obtain for x = 1.5, 

eae 2) = 0.18 x EN, and for x=2, E,0(2)= 
On25ex EN: The value x =2 corresponds to an 
absorber with 8 cm of lead over the graphite. In 
collision with the lead nucleus, a larger fraction 
of the energy is carried away by the mesons 

(OE OFT yt" but, in that case, a strong develop- 
ment of the electron-photon cascade from r° oc- 
curs in the lead, and only a small part of the cas- 
cade energy reaches the lower layer of lead. We 
can therefore assume, to a first approximation, 
that the relations between the burst size and the 
energy of the primary particles, taking account 
of these interactions, will not change greatly. 

The development of a cascade in the lower layer 
of lead was considered on the basis of the data of 
Ivanenko.'® Since the spectra of secondary 1° 
mesons are not known, average values were taken ~ 
from the number of particles under lead, obtained 


NUCLEAR-ACTIVE COMPONENT OF EXTENSIVE AIR SHOWERS 


under the assumption that the cascade is due to 
one 7 meson with energy E,0, or to 10 mesons 
with energies 0.1E,0 (the difference between 
these numbers amounts to about 20% for an energy 
E70 ~ 107° ev). The value obtained for the coeffi- 
cient is k=7x10% ev for EX ~5x10' ev, and 
it increases slowly with the energy. If we assume 
that the energy is carried by a small number of 
high-energy 1° mesons, then for EN ~ 4x10! ey 
we have k= 2x 10°. However, 7 mesons pro- 
duced in the secondary interactions of 7 mesons 
have, on the average, an energy smaller by an 
order of magnitude than that of the mesons 
produced in the interactions of the primary nucleon, 
and the energy fraction carried by them is insig- 
nificant. Taking this fact into account leads to a 
slower change of k with energy.* For BA ~ 4x 
10!2 ev, we obtained the value k= 1.3 x 0° ev. 

In the following discussion we used the mean value 
of the coefficient k = 1 x 10° ev. 
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The energy dependence of the reactions U2" (Ci An-—5n) c£246-245 and U?88 (C8, 5n-6n) Cea 
was investigated. The method of irradiating a stack of foils combined with the use of radio- 
chemical analysis of the fission products was used for this work. The results obtained show 
that the reactions investigated take place by means of the formation of a compound nucleus 

with subsequent neutron evaporation. The reaction cross-sections are used to estimate the 
competition between the process of neutron evaporation from the compound nucleus and fis- 


sion. 


I N the bombardment of heavy elements by multiply 
charged ions compound nuclei are formed with a 
high excitation energy. The subsequent fate of such 
nuclei is determined primarily by the competition 
between the process of neutron evaporation and 
fission. A study of the ratio of these processes 

as a function of excitation energy and of the param- 
eters of the compound nucleus is of considerable 
interest for the synthesis of new transuranic ele- 
ments. 

In the present work we have investigated the 
energy dependence of the reactions U?* (Ge 4n-5n ) 
and U2%8 Loi, 5n-6n). The cross-sections for 
these reactions were determined by the yield of 
the a@-active isotopes Cf*4* and Cf*4> which have 
half-lives convenient for recording. 

The production of californium in the bombard- 
ment of U8 by carbon ions has been studied ear- 
lier in references 1—3.* However, these refer- 
ences contain data only for the integrated yield of 
californium in a thick target. 


DESCRIPTION OF THE EXPERIMENT 


The method of bombarding a stack of foils with 
the use of radiochemical analysis of the reaction 
products was employed for the study of the energy 
dependence of the reactions given above. 

The *4c!2 and *4c ions produced directly in 
an ion source* were accelerated by means of the 
one-and-a-half meter cyclotron of the U.S.S.R. 
Academy of Sciences. The energy of the bom- 
barding particles measured by their absorption 
in aluminum amounted to 78 Mev for the *4c!? ions 


*As has been shown by additional measurements the value 
of the energy of the C’” ions given in reference 3 was some- 
what high. 
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and to 84 Mev for the *4Cc!® ions. The energy 
spread of the particles did not exceed 3%. The ion 
current to the target was measured by means of 

a current integrator. To avoid overheating of the 
target the beam intensity was maintained at a level 
Of:0.2— 0-3 Ha. . 

The uranium was deposited on a nickel foil by 
means of evaporation in vacuo. The amount of 
u?38 on each foil of the stack was determined by 
means of an ionization chamber by the number of 
a -particles emitted per unit time. The thickness of 
the uranium layers amounted to 0.3 —0.5 meg/cm?. 
The nickel foils prepared by electrolytic deposition 
were of thickness 1.3 —2.0u. The stack of foils 
was assembled in such a way that the uranium 
layers faced in the direction of the beam. In this 
case those californium nuclei which were ejected 
from the uranium layer were completely stopped 
by the nickel foil on which this layer was deposited. 

Irradiation of the stack of foils was carried out 
in the internal beam of the cyclotron during 3 —5 
hours. In order to take into account the variations 
in intensity of the beam the values of the current 
were recorded every 5 min. 

After irradiation each foil was dissolved in con- 
centrated nitric acid to which 400 wg of lanthanum 
had previously been added as carrier. For the 
separation of the actinides a precipitation of lan- 
thanum fluoride was carried out. The precipitate 
was then dissolved in several drops of concentrated 
nitric acid and deposited on a platinum plate. The 
cf’4* and Cf*45 isotopes were identified by the en- 
ergy of the a -particles and by their half-lives. 
For this purpose the platinum plate was placed in 
an ionization chamber with a spherical electrode;, - 
the pulses from the chamber were fed into a mul- 
tichannel analyzer. 
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In some cases the actinide fraction was fed 
through an ion exchange column filled with cation- 
ite Dowex-50 X-12. The washing was with 0.4M 
lactic acid ata pH=4.5 and t= 87°C. It was 
found that all the q@ activity, of energies 6.75 
and 7.1 Mev and of half-lives 36 hours and 44 
min respectively, belongs to the californium 
fraction. 

The chemical yield of the californium isotopes 
was determined by the yield of Am**! which was 
added as a tracer when each foil was dissolved. 


RESULTS AND DISCUSSION 


The results of the measurements of the energy 
dependence of the cross-sections for the reactions 


Uj238 (C22, Vif yee 5n) Cf246-245 
[238 (C33, 5n — 6n) ((f246-245 


are shown in Figs. 1, 2. 

The energy of the carbon ions incident on each 
foil was calculated from the range-energy curve 
for nickel.’ The energy losses in the uranium 
oxide layer were determined from the data on the 
stopping power of the appropriate substances for 
@ particles. For the calculation of the yield of 
cf**® it was taken into account that the fraction of 
the nuclei decaying with the emission of q@ par- 
ticles is 34%. The total experimental error is 
shown in the figures. 

Additional experiments were also carried out 
on the irradiation of a thick uranium target. A 
comparison of the yield of californium obtained 
in these experiments with the yield calculated 
from the cross-section curves for the reactions 
showed that the discrepancy in the results does 
not exceed 20%. 

As may be seen from Figs. 1 and 2 the cross- 
section curves for the reactions have character- 
istic maxima whose shape and relative position 
indicate that the californium isotopes are produced 
as a result of the evaporation of neutrons from the 
excited compound nucleus. A comparison of the 


FIG. 1. The cross-sections for the reactions 
Un (Cran) Cr (1) and U (Cran Cr 
(2) as a function of the energy of the bombard- 
ing particle. A and O —first experiment, a and 


FIG, 2. Cross-sections for the reactions 
U*8* (C8, 5n) Cf?** (open circles) and U?** 
(C**, 6n) Cf?** (black points) as a function of 
the bombarding particle energy. 
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curves for the reactions (C!*, 5n) and (es 5n) 
shows that the addition to the compound nucleus 

of one neutron does not change the magnitude of 

the cross-section significantly. 

A comparison of the data obtained on the cross- 
section for the production of californium isotopes 
with the uranium fission cross-section under the 
action of carbon ions’ shows that only a small 
fraction of the californium nuclei formed does not 
undergo fission. 

Figure 3 gives the cross-section curves for 
these reactions as a function of excitation energy 
referred to the total cross section for the produc- 
tion of the compound nucleus. The data on the fis- 
sion cross-section of U®%* by carbon ions required 
for our calculations were taken from reference 9. 
The displacement of the maxima of the reactions 
(GO. 5n) and (ors 5n) with respect to one another 
may be associated with a certain inaccuracy in the 
determination of the initial energy of the C!* and 
CG jong: 

It may be seen from the diagram that as the 
number of neutrons emitted increases the fraction 
of compound nuclei which do not undergo fission 
decreases. This fact indicates that fission occurs 
at all stages of neutron evaporation from the com- 
pound nucleus. 

Although the probability of neutron emission 
Wn and the probability of fission Wr may vary 
somewhat as the neutrons are evaporated from 
the compound nucleus, nevertheless for the com- 
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FIG. 3. Cross- 
sections for the re- 
actions (C*?, 4n-5n) 
and (C*’, Sn-6n) re- 
ferred to the total 
cross-section for 
the production of the 
compound nucleus 
as a function of ex- 
citation energy. 
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parison of the behavior of compound nuclei with 
various values of Z it may be useful to introduce 
the average values Wy, and Wy. In the case of 
heavy nuclei for which the emission of charged 
particles can be neglected, Wyn and Wy will be 
determined by the relation 


St (Wn / (Vn, =e W))", 


where oy is the total cross-section of the reac- 
tions with neutron emission at a given energy, ot 
is the cross-section for the formation of the com- 
pound nucleus at the same energy, n is the av- 
erage number of neutrons emitted. The ratio 
W,/W¢ calculated by means of this formula in 
the case of californium amounts to ~ v and does 
not vary appreciably in the excitation energy range 
from 35 to 55 Mev. The values of Wy/W¢ calcu- 
lated for the Cf*4* nucleus from the ratio of the 
maxima of the normalized cross-sections for the 
reactions (4n-5n) and (5n-6n) (Fig. 3) amount 
respectively to ~¥, and 4. Although it is not 
possible to exclude a difference in the value of 
W,,/W ¢ for the states of the Cf*** nucleus ob- 
tained in the different reactions (4n or 5n), it 
seems to us more probable that the first value 
(4%) is too high due to the inaccuracy in the de- 
termination of o; at low energies. 

In conclusion we regard it as our pleasant 
duty to express our gratitude to Prof. G. N. Flerov 
for directing this work. The authors also express 
their gratitude to the members of the cyclotron 


crew directed by Yu. M. Pustovoit for ensuring 
the smooth operation of the machine, and L. K. | 
Tarasov who participated in the chemical part | 
of the work. | 
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The magnetic properties of a very pure natural MnCO3 single crystal have been studied in 
the temperature range from 1.3 to 300°K. In accord with the predictions of the theory,’ it 
has been found that the ferromagnetic moment g is observed only in the basal plane. Along 
the triple axis, the crystal is paramagnetic. The temperature dependence of o, x yj, and xy 
has been investigated in detail through the entire region of existence of antiferromagnetic 
ordering. It is shown that, in agreement with the theory of second-order phase transitions, 


o/x, ~ VTN-—T_ near the transition point. 


At low temperatures, o is proportional to T, in a broad range from 1.5 to 23°K (0.7 TN ye 
The dispersion law and the temperature dependences of the thermodynamic quantities for 
antiferromagnets with magnetic structure of the MnCOs; type have been obtained by the spin- 
wave theory method. In this case the spontaneous magnetization vector is perpendicular to 
the crystal axis. As a result, the gap associated with the anisotropy field is missing from 
the energy spectrum. The theoretical formulas obtained are in qualitative agreement with 
the experimental results. The possible causes of the large quantitative discrepancy between 
the values of the coefficients that determine the temperature dependence of o and yx; are 


discussed. 


1. INTRODUCTION 


ie problem of weak ferromagnetism in antifer- 
romagnets has been attracting considerable atten- 
tion recently. This phenomenon was observed first 
experimentally in hematite (a-Fe,03) by Smith! 
as early as in 1916, long before the discovery of 
antiferromagnetism. The magnetic properties of 
hematite single crystals have been investigated 
later in detail by Neel and Pauthenet,” while Shull, 
Strauser, and Wollan® proved via neutron diffrac- 
tion that this compound is antiferromagnetic. The 
strong dependence of the ferromagnetic properties 
hematite on the method of preparation of the spe- 
cimen‘ has led most investigators?»*»? to believe 
that this phenomenon is due to impurities and to 
lattice defects. Carbonate salts of the elements 
of the iron group have the same crystallographic 
structure as hematite. The presence of weak fer- 
romagnetism in MnCO; and CoCO 3 was observed 
by the author and Orlova.® It was shown that the 
observed weak ferromagnetism was independent 
of the chemical production of the compounds, and 
the hypothesis was advanced that it was due to the 
spins not being completely parallel during the anti- 


ferromagnetic ordering. Dzyaloshinskif ! has shown 


that antiferromagnetic ordering with incompletely 
parallel spins is a necessary consequence of the 


symmetry of the magnetic structure, both in the 
case of MnCOs3 or CoCOs and in the case of hema- 
tite. His detailed thermodynamic investigation of 
the magnetic properties of such substances led to 
many interesting conclusions regarding the aniso- 
tropy and temperature dependence of the ferromag- 
netic moment and the paramagnetic susceptibility. 
To test experimentally the theoretical conclusions, 
we undertook the investigation of the magnetic 
properties of single-crystal MnCOs, the results 

of which are reported in this paper. 

Another feature of antiferromagnets with mag- 
netic structure of the MnCOs3 type is that the vec- 
tor of spontaneous magnetization in them does not 
have one fixed direction, but may rotate almost 
freely in the basal plane of the crystal. Calcula- 
tions, given in the first part of this paper, show 
that one of the branches of the energy spectrum 
of the spin waves has practically no gaps. Asa 
result, starting already with temperatures less 
than 1°K, the spontaneous magnetization, the sus- 
ceptibility, and the specific heat should obey sim- 
ple power laws. An important advantage of such 
objects for experimental verification of the theory 
of spin-waves has caused us to make a detailed 
study of the temperature dependence of the spon- 
taneous magnetization and susceptibility of MnCO3 
at low temperatures. The results of these meas- 
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FIG. 1. Structure of MnCo,. 
Black circles — Mn, white 
ones — O, crosshatched — C. 


urements are reported and compared with the con- 
clusions of the spin-wave theory in the second part 
of this paper. 


2. THEORY 


1. MnCO3 has a rhombohedral structure.® Its 
elementary cell (see Fig. 1) contains two metallic 
ions, 1 and 2. We denote their mean spins as s; 
and sy. We introduce the molar quantities M, = 
Ns;/2 and M,=Ns,/2, and their linear combina- 
tions 1=M,—M, and m=M,+M),. In the future 
we shall use a coordinate system in which the z 
axis is aligned with the trigonal axis, the x axis 
with one of the binary axes, and the y axis lies 
in the symmetry plane. 

It was shown by Dzyaloshinski¥' that if the ele- 
mentary cell does not change in such a structure 
during antiferromagnetic transition, three types 
of ordering are possible in the absence of a mag- 
netic field: 

I. The antiferromagnetic vector 1 coincides 
with the z axis and there is no ferromagnetic 
moment m. 

Il. The antiferromagnetic vector 7 is directed, 
in the first approximation, along the y axis; there 
is a weak ferromagnetic moment m directed along 
the x axis. In the second approximation the vector 
l has a small component along the z axis. 

Ill. The antiferromagnetic vector l is directed 
along the x axis; there exists a weak ferromag- 
netic moment m, direct in first approximation 
along the y axis, with a small component along 
the z axis in the second approximation. 
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As follows from our earlier paper® and also 
from the results of this investigation, the order- 
disorder transformation realized in the case of 
MnCO; is of type II or III. In what follows we 
refer indeed to these two types of order-disorder. 
Dzyaloshinskif has shown that if a sufficiently 
strong magnetic field H is applied* the following 
situation occurs. If the field is applied in the basal | 
plane, the vectors 1 and m rotate sothat m is © 
always parallel to H and J is perpendicular to H. | 
If H is directed along the z axis, then in the first | 
approximation the antiferromagnetic vector 7 and | 
the ferromagnetic moment always remain in the 
basal plane. A more detailed analysis of this case, 
as will be shown below, disclosed that the applica- 
tion of a field along the z axis may lead to rota- 
tion of the vector J in the basal plane. 

2. To derive the temperature dependence of the 
magnetic properties near the transition point, we 
write down the thermodynamic potentialt proposed 
by Dzyaloshinskil, with allowance for terms up to 
fourth order in Z and m. Without loss of gener- 
ality we can confine ourselves to an examination of 
the case when the magnetic field is perpendicular 


i) 
fits =} 5 mz — Brad 


< Pm? — mH. (1) 


Minimizing this potential and putting, as usual, 

A =X’ (T —-Ty),, we obtain 
bLaV MPR) Sa e; (2) 

and for the magnetic moment in the basal plane 


+4 BV A (Ty—T) H 
B+ Did(Ty —T) 


x 


B-EDA (Ty 7) 


Mex 


In virtue of the isotropy of the magnetic properties 
in the basal plane, established in reference 7, this 
formula holds for any direction of the magnetic 
field in this plane. We have for the magnetic sus- 
ceptibility along the trigonal axis 


Me—H,|(B EO (Dan bye 


= Yy pil, tor T < 1x, (3b) 

*A sufficiently strong field is considered here one in which 
the magnetic energy m-H is much greater than the anisotropy 
energy in the basal plane. As will be seen from our experi- 
mental results, this condition is satisfied when H exceeds 
2000 oersteds. 

+The symbols we use here for several coefficients differ 
from those in reference 7. Attention should be called to the 
fact that similar letters are used for different coefficients in 
expansions (2) and (3) of reference 7: In Eq. (2) these are con- 
stants, and in (3) these are temperature-dependent quantities. 
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Above the transition point 1=0, and therefore 
m, =H, /B-=y,H, and m,=H,/(B +6) 
=y 4 for IE SHOR (4) 


Equations (3) and (4) describe the temperature de- 
pendence of the quantities measured in this inves- 
tigation near the transition temperature. 

3. The results of our measurement of the mag- 
netic properties of MnCOs along the z axis (cf. 
below) display an anomaly, and a more detailed 
analysis of the behavior of mz in fields commen- 
surate with the anisotropy field was deemed advis- 
able to explain this anomaly. For this purpose, we 
must consider the thermodynamic potential with 


inclusion of the terms that describe the anisotropy 


in the basal plane [Eq. (6) of reference 7]. To 
simplify the derivation we neglect in all further 
calculations the anisotropy of the susceptibility 
(b =0) and the deviation of the antiferromagnetic 
vector from the basal plane (9 = 1/2). Then 


aa B | j 
O= > m® + g(m, cose — m, sing) 


D : 
+ > (Mm, cos » + m, sino)? 


+ ecos 69 -++ fm, cos3 ¢ — m,H2, 


(5) 


where ¢ is the angle between the direction of the 
antiferromagnetic vector and the x axis, and the 
previous remarks apply to the expansion coeffi- 
cients. Minimizing (5) relative to m for a spe- 
cified value of g, we get 

Wig AG (By sine; inp = (7-)-cos g; 


Mm, = H,/ B —(f / B)cos3¢. (6) 


Inserting (6) into (5) we find the dependence of ® 
on g and Hz: 
@ = — q?/2B —H?2/2B—e 


+ 2 (e— f?/4B) cos? 3¢ + (fHz/ B) cos 3. (7) 


Differentiating this expression with respect to 9, 
we obtain two equations for the equilibrium value 
of the angle 9g: 


(8) 


Which of these conditions corresponds to the mini- 
mum of (7) depends on the sign of the coefficient* 
e’ = (e—f2/4B). 

If e’ <0, ® has a minimum for all field inten- 
sities when sin 3g =0. Thus, if a type III (see 
above) order-disorder is established in the absence 
of a field, it is retained at all values of Hz and 


sinde=0, (e—f?/4B)cos3¢ = fH2/4B. 


*In the equilibrium state, the last term in (7) is always 
negative, since, regardless of the sign of f, 


f cos 39< 0. (8a) 
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If e’ >0, the minimum of 6 at H=0 occurs 
when cos 39 =0. A type II order-disorder is es- 
tablished here. When the field Hz is applied, the 
angle » begins to change such as to retain Eq. (8) 
in force. The rotation of the antiferromagnetic 
vector in the basal plane will continue until the 
field reaches a value Hoy = 4e’B/|f|. Here 
Oy] = OTT] and the crystal will be in state III as 
the field is further increased. Thus, the magnetic 
moment in this case will change in the field in ac- 
cordance with the following law 


m, = (1-+ f?/4Be’) H,/B for H<4e’B/| fi, 
m2=Hz/B+|}|/B for H>4e'B/j}|. 


m= H,/B+|fi/B. 


(9b): 


It must be noted that the ferromagnetic moment 
oz, = |f£|/B should be much less than the moment 
o in the basal plane, considered above. 

4. To obtain the theoretical temperature de- 
pendence of m; and my at temperatures close 
to absolute zero, we must resort to the theory of 
spin waves. The spin-wave theory for antiferro- 
magnets was developed by several authors.’ !2 
A very simple mathematical formalism for the 
theory of spin waves was developed by Kaganov 
and Tsukernik *'% on the basis of a phenomenolog- 
ical examination of an antiferromagnet with two 
sublattices, characterized by magnetic moments 
specified as functions of the coordinates and of 
the time. tf 

All the theoretical investigations performed to 
date have considered uniaxial antiferromagnets, in 
which the direction of the spontaneous magnetiza- 
tion of the sublattices coincides with the principal 
axis of the crystal. In the case of MnCOs3 the spon- 
taneous magnetization is perpendicular to the axis 
and this, as will be shown below, leads to a sub- 
stantial modification of the spectrum of the spin 
waves. 

We have used the calculation procedure proposed 
by Kaganov and Tsukernik to find the spectrum of 
antiferromagnets with magnetic structure of the 
MnCO, type. In accordance with the type of the 
thermodynamic potential (1) the Hamiltonian must 
be written in this case as follows: 


*An analogous investigation was carried out independently 
by Turov and Irkhin. 14 

tDzyaloshinskii (private communication) points out that in 
the case of antiferromagnets such an approach is strictly phe- 
nomenological and involves a model in which the absolute 
value of the sublattice spontaneous-magnetization vector is 
independent of the applied field at absolute zero. This model 
is used in the determination of the ground state of the anti- 


ferromagnet. 
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a+b 


at = \\do {aMyMy + “3 (Mie + Mi) + (0 — 4) MizMaz 
aR 28 (MyxMoy aed MoxMyy) i (My = M,) H oe 


OM,, \2 OM,, OM,,; OM,; 
e 1 1 2é e Qe 
2 | Oi, rte Fe ( 


\2 
Ox, r (10) 

where M,(r, t) and M,(r,t) are the magnetic 
moments of each of the sublattices. We disregard 
here terms connected with the anisotropy in the 
basal plane, since (as follows from the results 
cited later) this anisotropy is very small and is 
overcome when a field of several hundreds oersteds 
is applied. 

If the external field Hy is applied in the basal 
plane (to be specific, we assume it to be directed 
along x axis) then in the ground state (T = 0°K) 


M3) x = Mx — 8M, /« oh Aly | 2a; 
ly x — Moy = Mo; Miz = Moz = 0, 


» 
OX, OX, 4 


(11) 


where My, is the absolute spontaneous magnetiza- 
tion of each of the sublattices at T=0°K. The ex- 
cited states are characterized by the vectors 


M,= MY ae P1, 


where wf; and pf, are considered proportional to 
exp {-i(wt+«°r)}. Using the equation of motion 
of magnetic moments and the equations of magneto- 
statics, we obtain, after suitable simplification, the 
following system of equations for pw, and po: 


M, = (12) 


o 7 
2 pee, 


1 (Ure + Hox) — ¥Mo {a + (Pp — O42) **} (zz — Moz) == 0, 

(yx + 2ByMo) (uaz + voz) = 9, 

Mo (0 — Pie) ? (Ua — Bex) — TH x (Bay + Yoy) 
- 10 (12 + poz) = 0, 


iW (iy + Poy) 4 


io) (rx Tit Lox) a4 2a7Mo (Wiz == p22) a C, 


Yay — Poy = 9, 
207 Mg (ro + tox) — 2BYMo (iy -- Hoy) 


+ 1o (Yaz ae Loz) =0, 


(13) 


where y is the gyromagnetic ratio. 
From this we obtain directly the energy spec- 
trum 
e) =[(wHla)? + (pAle)? (xd) N"", 
by = [(uA g)? (xd)® + (UA)? + yp? 23MolAs 
Et ae VA Daa: 


He= Mey dx Soa lds wWesne (14) 


where d is the lattice constant. 

A substantial difference between this spectrum 
and the spectra of uniaxial antiferromagnets with 
spontaneous magnetization, previously considered, 
with spontaneous magnetization directed along the 
axis, is the presence of two branches. In one 
branch, as in the ordinary case, there is an energy 
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gap caused by the anisotropic field, while the other 
branch has no such gap and is purely phonon in the 
absence of a magnetic field.* 

If the magnetic field is directed along the z 
axis, the ground state is characterized by the fol- 
lowing values of the moments: 


Mix = Mx = BMo/ 2; ly = — Mey Mo; 


te = M3, = Hz/2(a+ 6). (15) 


The spin-wave spectrum again has two branches: 
©, = [(vHa)? + (UH x)? (xd)? + (Uz)? I; &2 = wHexd. (16) 


Knowing the laws of dispersion (14) and (16) we 
can determine the thermodynamic potential Q of 
the spin-wave gaps and use the latter to determine 
the thermodynamic quantities that characterize the 
magnetic properties and the specific heat of the 
spin waves. 

If the magnetic field is in the basal plane of the 
crystal, we obtain from (14) 


Mep.w= —(/12d%H eg) (RT futs)® (BMo + A). 


Allowing for the magnetic moment of the ground 
state, (11), we get 


(9 = 99{1—4(T/Tw)}, 


X, =X, — Q(T / Tw), (18) 


where 
y= 28My/a; %,,= 1/4; 
1 = (u/ 12d?y A) (RT / eH)’. 


If the magnetic field is directed along the diago- 
nal axis, the expression for this branch of the spec- 
trum, which depends on the external field, coincides 
with the corresponding expression for the perpen- 
dicular field, cited by Kaganov and Tsukernik.'® 
The formulas for x, in our case will therefore 
coincide with the formulas for x, in reference 13, 
i.e., at very low temperatures (kT <wHa) we 
have 
Qe alhr 


Lo Ue b) 


? 


and for higher temperatures (wHa « kT « pHR) 
the expression for x) coincides with equation (18) 
for x . 

The two branches of the energy spectrum will 
correspond to two terms in the magnetic specific 
heat 

Cmagn = C1 + Co, (19) 
and the second term is 
Co = (25?k / 15d?) (RT / pH? 
= (Bx7R%y,, Pn | bu?) (T Tw)? 
*Allowance for the anisotropy in the basal plane would ob- 


viously lead to a gap in this branch, too, although its value, © 


in accordance with the foregoing estimates, does not exceed 
0.01°K. 


(17) 


| 
| 


(20) 
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while the first term c,, as in the ordinary case, 

has an exponential temperature dependence at low 
temperatures (kT « wH,) and is equal to Cy at 
higher temperatures. 

To conclude this analysis of the application of 
spin-wave theory to antiferromagnets with MnCO3- 
like magnetic structure we wish to emphasize that 
this case is the most convenient from the point of 
view of comparing theory with experiment, since 
the power laws obtained above are much easier to 
verify experimentally than the exponential laws 
obtained for the case when the spontaneous mag- 


_ netization is parallel to the anisotropy axis. On 


the other hand, the condition uwHa « kT « pH 
necessary for power laws to be obtained in the 


_ latter case, may be impossible to satisfy in gen- 


eral for many substances. 


3. EXPERIMENT AND RESULTS 


To investigate the anisotropy of magnetic prop- 
erties of MnCO 3 we used a natural crystal of rho- 
dochrosite (from a deposit in the valley of the 
Aura river in the Pyrenees). We obtained the 
rhodochrosite from the minerological museum of 
the U.S.S.R. Academy of Sciences.* From the 
crystals obtained we chose some of the better 
ones, fully transparent and having no irregulari- 
ties that could be seen with the microscope, and 
with good formation. One of the crystals, 3.8 mg 
in weight, was used for the magnetic investigations, 
and two others were used for spectral impurity 
analysis.t It was established that both crystals 
alike contain approximately 0.1 —1% calcium and 
magnesium and approximately 0.01% silicon. 

Magnetic measurements were carried out with 
apparatus analogous to that previously described. 29 
To increase the accuracy of the measurement, the 
magnetic balance was improved considerably — an 
automatic photocompensation scheme was produced 
to increase considerably the stability of the read- 
ings, the voltage of the motor-generator supply to 
the magnet was stabilized, and automatic tempera- 
ture control was introduced. As a result, the ac- 
curacy of the relative measurements of the mag- 
netic moment was +0.5%. Temperatures were 
measured by helium vapor pressure from 1.3 to 
4°K, with a carbon resistance thermometer from 


*The author takes this opportunity to thank Prof. G. P. 
Barsanov and N. A. Kruglov, who graciously helped select 
very pure rhodochrosite crystals. 

+The spectral analysis of the specimens was performed at 
the Institute of Geochemistry and Analytical Chemistry of the 
Academy of Sciences of the U. S. S. R. by M. M. Farafonov, to 
whom the author expresses deep gratitude. 
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FIG. 2. Dependence of the molar magnetic moment m on 
the field intensity H at T =4.2°K. m,-— field along the z 
axis, m, — field along the y axis (m is in CGS magnetic 
units and H_ is in kilo-oersteds). 


4 to 20°K, and with a copper resistance thermom- 
eter,'’ calibrated against a standard platinum ther- 
mometer,'® from 20 to 300°K. 

The accuracy of the temperature measurement 
in the vicinity of Ty (approximately 30°K) was 
+0.02°. In the region most difficult to measure 
(near 10°K) the accuracy was approximately +0.1°. 

Owing to the good formation, it was not difficult 
to orient the crystal suitably on the goniometer, 
after which BF glue was used to secure to it the 
suspension rod. The accuracy of the crystal ori- 
entation was 2 or 3 degrees. 

The main investigations were carried out with 
the specimen so suspended that the suspension 
vertical line coincided with one of the binary axes 
of the crystal (the x axis in our notation), while 
the y and z axes were in a horizontal plane. The 
magnetic field was rotated in this plane. 

Figure 2 shows the results of the measurement 
of the magnetic moment (all the quantities in this 
paper are per mole), as a function of the applied 
field, at T=4.2°K. The upper curve is obtained 
when the field is applied along the y axis. Asis 
seen from the diagram, the dependence of the mag- 
netic moment on this field, for H > 2000 oe, can 
be represented by the following formula 


m, (H,T)=9(T)+ x, (T)H,. (21) 


Along the trigonal axis (lower curve) in strong 
fields (H > 4000 oe) the magnetic moment changes 
linearly with field, like in ordinary paramagnets: 
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m, =x, 4, (22) 


In weak fields one observes an anomalous vari- 
ation of the magnetic moment with the field. This 
anomaly is seen at all temperatures below the Neel 
temperature (Ty = 32.4°K), as shown in Fig. 3 
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FIG. 3. Dependence of the molar magnetic moment m, on 
the field intensity at the following temperatures: 1) 4.2°K, 
2) 20.3; 3) 29.7 4) 30.8; 5) 31.2; 6) 78.4; 7) 295°K. Curve 4 
is shifted along the ordinate axis by Am = 40 CGS magnetic 
units. Curve 3 is shifted by 80 units, curve 2 by 120 units, 
and curve 1 by 160 units. 


where the results of an investigation of this anomaly 
are given for five temperatures. It must be noted 
that the readings of the balance, in measurement 
along the z axis at. weak fields, are quite unstable 
and the reproducibility of the results is several 
times worse than in other measurements. We can 
therefore describe the observed anomaly only qual- 
itatively. 


FIG. 4. Angular 
dependence of the 
moment in the yz 
plane at H = 5.37 
kilo-oersteds (9 is 
the angle between 
the direction of the 
magnetic field and 
the y axis). 
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Figure 4 shows the dependence of the magnetic 

moment m on the angle ¥ between the direction 

of the magnetic field andthe y axis at T = 4.2°K 

and at a constant value of the field. The experi- 

mental results are represented by the dots. The 

solid curve is the function min + a|cos ¥|, where 
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FIG. 5. Tempera- 
ture dependence of 
the spontaneous fer- ee 
romagnetic moment 700 na man aes Gos. 
o (o is given in CGS a 
magnetic units per 


mole). a jes 
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the coefficient a = Max —Mmin is selected to fit 
the experimental data. 

Our measurements for the case when the trigo- 
nal axis coincides with the direction of the suspen- 
sion have shown that, within the limit of experimen- 
tal error, the values of m are the same in all 
directions lying in the basal plane, for all values 
of the magnetic field. 

Curves analogous to those given in Fig. 2 were 
obtained by us for 50 temperatures, ranging from 
1.3 to 32.3°K. These curves were used to obtain 
graphically the values of o(T), x,(T), and 
x; (T). In determining o by extrapolation to 
H =0, the accuracy of the results obtained is 
naturally lower. We estimate the error in the 
values of o tobe +2 CGS magnetic units, amount- 
ing to approximately 1% of oj. The error in the 
values of x; and yx; amounts to approximately 
+0.3%. The temperature dependence o(T) is 
shown in Fig. 5. We see that when T—0O we get 
o(T) —188 CGS magnetic units. The spontaneous 
moment o vanishes at Ty = 32.43°K. Figure 6 
shows the values of x, (T) and xy (T), while 
above 32.43°K MnCO; becomes paramagnetic, 
and consequently x is the ordinary paramagnetic 
susceptibility for these temperatures. 

As can be seen from Fig. 6, the susceptibility 
of MnCOs is isotropic above 34°K, within the lim- 
its of accuracy of our measurements. Our meas- 
urements have shown that in the temperature range 
from 70 to 300°K the paramagnetic susceptibility 
obeys the Curie-Weiss law 


KGS); 


with C=4.46 and © = —64.5°K. The dotted 
Curve 1 of Fig. 6 corresponds to an extrapolation 
of the Curie-Weiss law (23) to the transition-tem- 
perature region. Within the very narrow vicinity 

of Ty, the susceptibility xy , has small sharp 
maximum, and at lower temperatures Xj) and x Lol 
are almost parallel to each other, with y 1 being 
3% less than XI] 


(23) 


] 
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Lag 


FIG. 6. Temperature dependence of the 
magnetic susceptibility of MnCO, in the 
paramagnetic and antiparamagnetic states. 


O— X\3 @- xX,» x — coinciding values 
X, = X,; Curve 1 — extrapolation of the 
Curie-Weiss law. Curve 2 — is based on 


the spin-wave theoretical formula (18) 
(vy is in CGS magnetic units). 
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Only two papers devoted to a study of magnetic 

properties of MnCO3 at low temperatures are 

) known at present. Bizette and Tsai!® also investi- 

gated a natural single crystal MnCO3. They give 
no analysis of the m(H) curves, and restrict 
themselves to indicating that at low temperatures 
X, depends on the field intensity. We have calcu- 
lated, using our data for o and x, the values of 
x = X, + o/H for those values of the field inten- 

sity H, given in reference 19. Figure 7 shows 


Kat’ 0° > 


FIG. 7. Comparison 
of our data of the molar 
susceptibility of vari- 
ous values of the field 
(solid curves) with the 
data of Bizette and 
Tsail9 (dotted curves). 


the comparison of our values of x’ with those of 


Bizette and Tsai. We see that the data for the para- 


magnetic region agreed satisfactorily, but below 
that the discrepancey becomes noticeable — our 
values of x are approximately 15% higher than 
the values of x, given in reference 19. Only very 
rough qualitative agreement is observed for x}. 
The quantitative discrepancies in a reach 20 or 


30%. Our data characterize a very sharp transition 
temperature, Ty = 32.4°K, below which ‘a begins 
to depend on the field. In reference 19 this temper- 


ature is rather smeared in the region between 40 
and 60°K. At low temperatures the discrepancy in 
the data on X' decreases. We believe that these 
discrepancies are due to the fact that the crystal 


20 J 40 ol 60 70 &O I 
Vanek 


used by Bizette and Tsai was not sufficiently pure, 
leading to a considerable smearing of the transition 
point. This assumption is also confirmed by the 
fact that Bizette and Tsai investigated large crys- 
tals (weighing up to 0.5 grams). Naturally, it 

was quite difficult to select sufficiently pure crys- 
tals of this size. 

As already indicated, the author and Orlova® 
were the first to observe a dependence of type (21) 
for MnCO3. The measurements reported in that 
reference pertain to polycrystalline chemically- 
pure specimens. The values we obtained for the 
moments at different values of H and T agree, 
within the limit of experimental error, with the 
data of the present paper. The small discrepancy 
in the transition temperature (approximately 1°K) 
is obviously due to the insufficient accuracy of cal- 
ibration of the thermocouple in the earlier work. 
The fields employed in reference 6 were not strong 
enough (reaching 2500 oe) to produce sufficient 
saturation of the magnetic moment. Consequently, 
there is a considerable error (approximately 40 — 
50%) in the resultant extrapolated values of the 
ferromagnetic moment o. In the present work we 
carried out the measurements at fields five or six 
times the saturation value. This guarantees suffi- 
ciently accurate extrapolation in the determination 
of the ferromagnetic moment. 


4, DISCUSSION OF THE RESULTS 


1. From the result of our measurements of the 
magnetic properties of MnCO 3 in the high-temper- 
ature region we can determine the value of the g- 
factor. The value g = 2.04 obtained and its iso- 
tropy are in good agreement with the theory that 
the Mn** ionis inthe S state. The large nega- 
tive value of @ in (23) indicates the presence of 
an antiferromagnetic interaction. 

2. Below Ty = 32.43°K the substance goes 
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into antiferromagnetic state that has weak ferro- 
magnetism.* In accordance with the model pro- 
posed by us earlier ,° and in accordance with the 
Dzyaloshinskif thermodynamic theory, our experi- 
ments show that the ferromagnetic vector is al- 
ways in the basal plane. This is confirmed by 
agreement between the experimentally established 
relationships (21) and (22) and the theoretical for- 
mulas (3), and is seen particularly clearly on the 
rotation diagram (figure 4). Were the ferromag- 
netic vector inclined to the basal plane, we would 
obtain a curve represented not by |cos ¥|, but 
by a curve with a gentler maximum at !’=nm7 and 
with a steeper descent at 3 = 7/2 + nm. 

3. The results of our measurements on my at 
weak fields (H < 2000 oe) shows that, in the case 
of weak ferromagnetism, domains that become re- 
magnetized at fields of 2—2.5 kilo-oersteds are 
formed in antiferromagnets. The hysteresis of 
this process is very small. On the other hand, 
comparison of our results on the anisotropy in the 
basal plane (which at all fields is less than the ac- 
curacy of our measurements) with the theoretical 
curves (Fig. 5 of reference 7) shows that the ef- 
fective anisotropy field in the basal plane is at any 
rate less than 100 oe. Anderson et al.” investi- 
gated the ferromagnetic resonance in hematite. In 
this case the value of the anisotropy field in the 
basal plane was found to be 60 oe. 

The foregoing anomalous behavior of m) ina 
weak field may be due to the rotation of the direc- 
tion of spontaneous magnetization of the sublattices 
in the basal plane, considered in the first part of 


this paper. True, the experimental data (see Figs. 


2 and 3) do not agree with (9a) and (9b). It must 
be borne in mind, however, that in these experi- 
ments the angle » can assume, in the process of 
rotation, values corresponding to non-equilibrium 
states. This violates condition (8) which was as- 
sumed in the derivation of (9). The instability in 
the readings of the balance, noted previously, may 
also be due to this departure from equilibrium. In 
any case, the observed anomaly is evidence in 
favor of assuming that the crystal MnCO, is in 
state II when H=0, as does occur in the case 

of hematite.? 

4. It is interesting to compare the temperature 
dependences of o, x,, and yj, obtained by us, 
with the theory. We first consider the tempera- 
ture region close to the transition point. A com- 


*Magnetic measurements alone can only permit us to as- 
sume, with high probability, the establishment of antiferromag- 
netic order-disorder transitions. To obtain a rigorous experi- 
mental proof of this fact neutron-diffraction investigations 
must also be performed. 


parison of the experimental results on the isotropy 
of below Ty with Eq. (4) leads to b=0. To re- 
concile (3) with the experimental curves for xy 
and x, (Fig. 6), we must put D=-—d and D>0O, 
so that 
Ky Ses 
x, =1/(B+ DP). (3’) 


The experimentally-observed anisotropy below Ty 
is due to the term D/?(m%+ mj, )/2 in the expres- 
sion for the thermodynamic potential (1). 

Of greatest interest is the temperature depend- 
ence of the spontaneous magnetization of the anti- 
ferromagnet near the transition point. Using the 
previously-adopted symbols, the spontaneous mag- 
netization of each of the sublattices is M * 1/2, 
and, according to (3a) and (2) 


2M b= ie) Pepe (24) 


It is thus possible to determine, from the tempera- 
ture dependences of o and x, measured by us, 
the temperature dependence of the magnetization 
of the sublattices. If it is assumed that the coeffi- 
cients 6 in the expression for the thermodynamic 
potential (1) and the Hamiltonian (10) are of the 
same magnitude,* and in accordance with Eq. (11) 
we get 


M | Mo = (3/20) x8 1%. (25) 


(n/m) * 
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FIG. 8. Temperature de- 
pendence of the square of 02 
the relative spontaneous 
magnetization of the sub- 
lattices near the transition ai 
temperature. 


Figure 8 shows the dependence of the quantity 
(M/ My), calculated from the experimental values 
of o and xj, on the temperature difference ENT 
T. We see that near 1.5° (AT/Ty ~ 5%) the ex- 
perimental points fit the straight line 


(M/ Mo)’ = §(1 —T/Ty), (26) 


where  =3.6. Deviations from this law begin 
when M/My reaches 40%. It is known that molec- 
ular-field theory leads to an equation similar to 
(26) with oc = 3.4! Experiments made on ferromag- 
netic metals have led to values greater than 3, 


*Such an assumption is tantamount to adopting the molec: | 
ular-field model. 
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namely c=5to7 for nickel (references 22 and 
23 respectively) and c=7 for iron.*4 Measure- 
ments made on ferrites yield values of & from 
0.1 to 0.7. Thus the simple model of the molecular 
field describes the behavior of the spontaneous 
magnetization of antiferromagnets more accurately 
than that of metallic ferromagnets and ferrites. 
This conclusion is in agreement with the theoret- 
ical work of Vonsovskif and Vlasov® for ferromag- 
nets and of Neel?" for ferrites. Prior to this inves- 
tigation, only one paper was published on a study 
of the temperature dependence of M near TN 
(for CuCl,+2H,O)."° The curve obtained there is 
much steeper than ours, and shows no quadratic 
region. It is possible that this is due to the chain 
structure of the antiferromagnetic order-disorder 
in CuCl, « 2H,0.”° 

If we assume further that the sublattice mag- 
netization at T=0°K has the nominal value, i.e., 
My = (4) NupgS = 14.1 x 103 CGS magnetic units 
per mole, then o)/2My = 0.0067, i.e., the ferro- 
magnetic moment amounts to 0.67% of the nominal 


magnetization. We then obtain, from (11), B=0.15. 


According to the data of Neel and Pauthenet,’? 6 = 
0.7 for a-Fe,03. Using Eqs. (2) and (26) and the 
value of My, we get = 89x 10°. The value of 

Xi, Obtained from (3b) yields B = 24.2, The tem- 
perature variation of x, makes it possible to es- 
timate, using Eq. (3a), the coefficient D = 2 x 107, 
The foregoing representation of the molecular-field 
theory model were used by us only to estimate the 
coefficients of the thermodynamic potential (1). A 
qualitative thermodynamic derivation of the validity 
of Eq. (2) near Ty is confirmed by our experi- 
ments independently of these assumed models. 

5. Let us turn now to compare our results with 
Eqs. (18) of the spin-wave theory, derived in the 
first section of this paper. As follows from these 
formulas, o and yx, should diminish with tem- 
perature, following a quadratic law. Figure 9 
shows the temperature dependence we have ob- 
tained for a/ap. Of the three curves shown in the 
diagram, the first corresponds to linear tempera- 
ture scale along the abscissa, the second to a quad- 
ratic scale, and the third to a cubic. It is seen 
from the diagram that the experimental points fit 
the straight line well only in the case of a quad- 
ratic temperature scale. This proves at the same 
time that Eq. (18) fits correctly the temperature 
dependence of the spontaneous ferromagnetic mo- 
ment in MnCOs, in the temperature region down 
to 0.7Ty. This corresponds to a 25% reduction 
in the spontaneous moment. We find from these 
experimental data that the coefficient 7 in Eq. (18) 
has a value of 0.48. An important factor for the 
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verification of the spin-wave theory is that in our 
derived equations the same coefficient 7 deter- 
mines both the temperature dependence of the spon- 
taneous magnetization and the susceptibility x). 
However, as can be seen from Fig. 6, the experi- 
mental points for x, exhibit a much lesser tem- 
perature dependence than predicted by (18) with 
the aforementioned value 7 =0.48 (curve 2). An 
equally weak dependence is displayed also by the 
parallel susceptibility X;;-. The accuracy of our 
experiments is insufficient to derive an expression 
for this weak decrease in Xj, and x. 

The discrepancy we observed in the coefficients 
of the thermal dependence of o and yx , is obvi- 
ously proof of the shortcomings of the spin-wave 
theory used to derive (18). We have already noted 
that the principal shortcoming of the theory is that 
in the assumed model application of an external 
field at T=0°K does not change the magnitude 
of the lattice-magnetization vectors, but merely 
rotates them. If we forego this model, the Hamil- 
tonian of (10) must be written in the form of an ex- 
pansion in the terms of the small quantities yj. 

As already indicated above, antiferromagnets 
with a magnetic structure of MnCO, are the most 
suitable objects for verifying the spin-wave theory. 
In other crystals, owing to the presence of the 
large gap in the spin-wave spectrum (>0.1Ty), 
all the thermodynamic quantities should have an © 
exponential temperature dependence at low tem- 
peratures, a dependence difficult to verify experi- 
mentally. Measurements of the temperature de- 
pendence of the magnetic susceptibility of MnF,,°° 
NiSO,,°! and CuSO,®* in the region above 
(0.2—0.4) Ty, confirm that the T* law holds, 
as called for by the spin-wave theory. However, 
what fails to make this deduction convincing is 
that the temperature range in which the T? law 
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FIG. 9, Dependence of the relative ferromagnetic moment 


a/o, on the relative temperature T/Ty. 1) linear temperature 
scale along the abscissa, 2) quadratic scale, 3) cubic scale. 
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holds may, generally speaking, lie above the lim- 


its of applicability of the theory. On the other hand, 


more accurate measurements of the temperature 
dependence of the sublattice magnetization, per- 
formed by the nuclear-resonance method, give 
contradictory results. Poulis and Hardeman”® have 
found in the case of CuCl,*2H,O that M—M) ~ 1 
in the range (0.3—0.7) Ty. Jaccarino and Shul- 
man have found that M—M) ~ T°? for MnF,** in 
the region (0.02—0.3)Ty, and M—M,)~ T° for 
Cor," in the region (0.03 —0.5) Ty. We believe 
that these results apply to temperatures in the 
transition region between the exponential and power 
laws. 

For a more complete experimental verification 
of the spin-wave theory it would be important to 
obtain data on the specific heat of MnCO3. We 
used Eq. (20) to estimate the value of the magnetic 
specific heat MnCO3, using the previously men- 
tioned value 7 = 0.48, and found for the magnetic 
specific heat 


C2, = 460(T /67)? cal/deg-mole 
= 1,9-10!9(T / 67)? erg/deg-mole. 


For convenience in comparing the magnetic spe- 
cific heat with the lattice specific heat we write 
here the formulas with the same numerical co- 
efficients as in the Debye law, choosing suitable 
values of ®p. These formulas show that the mag- 
netic specific heat will be the same as that of a 
lattice with @p = 67°K. According to Anderson 
who measured the specific heat of MnCO,; from 
50 to 300°K, @p = 220°. This value, obtained 
from experimental data at relatively high tem- 
peratures, may be grossly in error. In any case, 
one might think that at helium temperatures the 
magnetic specific heat should exceed the lattice 
specific heat by 5 or 10 times. 
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CONCLUSION 


The principal results of this paper can be for- 
mulated as follows: 

1. It has been shown experimentally that the 
weak ferromagnetism of MnCOs, previously ob- 
served by the author jointly with Orlova® has an 
anisotropy which is predicted by the theory pro- 
posed by DzyaloshinskiY. At any direction of ap- 
plied magnetic field, the ferromagnetic vector o 
always remains in the basal plane of the crystal. 

2. The magnetic properties of the MnCO, 
crystal at T< Ty are isotropic in the basal 
plane, within the limits of experimental accuracy. 
This means that the effective anisotropy field in 
the basal plane does not exceed 100 oe. 
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3. An anomaly has been observed in the depend- 
ence of the magnetic moment on the field (H < 
2500 oe), when the field is directed along the 
trigonal axis. This anomaly may be due to rota- 
tion of the antiferromagnetic vector J in the basal 
plane, due to the field applied along the trigonal 
axis. Such a rotation was justified theoretically 
as a consequency of reference 7. 

4, It has been shown that near Ty the spon- 
taneous magnetization of the sublattices, M, in 
MnCO, in accordance with the thermodynamic 
theory, obeys the following law 


(M/ Mo)? =§(1—T/Ty). 


The value £ =3.6 agrees satisfactorily with & = 35) 
predicted by the molecular-field theory. 

5. From an analysis of the experimental curves 
of the temperature dependence of o, x, and x, 
we estimated the coefficients in the expansion for 
the thermodynamic potential. 

6. It has been established that in the 1.3 —23°K 
range the spontaneous ferromagnetic moment de- 
creases and follows a quadratic law. 

7. The spin-wave theory was used to calculate _ 
the dispersion of an antiferromagnetic with a mag- 
netic structure of MnCOg3 and to show that in this 
case two branches of the structure were obtained, 
one of which has practically no gap. 

8. With the aid of the dispersion law obtained, 
formulas were derived for the temperature de- 
pendence of o, x ,, Xj, and Cmagn- These for- 
mulas show that o and x, should diminish as the 
second power, with x, decreasing twice as fast 
as o. The experimental results, to the contrary, 
show very small decrease in x; as compared 
with o. This is evidence of the incompleteness 
of the existing spin-wave theory. 

In conclusion the author expresses deep grati- 
tude to Academician P. L. Kapitza for continuous 
interest in this work. The author is very grateful 
to I. E. Dzyaloshinskif for useful discussions and 
to V. I. Kolokol’nikov for help with the performance 
of the experiment. 


1T, Smith, Phys. Rev. 8, 721 (1916). 

*L. Neel and R. Pauthenet, Compt. rend. 234, 
2172 (1952). L. Neel, Revs. Modern Phys. 25, 58 
(1953). : 

* Shull, Strauser, and Wollan, Phys. Rev. 83, 

333, (1951). 

tp, Chevallier, J. Phys. et radium 12, 172 (1951). 

°G. Haigh, Phil. Mag. 2, 877 (1957). 

°A. S. Borovik-Romanov and M: P. Orlova, 

J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 579 (1956) a 
Soviet Phys. JETP 4, 531 (1957). 


| 


WEAK FERROMAGNETISM IN THE MnCO3 SINGLE CRYSTAL 549 


1S ap OP Dzyaloshinskif, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 32, 1547 (1957), Soviet Phys. JETP 5, 
£2.59 (1957). 

Bak. Ormont, Crpyktypbi Heoprannueckex BeljecTB 
(Structures of Inorganic Substances), M-L, 1950. 

°J. M. Ziman, Proc. Fiz. Soc. 65, 540 (1952). 

10R. Kubo, Revs. Modern Phys. 25, 344 (1953). 

LW Marshall, Proc. Roy. Soc. A232, 69 (1955). 

a Anderson, Phys. Rev. 86, 694 (1952). 

13M. I. Kaganov and V. M. Tsukernik, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 34, 106 (1958), Soviet 
Phys. JETP 7, 73 (1958). 

144. A. Turov and Yu. P. Irkhin, Izv. Akad. Nauk 
SSSR, Ser. Fiz. 22, 1168 (1958), Columbia Tech. 
Transl., in press. 

19.4. S. Borovik-Romanov and N. M. Kreines, 

J. Exptl. Theoret. Phys. (U.S.S.R.) 29, 790 (1955), 
Soviet Phys. JETP 2, 657 (1956). 

167. R. Clement and E. H. Quinnell, Rev. Sci. 
fastr. 23, 213 (1952). 

Aer eM: Douphinee and H. Preston-Thomas, 
Rev. Sci. Instr. 25, 884 (1954). 

18 Borovik-Romanov, Orlova, and Strelkov, 
YcraHoBJleHKe WKasbl HASKM“X TeMMepatTyp Mexzy 90, 19° K 
u 10° K (Establishment of a Low-Temperature 
Scale between 90.19°K and 10°K) M, 1954. 

19h, Bizette and B. Tsai, Compt. rend. 241, 369 
f1955) ; 

20 Anderson, Merritt, Remeika, and Yager, Phys. 
Rev. 93, 717 (1954). 

215. V. Vonsovskil and Ya. S. Shur, 
®eppomarHeTu3sMm (Ferromagnetism), M-L, 1948. 

22D. Weiss and R. Forrer, Ann. de Phys. 5, 153 
(1926). 


23k, P. Belov and A. N. Goryaga, ®usuxa Meras10B 
Kw MeTansopegenne (Physics of Metals and Metal Re- 
search), 2, 3 (1956). 

*4H. H. Potter, Proc. Roy. Soc. 146, 362 (1934). 

5 Belov, Bol’shova, and Elkina, Izv. Akad. Nauk 
SSSR, Ser. Fiz. 21, 1047 (1957), Columbia Techn. 
Transl. p. 1051. 

265. V. Vonsovskif and K. B. Vlasov, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 25, 327 (1957). 

271, Neel, Ann. de Phys. 3, 137 (1953). 

*8N, J. Poulis and G. E. G. Hardeman, Physica 
19, 391 (1953). 

2a, Marshall, J. Phys. Chem. Solids 6, (1958), 
in press. 

30M. Griffel and J. W. Stout, J. Chem. Phys. 18, 
1455 (1950). 

os Borovik-Romanov, Karasik, and Kreines, 

J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 18 (1956), 
Soviet Phys. JETP 4, 109 (1957). 

2. M. Kreines, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 35, 1391 (1958), Soviet Phys. JETP 8, 
972 (1959). 

33.7. Jaccarino and R. G. Shulman, Phys. Rev. 
107, 1196 (1957). 

=< Jaccarino, Shulman, Davis, and Stout, Bull. 
Am. Phys. Soc. 3, 41 (1958). 

35C. T. Anderson, J. Am. Chem. Soc. 56, 849 
(1934). 


Translated by J. G. Adashko 
141 


SOVIET PHYSICS: JETP 


VOLUME 36(9), NUMBER 3 


SEPTEMBER, 1959 


CONVERGING CYLINDRICAL DETONATION WAVE 


Ya. B. ZEL’ DOVICH 


Submitted to JETP editor September 13, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 782-792 (March, 1959) 


The properties of detonation waves close to the normal detonation wave are considered. 
A theory is set up for the amplification of cylindrical converging detonation waves, which 
describes exactly the amplification in the initial stages of the process. By comparison 
with numerical calculations, it is shown that the theory remains satisfactory even for 
small radii and appreciable amplification of the wave. 


1. INTRODUCTION 


A converging detonation wave was first consid- 
ered by L. D. Landau and K. P. Stanyukovich in 
1944 (this research was reported in the well- 
known monograph of Stanyukovich,! pp. 567-574). 
The authors found the asymptotic law of the in- 
crease in pressure for the approximation of a 
spherical wave at the center or for a cylindrical 
wave on the axis. If the adiabatic exponent is 
n= 3, the pressure in this case increases as 
r!-!3 in the spherical case and as r-°-4" in the 
cylindrical case. 

This research was noteworthy not only in its 
physical results but also in its methodology as an 
example of a power solution in which the exponent 
of the power was determined by the singular points 
of an ordinary differential equation and not by con- 
siderations of dimensionality. In the case of an 
unrestricted increase in the pressure, it is pos- 
sible to neglect the chemical energy of the explo- 
sive material in comparison with the action of the 
pressure. Therefore, the theory developed by the 
authors is the same for converging detonation 
waves and for converging shock waves in a chem- 
ically inert substance.* 

Neglect of the chemical energy is not only a 
consequence but also a premise of the theory: 
from dimensionality it follows that only in this 
approximation does the power solution satisfy the 
equations and we can go from the equation in par- 
tial derivatives to ordinary differential equations. 
Neglect of the chemical energy, which is valid in 
the last stage of convergence, is quite unsuitable 
at the beginning of the detonation of the charge of 
explosive material: at the beginning of the process, 


*The work of Stanyukovich and Landau was completed in- 
dependently of similar work by Guderley’ on the theory of 
converging shock waves in air. 


the pressure is entirely determined precisely by 
the chemical energy which is released upon the 
explosion. 

The purpose of the present research was the 
approximate (asymptotic) treatment of just this 
initial stage of the process of convergence of the 
detonation wave. At the starting moment, in the 
excitation of the explosion on the external surface 
of the sphere or cylinder, a normal detonation 
wave appears which does not differ from a plane 
detonation wave. The normal detonation wave is 
essentially different from a shock wave primarily 
because the amplitude of the detonation wave is de- 
termined by the properties of the explosive sub- 
stance and does not depend upon the method of 
generation, while the amplitude of the shock wave 
is entirely determined by the external action 
which the phenomenon of the shock wave brings 
about. 

This independence of the normal shock wave 
of the external reaction is associated with the fun- 
damental properties of the state achieved in a det- 
onation wave; these properties are considered in 
sec. 2. 

Along with the convergence there begins an in- 
crease in the pressure at the front of the wave and 
the normal detonation wave is replaced by the so- 
called compressional detonation wave, in which 
the pressure is higher than the normal; the state 
in the compressional wave depends not only on 
the chemical energy but also on the state of the 
products of the explosion which are found at the 
front of the detonation. Experimentally, the ex- 
istence of the compressional wave in gaseous 
detonation was first shown by B. V. Afvazov and 
the author .? 

The reasons for the increase in pressure is 
the center- (or axially) directed motion of the 
products of the explosion behind the detonation 
wave front: the products of the explosion move 
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in the direction of decreasing radius as though 
they were compressed and their compression is 
transferred to the wave front. In the limit of high 
pressure, the compressional detonation wave does 
not differ from a shock wave. However, we shall 
use the opposite limiting case, that is, we shall 
make use of the circumstance that at the beginning 
of the process the compressional wave differs 
slightly from the normal detonation wave. This 
circumstance, together with the fundamental prop- 
erties of the normal detonation wave, allow us to 
develop a very effective approximate method of 
calculation of the pressure on the wave front, 
which is given in Sec. 3. This method is applic- 
able, inasmuch as the amplitude is not too large; 
since the pressure in a cylindrical wave grows 
more slowly than in a spherical wave, the calcu- 
lations are given for the cylindrical case where 
the range of applicability of the method is the 
greater. In Sec. 4 we give the numerical results 
of a calculation according to this method. 

Finally, in Sec. 5, we compare our approximate 
method with the results of the numerical solution 
of the partial differential equation. The region of 

applicability is shown to be greater and the accu- 
racy better than could be expected a priori: differ - 
ences in the pressure, velocity, density do not ex- 
ceed 10 per cent for convergence of the wave up to 
a radius equal to ‘4, of the original, when the pres- 
sure itself increases three times in comparison 
with the original. All the calculations are carried 
out for the simplest case of an equation of state 
with n=3; however, in reality, the assumed ap- 
proximate method is applicable for any equation 
of state for the products of the explosion, since 
it is based upon very general properties of the 
detonation wave. 


2. PROPERTIES OF A NORMAL DETONATION 
WAVE 


It is well-known that for a detonation wave of 
explosive materials, the equations for the conser- 
vation of mass, momentum and energy can be sat- 
isfied for any pressure exceeding the pressure 
which is developed in the chemical reaction in the 
material at rest. To each value of the pressure 
there corresponds the definite density (the cor- 
responding line in the plane p, v =1/p is known 
as the Hugoniot adiabatic), a definite velocity of 
motion of the products of the explosion, etc. 

Of this series of states in the normal detona- 
tion there exists only one completely determined 
state (the corresponding point on the Hugoniot 
adiabat is known as the Jouguets point*). The fun- 


Bow 
damental property of this state is the condition 
Do = Uo + Co; (1) 


where D is the propagation velocity of the detona- 
tion wave, u is the velocity of motion of the ma- 
terial, c is the velocity of sound. The 0 indicates 
the quantities are evaluated at the Jouguets point. 

With the aid of thermodynamical relations, we 
can obtain the following properties of the Jouguets 
point and the properties of the Hugoniot adiabatic 
near the Jouguets point from Eq. (1): 


{dD / dp)i,o = 0. (2) 


The symbol H indicates that the derivative is taken 
along the Hugoniot adiabatic, the 0 indicates the Jou- 
guets point; at this point D has a minimum. Further, 


(dS / dp)iz,9 = 0. (3) 


In Eq. (3), S is the entropy of the products of the 
explosion; the entropy also has a minimum at the 
Jouguets point on the Hugoniot adiabatic. Finally, 


(du /dp)u,o= 1/p¢. (4) 


This latter property will be resolved in Sec. 3. 

In the propagation of a plane detonation wave from 
the free boundary of explosive material there enters 
into the products of the explosion the so-called cen- 
tral rarefaction wave, in which the pressure and all 
other quantities depend upon the ratio x/t, where 
x is the coordinate measured from the original posi- 
tion of the boundary of the explosive material, t 
is the time from the beginning of the detonation 
(A. A. Grib’, see also refs. 4, 5, and 13). 

At the coordinates x, t for which the charac- 
teristics are determined, i.e., the lines on which 


a) dx/dt=u+te, 8) dx/dt=u—c, (5) 


the plane detonation wave corresponds to the pic- 
ture of Fig.1: the @ lines (solid) represent the 
set of straight lines diverging from the coordinate 
origin; the 6 lines (dash) are, in the general 
case the set of similar curves with the center of 
similarity at the origin of coordinates. In the 
special case where the adiabatic exponent is n= 3, 


8Yy 


FIG, 1 


the 6 lines form a family of parallel straight 
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lines. This picture of the hydrodynamic dispersal 
of the explosive products behind the front of the 
detonation wave leads to the condition 


Deu (6) 


for the detonation wave itself. 

On the other hand, consideration of the chemi- 
cal reaction of the conversion of the explosive ma- 
terial to products of the explosion leads to the con- 
dition 

D<u+tec (7) 


(this condition was first obtained in this manner 
by the authors ® and later (independently ) by 
Doring" and von Neumann’; see also the researches 
of Grib® and Abramovich and Vulis’” ). In the ag- 
gregate, (6) and (7) lead to the condition (1). 

In what follows we shall consider the width of 
the zone of the chemical reaction to be very 
small and shall use only condition (7), which does 
not depend upon the absolute value of the reaction 
rate and the width of the zone. The impulse of 
pressure which produces (initiating) the detona- 
tion on the surface both above in the consideration 
of the non-trivial rarefaction wave and also below 
in Sec. 3, we shall consider small and shall not 
take into account. 


3. CONVERGING CYLINDRICAL WAVE, EQUA- 
TIONS, AND PRINCIPLES OF ITS APPROXI- 
MATE SOLUTION 


We consider the detonation and the movement 
of products of the explosion soon after the time 
when the detonation was initiated at the moment 
t = 0, simultaneously on both lateral surfaces 
of a long cylindrical charge, r=ry. Initially, 
although, for the path described by the wave, 
Dt<«ry, the process is evidently not different 
from the propagation of a plane wave and we 
shall deal with the normal detonation wave and 
a central rarefaction wave adjoining it (for fur- 
ther details see Fig. 2). In comparison with Fig.1, 
the only purely formal difference lies in the fact 
that instead of x=0 we must set r=ry and 
reverse the direction: the detonation is propagated 
inside, in the direction of the decreasing r. 

Along with the propagation of the detonation 
wave, a compressional wave develops; however, 
we limit ourselves to that region in which we 
can consider the wave as differing but slightly 
from the normal. Then, from the properties 
of (2), we conclude that we can regard 


DD, =const. (8) 
It follows from the property (3) that 
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Finally, we get from the property (4) that 
(on the wave front) 


u = — Up if ae u- eee alia (10) 


(with account of the fact that the wave now moves 
from right to left; we change the side of the velocity 
on the front u < 0). 

We now consider the motion of explosion prod- 
ucts behind the front and shall make clear in what _ 
manner the approximations (8) — (10) simplify the | 
calculation of the process. | 

The equations of motion, for cylindrical symme-_ 
try, take the form / 


du ou Ou 10p,. dS i Sh OS araeas 

et op tt ap ae) ade Oe oe 
de 0 du | oe = phere Gab) (11) 
ae Ge ‘Onan a Oe 


We must add to these the thermodynamical equa- 
tion of state p=p(p,s). 

Since the entropy is conserved in each particle 
in the course of time, the entropy at the moment of. 
completion of the chemical reaction in the approx- 
imation considered is also the same, according to 
(3) and (9), consequently the entire motion as a 
whole is isentropic, S=S ) everywhere, and the 
pressure can be regarded as a function of the den- 
sity alone. 

It is known that Eqs. (11) can be written in 
terms of characteristics 


da Lk gira __ ue 
dt |dx=(u+c) dt Do WE exon  “@ © (11’) 
where 
Bas Bisa te os = 4 
da = du + = dp; dB = du— se (12) 


Since the entropy is constant, we can then re- 
gard p and c as functions of a single pressure, 
and introduce 

dp 


e=o(p)=\2; 


a 8=u—o. (13) 


A= UG; 
it is appropriate to express all quantities in terms 
of @ and £. For this purpose we must transform 
the dependence of yg (p). We obtain 


GaP) : 
allay Wiad acter a 
anf 14 

p= p(¢); c=e(p)=c(45"). oe 


For the known dependence of p(p), the func- — 
tion c(a-—£)/2 is found to be elementary. As — 
was noted by Stanyukovich,!! an especially simple 
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dependence is obtained for p = const p°: in this 
case, 


P=6; 


€ = (a— BY/ 2; 


This case will be considered below in concrete 
calculations; however, we can also make some 
steps toward a general form for arbitrary de- 

_ pendence of c(¢). 

The picture of the motion under consideration 
in the plane r, t is shown in Fig. 2. The broad 
line represents the front of the detonation wave; 
its equation is r =rg—Dt =rg—Dpt in our approx- 
imation (D is the absolute value of the speed of 

_ the detonation). In comparison with Fig. 1, the 
roles of a- and £-characteristics are reversed. 


u+-C=e¢, w—c=Bf,. (15) 


FIG, 2 


The thin solid lines in Fig. 2 are the B-character- 
istics (dr/dt =u—c), while the dashed lines are 
the a-characteristics (dr/dt =u+c); in the re- 
gion around the point t=0, r=rg, the motion is 
not different from a plane wave; we have a central 
wave and from this point there go out the rays of 
the $-characteristics. The a-characteristics 
go out from the wave front. 

Equations (4) and (10) show that, close to the 
Jouguets point, when the wave has become com - 
pressed, in our approximation, 


a =u-+\dp/oc = const = a; (16) 


the invariant @ remains constant on the wave 
front. 

As a consequence of the fact that the motion is 
not plane but axially symmetric, there is a right 
hand part to Eq. (11’), and along the a-lines, the 
value of q@ does not remain constant; also the 
value of 8 is not a constant along the 6 -charac- 
teristic. Close to the front, |8| increases with 
time, in accord with (11’) (u< 0, B=u-@ <0, 
dB/dt < 0); therefore the velocity of propagation 
of the $-characteristic increases, andthe f- 
lines, which were initially close to rpg are propa- 
gated somewhat more slowly than the detonation 
wave; they then overtake it as is shown in Fig. 2. 
The growth law of the amplitude of the detonation 
wave depends on the #-characteristics intersect- 
ing it. We note that the fact of intersection is it- 


self connected with the fact that for the compressed 
wave, D<|u|+c, which is quite permissible 
from the chemical point of view. Equation (1) which 
applies to the normal (non-compressional) wave 
cannot be differentiated along the Hugoniot adia- 
batic. 

The value of 6 on the characteristic at the 
point of intersection of the B line with the front 
is determined by the previous motion of the prod- 
uct of the explosion. The value of 8, together with 
the equations of conservation (the Hugoniot adia- 
batic), completely determines the parameters of 
the detonation wave. In this case, for |8|>| 9, 
we obtain a compressed detonation wave (the value 
of By) corresponds to the Jouguets point). 

On the other hand the £ line on which 
|8|<|B | does not overtake, and does not inter- 
sect, the line on the detonation wave so that the 
states below the Jouguets point do not exist (for 
more details on this subject see reference 12). 

As is seen from Fig. 2, the pressure on the 
wave front of interest to us is entirely deter- 
mined in the r, t plane by the motion in a nar- 
row segment bounded on the left by a detonation 
wave emanating from the point t=0, rg at the 
point B, and the right, by the 6 -characteristic 
which joins these two points. The assumed ap- 
proximation is that in this segment we have 


== Cy (17) 


As has already been pointed out, inside this seg- 
ment, da/dt #0 along the a-characteristic. 
However, @=Q), da/dt =0 along the detonation 
wave. 

Since the segment is narrow, then the value of 
a for a finite derivative changes only slightly in- 
side the segment. 

For a given curvature of the # line, the width 
of the segment is proportional to (rp) —r )2 ase 
that for small ry-r, for investigation of the ini- 
tial period of convergence of a cylindrical wave, 
the assumption (17) appears asymptotically accu- 
rate, the terms thrown away in this case being of 
much higher order in smallness of (r)—r) in 
comparison with those retained. Actually, thanks 
to a favorable numerical factor, the approximation 
(17) is applicable in practice for any r. 

Because of (17), Eq. (11’) for the $-character- 
istics becomes an ordinary differential equation 
and is solved in elementary fashion. Actually, we 
can write it in the form 


a3 hay Pre ali =. (18) 


dt |dr=(u—c)dt dr \dt=dr/(u—c) r 


In this equation u and c can always be expressed 
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in terms of 8 and a@. Moreover if, in accord with 
(17), @ is constant, then we get 


dB /dr = F (8, %)/r; 


The variables are separable and the equation can 
be integrated in elementary fashion. 

In integrating the equations, we must put in the 
initial conditions; a whole pencil of 6 -character- 
istics emanate from the point r=ry. We select 
one of these, giving the definite initial value 6 = f,, 
at the point r=ryp, t=0. Weshall take ap to be 
constant in what follows. 

Let us find r(f, 6;) and then the equation of 
the £-characteristic in the plane r—t. Knowing 
the expressions u and c interms of 6 (fora 
constant @=a@)), we write 1/(u-c) =%¢(f8). 


(19) 


Then 
dt 
oF eereereeAl 
dt = $(p) dr = 4 (6) SE ag, (20) 
Integrating the latter expression, we find t = 
t(8, 6). Thus the family of 8 characteristics 
is given by two parameters: 


Varying £;, we change from one characteristic to 
another; varying 8 for constant 6,, we move 
along the characteristic. 

Now the amplitude of the detonation wave ata 
given radius r is found in simple manner: we sub- 
stitute in (21) the value of r and the instant of 
time corresponding to it on the detonation wave, 

t =(r)y—r)/Dp. Solving the two equations (21) for 
6, and £, we find the value of £ on the wave 
front at the given radius. The value of £, to- 
gether with the Hugoniot equations, determine the 
amplitude of the wave. The numerical side of the 
work is given in the following section. 

On the theoretical side the treatment is con- 
nected with the singular acoustical properties of 
the normal detonation wave: the characteristic 
bearing the corresponding value of B is such 
that (|8|< ||) does not reach the detonation 
wave and then the wave “yields” the value @ = a 
and the entropy S=Sj), which depend only on the 
properties of the explosion material. The charac- 
teristic possessing such a f that |8|> | Bol, 
reaches the detonation wave, transforms the nor- 
mal wave into a compressional wave. In principle 
now, @ and S, created by the wave, depend on 
the incoming £, but in first approximation (in 
the value of p—pp) or B-f)), the excitation car- 
ried by the 6 characteristic is not reflected from 
it as though completely absorbed by the detonation 
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wave. This leads to the fact that in first approxi- 
mation the values of S and a going out from the 
surface of the detonation wave do not change with 
8. In the following approximation it can be shown 
that S—S) and a@-—ay are proportional to 

(B- ayes i.e., are of a higher order of smallness. 


4, NUMERICAL RESULTS OF THE APPROXI- 
MATE METHOD 


Let us consider the case of the equation of state 


p=Ao®?, c=VOp/Op=p V3A, w=u+te, B=u—c. 
In this case, as is well-known,!'! 
Po =.*/s P00, Do = 4/sCo = 4/5 V3A Po; 
=8/,Do, Uo = VD, % =f2Do, Bo=— Dy. (22) 


Here the initial density of the exploded material 
before the detonation is designated by po, in con- 
trast to p,y — the density of the products of the ex- 
plosion at the Jouguets point. The equation in 
characteristics (11’) has the form 


dB 


dt \arjat= BR 


= _ a2? — 2 
“e dtidr=1/8——té«<C 


aupatiatine® @ = Q@) = constant and the initial 


conditions 6 = 6,;, r=Yro, we find 
p= ff — io / (B? — 9), (24) 
0 (Bj — 
i tx) —x (A) 
i 4a 8 648 - oe —_ 
See aye re +. 3In (25) 


After B’(r) on the front is found from ea (25), 
and t=(r,)-r)/D, we find, within the framework 
of our approximation, 


U = (% +B’) /2, 


0 = CONSt=¢, 


C = (% — 8’) /2, 
p =const-c3 (26) 


(the numerical values of @’/Dy) and p’/py as 
functions of r/rg are given in Table I) 


TABLE I 

r B’ fey r B’ 
ro Ds Po ro | De 
1 1.000 | 4.000} 0.02 | 1,908 
0.8 1.023 | 1.047} 0.04 | 2.238 
0.6 A05osF e445 
0.4 1.108 | 1,230 
0,2 Wee 1.514 
0.45 1.283 
0.10 1.376 
0.08 1.435 
0.06 1.516 
0.04 1,646 


However, the condition @ = ay on the front of '~ 


the compressed wave is only approximate; there- 


(23) 
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fore such p, p satisfy the conservation equations 
only with-accuracy up to terms (’— Bales To ob- 
tain internal consistency of the value u, Py, ON 
the front, we must take the exact Hugoniot adia- 
batic, find u(p), p(p), e(p), on it, construct 
B(p) =u(p)—-c(p) (we remember that u < 0, 

8 <0 for the case of motion toward the center ) 
and for a given @’ find p, p, u which satisfy 
the conservation equations exactly. 

At the radius 0.2, even if the calculation of p’ 
does not contain a large error, in each case it is 
no longer possible to make use of Eqs. (26) for 
the determination of u, c, p, p for a given p’ 
(see Sec. 5). 

For r/ Lo close to unity at the beginning of 
the process, it is not difficult to obtain expansion 
of the solution in a series. We find 


Pee Os cea 3 ges 
Abe ie lieeo erie 


2D AG 3 r ie Nhe 
ocr etree 
Thus, the rate of growth of the pressure at the 
beginning of the process close to the free surface 
of the charge is approximately twice as slow as 
the asymptotic rate, close to the axis, found by 
Landau and Stanyukovich(r~°-!88 instead of r~°-4"). 
In the solution of Landau and Stanyukovich, the 
pressure at each moment has a maximum at a cer- 
tain distance from the surface of the detonation 
wave (Fig. 3a); it can be thought that this maxi- 
mum passes on its excess pressure to the wave 
front and is the reason and the necessary condi- 
tion for the growth of pressure on the wave front 
in connection with the propagation, 


D Pp 
i) 
aes MS 
Pe Ty TT 
a b 
FIG. 3 


In our solution, the pressure distribution at the 
beginning of propagation (Fig. 3b) differs but little 
from a plane wave; the pressure is maximum on 
the front and has a finite negative partial deriva- 
tive with respect to the coordinates in the vicinity 
of the wave front. ‘Nevertheless, as is seen from 
the result obtained above, the pressure on the 
front begins to increase rapidly along with the 
convergence of the wave, beginning with r =Tro, 
the increase is determined by the arrival at the 
front of the 8-characteristics, which yield a 
value of 6 which increases in absolute magnitude; 
the quantity 6 depends not only on the pressure 
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but also on the velocity of the material. Any es- 
timate of the variation of the wave derived from 
a single distribution of pressure is invalid. 


5. EXTRAPOLATION OF THE SOLUTION AND 
THE EQUATION OF STATE 


It must. be expected that the solution remains © 
numerically satisfactory even there where it is 
impossible to consider the change of pressure on 
the front of the detonation wave (“compression”) 
as small, and therefore the value of the entropy 
and the invariant a wil differ significantly from 
Sp and qd) at the Jouguets point. 

The basis for such optimism lies in the fact 
that the approximation is contained in the replace- 
ment of a by qd) in the expression (8 of ur, 
In this case, * is initially four times a? and 
then even greater; in such a case, a significant 
relative change of a changes 6*—a* but slightly. 

However, in the final stage of the calculation, 
in computing the pressure and other quantities 
corresponding to a given f, it is no longer pos- 
sible on the wave front to make use of the simple 
relations (26), which refer only to the vicinity of 
the Jouguets point. One must construct an exact 
adiabat. Here there arises a question on the equa- 
tion of state of the products of the explosion. Fol- 
lowing Landau and Stanyukovich, we have assumed 
p= Ap where the quantity A is easily found 
from the velocity of a normal detonation. 

Up to the present time, although isentropic 
processes of the expansion of the products of the 
explosion (slight supercompression) have been 
considered, nothing more has been required for 
the calculation of the hydrodynamic side of the 
problem, inasmuch as we are not especially in- 
terested in the temperature of the explosion prod- 
ucts. However, for strong supercompressions that 
reach (in the approximation of the wave) to the 
axis of symmetry, is necessary for the hydrody- 
namical calculation to know not only the pressure 
but also the energy of the explosion products, in 
their dependence on density and entropy. 

We can write the equation of state in the form 


jee 1A 90” ++ eeneras j= Age? at OF therm P, (27) 


where Ajp® is the elastic pressure, Aop?/2 is 
the corresponding elastic energy; we can calculate 
these as well as the pressure and energy at abso- 
lute zero. (Actually at absolute zero the pressure 
vanishes for a density pg of the condensed prod- 
ucts of the explosion (solid hydrocarbons, ice, 
etc.) which is close to 1 gm/gm?, and it would be 
more accurate to write p° — p>, in place of oe In- 
asmuch as we are interested in densities of 2—3 
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gm/cm® and higher, we do not need to consider 
this correction). The second term Etherm TeP- 
resents the thermal energy, w is a dimensionless 
constant, 

It follows from thermodynamics that 


OE therm(?, S) 
0(1/¢) 


0 In Etherm(?; S) 
Olne 


P therm= — =PL therm ’ (28) 


in which the meaning of the dimensionless constant 
w of (27) is determined. For a power-law depend- 
ence of Etherm on p, w is constant. 

For ideal gasses and constant heat capacity, 
w=x-1 where xk =cp/cy is the adiabatic expo- 
nent. In our case, w cannot be constant. Here 
we shall not enter into the physical theory of w. 

In the consideration of the detonation, two limiting 
assumptions are possible, each of which simplifies 
the calculation considerably. 

The first assumption w = 0: 


E = Age? /2-+ F(S); p= Aop® (29) 


corresponds to a representation of a purely elastic 
pressure. The elastic term in the energy Aj)p?/2 
corresponds to the elastic pressure; moreover, 
there is also a thermal term F(S) in the energy; 
however the thermal pressure is equal to zero, 
since OF/dp = 0. 
The second assumption, w = 2, leads to the 

equations 

E=A(S)e?/2; p= A(S)¢? = 2Ep. (30) 


In this case there are elastic and thermal pres- 
sures, but the value of w is specially chosen so 
that the adiabatics of the heated explosion products 
(S #0) have the same form functionally, A ~ ps 
as does the elastic pressure, p=A (0) p®. In this 


case, 
Bareen== 1» [A (S) —A (0)] ae 


P therm = [A (S) peg (0)] p°. (31) 


Estimates based on statistical mechanics show 
that the probable value of w lies between zero 
and 2, so that the actual results lie comewhere in 
the region between the two assumptions (29) and 
(30). 

It is easy for each case to construct the Hugo- 
niot adiabatic of the detonation process. It is con- 
venient to be given the magnitude of ; then, in the 
first case (29), 


p=Ap*?; c=e V 3Ag; u = — p (Ao (p — foo) | Poo), 
D = 0? (Ao/ P00 (9 — 20))- (32) 
the sign of the velocity u corresponds to the mo- 


tion of the detonation toward the center. 
From the energy equation we obtain 
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F(S)=Q— Ago” + Ap? / 2000, (33) | 


where Q is the chemical energy of the exploded 
material. 

The Jouguets point corresponds to py = 43 /q0, 
all its properties are easily verified directly from 
Eqs. (32) — (33). Precisely in this case, the veloc- | 
ity of the normal detonation is directly proportional 
to the initial density | 


16 <a 
Diy = > Poo V 3A. 


D and Dy do not depend on the chemical energy, 
only the entropy S depends upon Q. The regime | 
is possible only for Q > !%, AGpsy: In the compres- | 
sion wave, the density can increase without limit. 
With the aid of (32) we find B=u-—c=£6(p). In 
the previous section, B(r) was found (Table I). 
From this it is easy to find p(r) and p(r), i.e., 
to bring to conclusion the approximate solution of 
the problem of the pressure of a converging cylin- 
drical detonation wave without assumptions on the 
smallness of the compression. The results are 
tabulated in Table II. The pressure is given in 
column 2 and is found from our approximate the- 
ory. The pressure plotted in column 3 was found 
under the same assumptions on the equation of 
state by numerical integration in differences of 
the partial differential equations; integration was 
carried out with an electronic computer. 


(34) 


TABLE II 
p p 

To Po (erect 

1 2 3 
fl 4 1 
0.8 4,05 1.05 
0.6 Atala dsc 
0.4 123 1.24 
0.2 1,54 1.54 
0.45 4,67 sae 
0.4 1.94 2.01 
0.08 Bil? PEAY 
0.06 2.40 2.49 
0.04 2.86 3.00 
0.02 3.96 4.18 


The limiting law for r—0O was obtained in the 
following fashion: in accord with (24), for large £, 
r-~ (B27 =— 05) ~ pats B~rh, 

On the other hand from (32) for large p and p, 
u~pk~Wp; cr~o~p'hy usc; Beu~Y p. 
Hence 
rk ~ VW p; p~r—l, (35) 


We now carry out a similar analysis of the sec- 
ond assumption with regard to the equations of _ 
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state (30). In this case we must make direct use 
of all the conservation equations, eliminating the 
energy equation. We obtain 


P = 2000 / (2600 — 9); 
c= V3p/p; 


D = [pe / Poo(e — Poo) ]"”, 


= — [p(p— sey, Poo?) 2; 


A (S) = 209Q /p? (290 —). (36) 


Again the Jouguets point corresponds to py = 49/3. 


The velocity of the normal detonation 
(37) 


does not depend upon the density as is the case for 
ideal gasses. Actually, the velocity of the detona- 
tion of given explosive material with given Q in- 
creases appreciably, although somewhat more 
slowly than po , with increase in the initial den- 
sity; it is therefore evident that the second variant, 
Eq. (30) certainly does not exist in pure form, 

w< 2. On the other hand, w=0 would denote the 
complete absence of thermal expansion, absence 
of the effect of temperature on pressure. In the 
same way, it is shown that (29) and (30) are actu- 
ally limiting assumptions; the truth actually lies 
in between. 

Returning to the second variant [equation of 
state (30)], we note that, in accord with (36), the 
density in the compression wave never exceeds 
2Po9- Juandau and Stanyukovich in the theory of 
a converging cylindrical detonation wave con- 
sidered just this case. 

In the second variant, when the entropy is a 
variable, strictly speaking, the fundamental equa- 
tion (11’) also changes, and the very definition 
B=u-—c becomes inaccurate, since the density p 
now depends not only on p but alsoon S. Neg- 
lecting these corrections, we find the value of 
u—c from (36) in its dependence on p and with 
the help of the known £’(r) ‘we finally obtain 
p(r) as in the first variant. We have positive 
results in Table IJJ. In column 2 are given the 


TABLE III 

r Pp 

ia = (2) exact 

4 2 3 

4 4 4 
0.8 1.05 1.05 
0.6 siege Gt Area 
0.4 4.23 1e25 
0.2 ASA 157 
0.15 4.67 1.76 
0.4 41,93 2.08 
0.08 2.10 2.30 
0,06 2.36 2.63 
0.04 2.93 3.24 
0.02 3.80 
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results of the approximate calculation described 
above. In column 8 are given the results obtained 
on an electronic computer. 

The asymptote of the second variant does not 
differ from the asymptote of the first: p = r'/2, 
It is significantly close to the result of Landau 
and Stanyukovich: p ~ r~°-4” for this case. We 
note that the opposite limiting case of a cylindric 
acoustical (weak) case also yields p ~ py ~ pt? 

As a whole, as is seen from a comparison with 
numerical calculations and the asymptote, the re- 
gion of applicability of the approximate theory is 
much broader than could be presumed previously. 

We note that it follows from the very nature of 
the derivations that the approximate theory gives 
only a description of the conditions on the wave 
front, but is neither intended nor suitable for a 
description of the motion of the entire mass of 
the explosion products. 
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lations to S. B. Aratskin, E. I. Zababakhin, Ya. M. 
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and K. P. Stanyukovich. 
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The direct fission of a nonspherical nucleus, which occurs when the absorbed particle 
transfers a large amount of angular momentum to the nucleus, is considered. 


J It is well known that the fission of stable nuclei 
under the action of fast particles is possible if the 
excitation energy of the compound nucleus formed 
in the process turns out to be larger than the crit- 
ical energy for fission. The critical energy for 
fission can be found from the conditions of unstable 
equilibrium of a nucleus under the action of forces 
of surface tension and forces of Coulomb repul- 
sion.’ However, in the case of nonspherical nu- 
clei which have a rotational degree of freedom 
such a discussion turns out to be incomplete. 

Indeed, since the moment of inertia of a non- 
spherical nucleus differs from zero a collective 
rotation of the nucleus is possible.*** This rota- 
tion leads to the appearance of centrifugal forces 
which in the case of sufficiently large angular 
momentum may lead to nuclear fission. The con- 
dition for fission of a rotating nonspherical nu- 
cleus may be obtained by investigating its stabil- 
ity under rotation with respect to small deforma- 
tions. The angular momentum of rotation which 
may lead to fission can be communicated to the 
nucleus by some fast particle absorbed by it if 
the impact parameter of this particle with respect 
to the center of the nucleus exceeds a certain crit- 
ical value. Indeed, as a result of the law of con- 
servation of angular momentum the mechanical 
angular momentum of the absorbed particle is 
transferred to the nucleus, and such a transfer 
will be accompanied by fission as a result of the 
instability of the rotating nucleus with respect to 
small deformations. 

The fission of nonspherical nuclei arising as a 
result of the absorption of particles with large 
amounts of mechanical angular momentum will 
evidently occur without the intermediate stage 
of a compound nucleus. Therefore the indicated 
fission mechanism for nonspherical nuclei may 
be regarded as a mechanism of direct fission.* 


*Pik-Pichak® has investigated fission with formation of a 
rotating compound nucleus. 


The angular distribution of fission products in the 
case of such a direct mechanism will have prop- 
erties characteristic of distributions pertaining 
to direct processes. 

2. First let us obtain the condition for the fis- 
sion of a rotating nonspherical nucleus. For the 
sake of simplicity we shall assume that the non- 
spherical nucleus has the shape of an elongated 
ellipsoid of revolution. We denote the length of 
the semi-axes of the ellipsoid by a (axis of sym- 
metry) and b (a=b). We denote the eccentric- 
ity of the ellipsoid by e: 


e& = 1— 6? /a’. 


The total energy of the rotating nonspherical 
nucleus &@ may be written in the form of a sum 
of the surface energy @,, the Coulomb energy 
éq and the rotational energy ¢yot. 

The surface energy of the nucleus is equal to 


&; =: 2x0ab \V1 —e? + & arc sine} ’ (1) 


where O is the phenomenological surface tension 
coefficient. 

On the assumption that the electric charge is 
distributed in the nucleus with the constant density 
p = Ze/V the Coulomb energy of the nucleus may 
be written in the form 

B= 0 \e(r)av, 
where g(r) is the electrostatic potential inside 
the nucleus and the integration is taken over the 
volume of the nucleus. By utilizing for the elec- 
trostatic potential of a uniformly charged ellipsoid 
the expression® 


\ ds 
J Va@+s(b +5) ’ 


e(t) = pab? |} 1 ae es 
0 


ape + 22 
ots 
we will obtain the Coulomb energy of the nucleus 
in the form 


3 (Ze)t | Ate 


Ot ag a Doe." (2) 
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The rotational energy of the nucleus is equal to 
Grot = fier is (3) 


where L is the angular momentum of rotation of 
the nucleus, I is the moment of inertia of the nu- 
cleus which depends on the eccentricity «. Fora 
spherical nucleus the moment of inertia I must 
reduce to zero. Therefore the nucleus cannot be 
regarded as a solid. In order to determine the 
moment of inertia of the nucleus we can make use 
of the model of potential flow of an ideal fluid in- 
side a rotating nonspherical shell.*»’ In this case 
the moment of inertia will be determined by the 
following expression 

2 4 
See ‘> 
where M is the mass of the nucleus and y isa 
numerical coefficient (y ~ 4), which must be in- 
troduced in order that for a given nuclear defor- 
mation ¢€ a value for the moment of inertia will 
be obtained which corresponds to experimental 
data. 

Let us consider infinitesimal deformations of 
the nucleus of the form a—a+d6a, where 6a>0. 
By assuming that nuclear matter is incompressible 


we obtain from the condition of constancy of nuclear 


volume during deformations (V = const) 


The total change in energy in the case of such 
a nuclear deformation is equal to 


86 a dé, + 084 =F SG roty (5) 


where 6@, and 6éq are the changes in the sur- 
face and in the Coulomb nuclear energies and 
68yot is the change in rotational energy due to a 
change in the moment of inertia of the nucleus as 
a result of deformation at a given angular momen- 
tum. 
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Evidently the nueleus will be stable with respect 
to deformations of the form indicated above pro- 


vided 6¢>0. However, if 6¢ <0 then the nucleus 


will be absolutely unstable, i.e., an arbitrarily 
small deformation will lead to nuclear fission. On 
substituting into the inequality 6¢ =0 the expres- 
sions (6), and on solving this inequality with re- 


spect to the square of the angular momentum L?, 
the condition for the fission of a rotating nucleus 
may be written in the form 


L?> Lin, (7) 


where the critical value of the square of the angu- 
lar momentum is determined by the following ex- 
pression 
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+ 3(1 —e2)/2(2+e2)} 2, (8) 


From condition (7) it follows that a nonspherical 
nucleus cannot have an angular momentum greater 
than the critical value Ly. If a nonspherical nu- 
cleus is given an angular momentum exceeding the 
critical value Ly, then this will immediately lead 
to the fission of the nucleus. 

3. A nonspherical nucleus can acquire an amount 
of angular momentum which leads to fission by ab- 
sorbing a fast nucleon with sufficiently large impact 
parameter with respect to the center of the nucleus. 
Evidently the maximum value of the impact param- 
eter of the absorbed nucleus is equal to a; in this 
case the angular momentum communicated to the 
nucleus is equal to L=av2mE, where m is the 
mass and E is the kinetic energy of the nucleon. 
By utilizing (8) one can find the critical value for 
the energy of the incident nucleon 


1 
Be 
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Here 


Oe = Ars, 


Us = 4nr20, (Z?/ A)o = (40 / 3) (r30 /e%), 


x =(Z?/ A)/(Z?/ A)p 


A is the mass number. 

If the energy of the incident nucleon exceeds 
the critical value E = Ey, then the absorption 
of the nucleon may be accompanied by direct fis- 
sion of the nonspherical nucleus. However, if 
E < E,,, then fission is possible only with the 
formation of a compound nucleus. 

By setting ry = 1.41.07 cm, Ug = 15 Mev, 
I=2x1074 g-cm’, a/b =1.5 and x=0.7 (the 
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nonspherical nucleus Hf!®°) we obtain for the crit- 
ical energy in the case of neutrons the value Ey, = 
20 Mev. (The value for Em obtained above is 
correct only in order of magnitude, since in the 
course of finding E,, the expression (4) for the 
moment of inertia of the nucleus has been utilized. 
If the nucleus is regarded as a solid then we shall 
obtain for Ey a value which is several times 
larger.) 

We note that the criterion E = Ey, for the pos- 
sibility of fission of a nonspherical nucleus under 
the action of particles of energy E holds only in 
the case when Ey > h2/I. Indeed, if Ey < h?/I, 
then even though the inequality E >Ey, is fulfilled, 
the condition E > h2/I may not be fulfilled, which 
means that there is a possibility of the incident 
nucleon transferring energy to the rotational de- 
gree of freedom of the nucleus. Therefore the 
whole discussion is valid only for sufficiently large 
values of moments of inertia of nuclei. 

4. Let us find the cross section for the direct 
fission of nonspherical nuclei under the action of 
fast nucleons. For the sake of simplicity we shall 
consider the nucleus to be perfectly absorbing. 

We choose a system of coordinates in such a 
manner that the momentum of the incident nucleon 
p will be directed along the Y axis, while the axis 
of symmetry of the nucleus lies in the XY plane. 
Then the extent of the shadow of the nucleus on the 
plane perpendicular to the momentum will be de- 
fined by the ellipsoid with the semi-axes ¢(@) = 
avVl—e*cos* @ and b, where @ is the angle 
between the momentum of the incident nucleon and 
the axis of symmetry of the nucleus. 

The angular momentum of the nucleon with re- 
spect to the axis perpendicular to the momentum 
of the nucleon and to the axis of symmetry will be 
given in the chosen system of coordinates by L= 
xp. When the nucleon is absorbed by the nucleus 
this angular momentum will be transferred to the 
nucleus. If L = Lm, i.e., x= Lp /p, then the 
absorption of the nucleon will be accompanied by 
direct fission of the nucleus. The cross section 
for such a process will evidently be equal to the 
area of the segments cut off from the shadow by 
the straight line x =+Ly,/p: 


o(E,.8) =-260 (arc cos EF / pa =) 


if (10) 


The cross section (10) corresponds to a definite 
orientation of the axis of symmetry of the nonspher- 
ical nucleus. In the case of nonoriented nonspher- 
ical nuclei the expression (10) should be averaged 
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over all the possible orientations of the nuclear 
axis of symmetry. As a result of such averaging 
we obtain 


n 
2ab aoa 
3(E)= 2\Vvi = ¥ [are cos pa 
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| dy, (11) 
where A= Ly/ap = VEm/E, while the upper 
limit for the integration n should be taken equal 
to 
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Expression (11) may be integrated in two limit- 
ing cases. Near the threshold the cross section 
for direct fission is. equal to 


¢(E) = (ab/4s)(1—Em/E)?, E—En<E. (12) 
In the case of high energies of incident nucleons 

(E > Ey,) the cross section of direct fission co- 
incides with the total cross section for the absorp- 


tion of nucleons by a nonspherical nucleus 


> Em 


o == > ab(VI—@ + Larcsine), 
Formula (11) determines the maximum possible 
value of the cross section. Actually the cross sec- 
tion for direct fission will be less than (11) as a 
result of competition of other processes both direct 
ones and also those with the formation of a com- 
pound nucleus. Qualitatively this may be taken into 
account by introducing into formula (11) a factor 
smaller than unity which describes the probability 
of direct interaction between the incident particle 
and the nucleus accompanied by transfer of a large 
amount of angular momentum to the whole nucleus. 
5. The study of direct fission of nonspherical 
nuclei in the case of deuteron stripping may be of 
particular interest. As a result of the law of con- 
servation of angular momentum the fission prod- 
ucts of a nonspherical nucleus will fly apart in the 
case of a direct fission process in the plane con- 
taining the direction of motion of the absorbed 
nucleon and the axis of symmetry of the nucleus. 
The other nucleon from the deuteron liberated as 
a result of stripping will also come out in the same 
plane. Thus, the direction of emission of the nu- 
cleon liberated during stripping and the direction 
of separation of the fission products of a nonspher- 
ical nucleus will be correlated. The establishing 
of such a correlation may be utilized for the sep- 
aration of the direct process from fission proces- . 
ses with the formation of a compound nucleus. 
Let us determine the cross section for the 
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stripping reaction accompanied by direct fission 
of a nonspherical nucleus on the assumption that 
the deuteron radius is considerably smaller than 
the nuclear dimensions (Rg «<a and b). Under 
this assumption the total cross section for the 
stripping reaction is equal to the perimeter of 

the area of the nuclear shadow multiplied by one- 
quarter of the deuteron radius Rg. The cross sec- 
tion for the stripping reaction accompanied by di- 
rect fission will be proportional to the length of 
the arcs cut off by the straight lines x = +Ly,/p 
from the ellipsoid which forms the boundary of 
the region of the nuclear shadow on the plane per- 
pendicular to the momentum of the incident deu- 
teron. By noting that the length of these arcs is 
equal to 


= /8 (tan™ *m 


bVi-xz/2 | ae | 


(where E(qg,k) is the elliptic integral of the 
second kind), and on averaging over different 
orientations of the nuclear axis of symmetry we 
shall obtain the following expression for the cross 
section for the stripping reaction accompanied by 
direct fission of a nonspherical nucleus 
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where E is half the energy of the incident deu- 
teron, while 7 is determined by (11a). 

Near the threshold of the stripping reaction ac- 
companied by fission the cross section is equal to 


S(E) 


2/8 (tan 


4 —¢? 
ee ae bare E.09) 


In the limiting case of high energies E > Eq 
the cross section of the process under considera- 
tion coincides with the total cross section of the 
stripping reaction in the case of a nonspherical 
nucleus 


o= FaRa{I ! nh, i SE at he) 
Both in formulas (11) and (14) one should intro- 
duce a factor describing the probability of direct 
excitation of the fission degree of freedom of the 
nucleus. 
I express my gratitude to A. I. Akhiezer and 
K. A. Ter-Martirosyan for the discussion of the 
work, and to N. A. Khizhnyak for a useful remark. 
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Some problems of the theory of coherent spontaneous radiation are considered. It is shown 
that the interaction of the particles through the common radiation field leads to a shift of the 


natural frequencies of the system. 
1. INTRODUCTION 


Waen considering the spontaneous emission by 
a system of particles which has dimensions smal- 
ler than the wavelength of the emitted radiation 
one has to take into account the coherence of the 
radiation emitted by the different particles.* The 
quantum mechanical account of this coherence in 
the spontaneous emission has been given in a num- 
ber of papers.2~> 

However, these papers did not take into account 
that each particle is located in the quasi-stationary 
induction zone of the field of all other particles. 
This will lead to a change in the state of the par- 
ticles as compared to the state which they would 
be in in the absence of the interaction. Taking 
into account this interaction could lead for example 
to a change in the eigenfrequencies of the system. 
In references 3 and 5 only that part of the interac- 
tion was considered which leads to line broadening. 
A possible shift of the eigenfrequencies was not 
considered. 

In view of the promises offered by apparatus 
which utilize the coherent spontaneous radiation 
in the radio-frequency range ,°94758 it seems ad- 
visable to investigate this question. The classical 
interaction energy of a system of charges is given 
up to terms of order v?/c? by? 


@ ne eae 
op! — ALES eee eee 
2. Ras ASB ot ERR AE 
x [Pa:Pp ++ (P.4*m) (P,-n)]; (1) 


here ea is the charge, ma the mass and pa 
the momentum of a particle, Rap the distance 
between particles, and n= Rap/Rag the unit 
vector pointing from ea to ep. The first term 
of (1) gives the energy of the Coulomb interaction 
and will lead to the dipole interaction between the 
molecules. One can show that this term averages 


*The necessity of considering this in classical theory was 
indicated in essence in the paper of Mandel’shtam.? 
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to zero for a large number of molecules. In the 
paramagnetic or ferromagnetic case this term 
vanishes for spherical specimens. One can easily 
see that the second term is important if the dis- 
tances between the particles are shorter than the 
wavelength of the emitted radiation. If one con- 
siders the charge to be smeared out over the ex- 
tent of the system then the second term of (1) can 


be approximately written as (e2/ Mc?R) Pp? where 


P is the momentum of the whole system, M its 
mass, R its radius, and e its charge. This term 
is of the same type as the kinetic energy of the 
system. One sees from this that connected with 
this term is a shift in the natural frequencies of the 
system. The next term in the expansion in powers 
of v/c (which has not been given here) will lead 
to radiative damping and has been treated in ref- 
erences 2— 5. 

In the present paper the interaction of the par- 
ticles due to the common radiation field will be 
investigated. 


2. CLASSICAL CONSIDERATIONS 


We consider a system of particles, with spins 
and magnetic moments, located in a constant ex- 
ternal magnetic field. In the following we shall 
speak, to be specific, of a system of electrons. 

An electron in an external magnetic field Hy 
has two energy levels associated with the two 
possible orientations of its magnetic moment — 
parallel and antiparallel to the magnetic field. 

We shall see later that the results obtained for 
the system of electrons in a magnetic field can 
almost completely be applied to an arbitrary sys- 
tem of quantum-mechanical objects with two en- 
ergy levels. 

For a sufficiently large number of electrons, 
one can assume that the magnetic moment of the | 
system has a continuous distribution. 

Now, according to Ginzburg’? we can write the 


4) 
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following system of equations determining the mo- 
tion of the magnetic moment u: 


dp / dt = (wxH.] + | [wxH (x)] D(x) do, (2) 
H=curlA; OA = — 4x curl M = 4x [px grad D], 
M=pD(x); | D(x)do=1. (3) 


Here Hg is the external magnetic field, H (x) 
the local magnetic field, y = —gup/fi the gyro- 
magnetic ratio (up is the Bohr magneton, g = 2 
for a free electron), x the radius vector of a 
point in the electron system, M the magnetiza- 
tion vector, and D(x) the distribution function 
of the magnetic moment. Elimination of the mag- 
netic field leads to the following expression: 


B= 7 [wxHe] —(4eomry /3xc%) [xp] + (27/3c%) [expl, (4) 


where Wy =c/R, R —a magnitude of the order 
of the radius of the system (or of another charac- 
teristic linear dimension). 

We now consider the case where the external 
field He is sufficiently large. Then one can in- 
sert into the second and third terms of (4) for pf 
the value following from w=yyu He. If He is 
a constant field directed parallel to the z-axis 
then ux and wy are harmonic functions of time 
with a frequency wy) =|yHe| and pz = const. 

In the dipole approximation (when the dimen- 
sions of the system are much smaller than the 
wavelength of the emitted radiation) the radiation 
of the system will be fully determined by the vari- 
ation of w. It is easy to see that the second term 
leads to a shift of the emitted radiation with re- 
spect to wy by the amount 


Ayo = (40 m0? / 3xc*) yY22, (5) 
while the third term produces a line broadening 
A, = w3yp/3c?. (6) 


In deriving (6) it was assumed that ux, Uy K bz 
and wz ~ pw. The line broadening associated with 
the coherent spontaneous emission has been treated 
earlier in detail within the framework of quantum 
mechanics by the author.’ Introducing the spin s 
measured in units of h corresponding to the mag- 
netic moment p= yhs, (4) describes the process 
of emission of quanta with energy hwy associated 
with a varying quantum number m (projection of 
the spin on the z axis) and a constant spin s 
(v¥s(s+1) is the absolute value of the magnitude 
of the spin vector). 

For an arbitrary system of quantum-mechani- 
cal objects with two energy levels one can intro- 
duce the operator R,2:4711 which is the analog of 
the total spin of the system. The emission will 
proceed without change of r ( quantum-mechani- 


cal “cooperation number,” the analogue of s) but 
by changing m, a quantity analogous to the pro- 
jection of the spin on the z axis. 

One can easily verify that Eq. (4) (without the 
second term) describes also the radiation process 
of any arbitrary system of quantum-mechanical 
objects which have two energy levels (even if an 
external magnetic field is absent). One just has 
to change yHe to wy) = (E,—E,)/h, 8 to R and 
(gup)? to 2|puy.|? where My. is the matrix ele- 
ment of the (magnetic or electric) dipole moment 
of the particle. After this exchange we can com- 
pare (4) with the corresponding equation describing 
the change of m (see reference 4). Here it has 
been assumed that the condition wp» > A,w is ful- 
filled (the equations in reference 4 are given in 
the same approximation). 

Thus the line width calculated by means of (4) 
has to coincide after the above indicated exchange 
with the line width of any arbitrary system of 
quantum-mechanical objects with two energy lev- 
els* (naturally for the case of large m and r 
where the classical and quantum-mechanical cal- 
culations have to coincide). Concerning the shift 
we shall show in the next section that the quantum - 
mechanical calculation also leads to A,w of (5). 


3. QUANTUM-MECHANICAL CALCULATION OF 
THE FREQUENCY SHIFT 


The states of a system of weakly interacting 
quantum -mechanical objects with two energy lev- 
els can be described by two quantum numbers, r 
and m. Here m=(n,—n_)/2 (with n, objects 
in the excited state and n_ in the ground state). 
If the interaction through the common field is not 
taken into account, the energy levels of the system 
are uniquely given by the quantum numbers m 
and ordered by the quantum number r. The energy 
of the system has a spectrum of the form Epp = 
mhw. We now calculate the level shifts due to the 
interaction of the system with the radiation field. 
The second-order term corresponding to emission 
and reabsorption of a phofon of energy k=fhw by 
the system gives a nonvanishing contribution: 


K 
\ ede » | ee rim 2 /(Epm are Err all k). (7) 


Gon? 
0 rm 
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Wim = — 37thc3 


Here fi is the operator of the (electric or mag- 
netic) dipole moment of the system, and K = hwy 
the energy of the quantum with maximum possible 
frequency Wy, [this frequency coincides with the 
frequency Wy, = c/R introduced in (4)]. 

The matrix elements of the dipole moment of 
the system have the form?>4 
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where py. is the matrix element of the transition 
+— — for the particular quantum-mechanical ob- 
Ect. 

From (7) and (8) we find 


20? oi weey 
Vio carettee [2 — m? +r) (2K -++ ho, In ss i Kec ies 
| K — hoy | (K + ha) 
+ Mh, (in (ha, }} 5 (9) 


For K > hw, (i.e., for a system with dimensions 
much smaller than the wavelength) we can write 
(9) in the form 


Wim = — (40? / 3xhc’) | ee P(r?—m?+r)K. (10) 


The energy of the level rm now equals Eym + 
Wrm. The frequency shift corresponding the tran- 
sition m—m-1 is then given (for m >1) by 


Ayo = (Wem — Wrm—r) / hh = (40m? / 3xc7h Mae |? 2a. (CISL) 


This expression coincides with (5) which can be 
obtained in a classical way from (4) by replacing 
(gup)? with 2| 42 |*.* 


4. CONCLUSION 


The introduction of the quantum numbers r and 
m allows us to establish a certain correspondence 
principle, which states that to calculate the emis- 
sion from a system? consisting of a sufficiently 
large number of quantum-mechanical objects hav- 
ing two energy levels, it is enough to calculate the 
classical equation, (4), describing the motion of a 
magnetic top in a magnetic field and then perform 
an appropriate substitution. 

To illustrate this principle we juxtapose the 
classical [from Eq. (4)] and quantum mechanical 
formulae on the line shift and broadeningt for a 
system of objects with two energy levels: 


40,05 40,05 2 | prel? 
(Ar) ~~ 3n03 THz» (os 3108 h se 
wey w? 2| 2 
0 © Pie | 
(Az) 4 = 303 -, (A 2) = = aor) i ‘@ 


We see readily that the line shift (5) due to the 


*This replacement is connected with the fact that in the 
classical case the oscillator is circularly polarized while in 
the present quantum-mechanical case it is linearly polarized. 
If the quantum-mechanical calculation is done for the case of 
circular polarization, we must replace (gy,)* with |y,,|?. 

tWe have here in mind a system of the type of an ideal gas 
(where the only interaction is through the radiation field). 

tThe line width is calculated with the assumption Hes 
by <p~ pz. For the quentum-mechanical treatment the corre- 
sponding assumption is r = |m|. For the general case see 
ref, 4, 


from ferromagnetic or paramagnetic materials or 
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nteraction with the common radiation field is 
Ww m/“0 ~)/R times greater than the correspond- 


ing line width of the radiation. This shift evidently 
can be experimentally observed in the radiation 


from a gas of molecules which have suitable lev- 
els in the radio-frequency range (where the con- 
dition R<«<A can be easily fulfilled). 

We emphasize that we talk here about spontane- 
ous radiation in free space. The radiation within 
resonators has an essentially different character 
(see, e.g., reference 11). | 

The radiation reaction and the interaction through 
the radiation field can achieve appreciable values 
in ferromagnetic materials (for example, ferrites), 4 
which have a large concentration of electron soln i 
Thus, for a ferrite with a volume of 107 acm nat 
X=3cm we have Aw * 108 cps (the saturation 
magnetization is of the order 10° gauss). 

Considering the radiation damping, we thus find 
that the relaxation time connected with the radia- 
tion is of the order 1078 sec. It should be men- 
tioned that for the case A,w «K wo we can obtain 
from (4) the following equationt for the magnetiza- 
tion M [dropping the second term of (4)]: 


dM / dt = + [MxH] — (212? / 3c) V[MxMxH], (12) 


where V is volume of the ferromagnetic sample. 
The dissipative term in this expression coincides 
with that of Landau and Lifshitz.'® 

In the considered example the frequency shift 
is of the order 10° cps. which is large enough to 
be observed experimentally. 

However, the experiment has to be conducted 
in free space. The possibility of generation of 
radiation in free space is discussed in another 
paper by the author .® 

The author is grateful to Professor V. L. Ginz- 
burg for his consideration of the results of this 
paper, and to A. V. Gaponov and M. A. Miller for 
stimulating discussions. 


*An important characteristic of the ferrites is their small 
conductivity. 

tA ferromagnetic material does not act like an ideal gas 
because of the strong exchange interaction. However, in a 
homogeneous ferromagnet the exchange forces do not have an 
effect on the equations of motion (4). This follows from the 
fact that the operator of the magnetic moment p=d hj com- 
mutes with the operator of the exchange energy 2 ees Lr 

L 

or, in the classical language, that the effective molecular 
field Hy = @f is always parallel to the magaetization M. 
Therefore the torque M x qM vanishes (see ref. 12 on this). 

tIn the case of ferromagnets we must consider H to be 
effective field. 
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Formulas are derived for quadrupole oscillations of deformed nuclei. 


The interaction be- | 


tween the rotation and the oscillations is considered, and a general formula is given for the 
corrections to the level energy of the ground rotational band. Presently-available experi- 
mental data for nuclei in the rare earth group are discussed and the difficulties encountered 


in the analysis are mentioned. 


EQUATIONS FOR BETA AND GAMMA- 
OSCILLATIONS 


A study of the oscillational levels yields new in- 
formation on the properties of deformed nuclei. 
Two types of quadrupole oscillations are consid- 
ered: (1) Beta oscillations about the equilibrium 
value £) along the deformation axis for an axially- 
symmetrical nucleus (y=0). (2) Gamma oscilla- 
tions perpendicular to the deformation axis at equi- 
librium value Bp. 

We start with the Bohr Hamiltonian! for a nu- 


cleus consisting of a core and n external nucleons. 


oa lars a8 G a) = = = (sin 34 ral 


3 
2 (x — mh [ sin (7 — x) + 5 Coorel? 


H= 


45) Ae Gch Bs eS (1) 
oT i,k 


In the hydrodynamic approximation, in which the 
Hamiltonian (1) is written, there is a single inertia 
parameter B. However, such an approximation 
was found to be poor for real nuclei, and it became 
necessary to introduce three parameters: the iner- 
tia parameters of the 8 and y oscillations, Bg 
and By, and the moment of inertia J.* We assume 
the adiabatic approximation to hold, at least for the 
first oscillation levels of even-even nuclei, and 
average (1) over the internal states of the nucleons. 
Confining ourselves to small oscillations about to 
the equilibrium values B=8) and y=0, we can 
write the Hamiltonian (1) as 


H = E(8,) +g +A, +4, +, (2) 


*In the Bohr Hamiltonian, Bg = B, By = BB’, and J = 3Bf’. 


where 
Ho=—n5, (Seat gam) +2 C82, (2a) 
Aa (R(R) alten @ | 
A, = (i? /2J)-(2? —¥); (2c) 
O = (xh? / V3) —7}). (2d) 
Here $y=B-Bo, fy K By; Cp and Cy are 


parameters of the stability of the nucleus relative 
to 8B and y oscillations, which will be considered 
below. Hg is the Hamiltonian of the 6 oscillations, , 
Hy that of the y oscillations, and Hy that of the 
rotation of the nucleus; finally, U takes into ac- 
count the interaction between the rotation and the 
y oscillations.* In the derivation of the Hamilto- 
nian (2) we assumed that in even-even nuclei Q = 
20; = 0. Considering the rotation and oscillations 
to be independent in the zero approximation, we 
obtain a nuclear wave function in the form 


Wang, = V N72 (LF 8x0) Png (81) Gg) X (tas « an) 


<i Dane (Deel (3) 


where N is the normalizing factor. 


The function Yng satisfies the following equa- 
tion 


Hethng = Song (4) 


Putting ~ = exp (—28;/89), we bet 


al ere! 


—,+—+.C,8f =e 
2By, d82 See SHEN le el, (4a) 


*It must be noted that 0 does not take the interaction into 
a ar ri: Bt 
account too accurately. In fact, the formula U = Vs 2 di — iy 
contains still another factor on the order of unity, depending on 
the model. In the hydrodynamic approximation this factor equals ; 


unity exactly. 
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from which we get 
&g = hw, (me +*/2), = VCe/ Ba, ng =0, 1, 2,..., (5a) 
fing = EXP (— BomoB? / 2h) Hng (G1 V Boop /h); — (5b) 


Hng is the Hermite polynomial. 
The equation for the y oscillations is 


1 d/_ de #2 K? i 

2B, Y RAG | 8B, v2 eo Dy, WP = By, (6) 
where K is the eigenvalue of the operator 1. 
Solution of (6) is 


2. = Oy (Myrkil a c@n = V Cy Bs (6a) 


SHG ede eh pore 4... 
[One A ee, Por he 0; 


Tigi 5) so ottoriice 9: (6b) 
Blw 
on, ero (— “7! 


2n, — K K Blo A 
SEES Se EO ial RES) 


F is the hypergeometrical polynomial. 
The rotational energy ey, according to (2c), is 


e, = (h/2J) [1 (I + 1) — K?}. (7) 
For the total energy of the nucleus we obtain 
E ixngn, = E (Bo) -+ hg (ng +*/2) 


X yKeF ( 


+ hoy (ty + 1) -+ (8?/2S) (1 + 1) — K?). (8) 
In the ground state 
Ey = E (Bo) + 1/2 hp + hoy. (8a) 
the energy of the first B-oscillation level is 
sI=K=0, m=1, 
tty = 0) = Ej — Ey = fa, (8b) 


and the energy of the first y-oscillation level is 
eI =K=2, ny =1)=ho, +h? YJ. (8c) 
The operator of the E2 transition is 


My (E2) 


fig. 0; 


3 * 
= Fy COR fo, 
ee = ZeR® | 8 cos D2 + sin (D2, + D2 me (9) 
at 0 T'n0 V2 i eae 


The reduced probability of transition to the f - 
oscillation level with spin I= 2 (we are speaking, 
naturally, of a suitable level of the rotational band) 
is 
B®), (E2) = (= ZeR) | <20u 10} 8,D2,,| 00000> ? 
ue 


she \ eae see 10 
= (7 ZeR2) 2V B,C, (10) 


In (10) we used the following matrix element 
<1|By|0> = Vi /2Bewg = (i? /4BeCo). 


The reduced probability of a transition from the 
ground state to the y-oscillation level is 


| Bos (E2) 
3ZeR? 
Pa (EEN gat K2d | 7g (Die + Dis) | 00000) |? 
3 9\2 h 
=(& ZERG) Bi VB cee (11) 


Here we use the matrix element 
<1|7|0> = Vi] Bio, = (i? / BYC,)™. 


It is interesting to compare (11) with the re- 
duced probability of transition to the first rota- 
tional level of the ground band 


Bis (E2). = Bose (E2) ho, | Cy. (12) 


For y-oscillation levels at the borders of the 
rare-earth group (isotopes of Sm, W, Os), hwy 
is on the order of 1 Mev, and Cy on the order of 
20 Mev, hence 


BY (E2)/B™ (E2) 1/5): (12a) 


2. CONNECTION BETWEEN Cg AND Cy 


Let us consider in greater detail the problem of 
the averaging of the Hamiltonian (1) over the entire 
states of the nucleons. The Hamiltonian of the nu- 
cleon in a deformed nucleus is of the form 


a he? a dV 
Hp = one | Vn | cup tes 
OTE nha. 
| (7? aT aeiales 7) B cos yr & ne 
== ts sin we 0s — oy a), (13) 


The Hamiltonian of n nucleons contains, in ad- 
dition to hp, also the energy of the residual inter- 
action and therefore 


A auct = » A p (i) Se > W iz: (14) 
eh 

It can be shown (see, for example, reference 3) 
that in the observed nuclear deformations the en- 
ergy of the residual interaction W is no longer 
dependent on 6 and is constant. Let us average 
(13), choosing the solution for y=0 as the zeroth 
approximation. The f -dependent portion of the 
nuclear energy will then be 
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Be fo / @V al aN 
e@=w+Slee +3 2181) ge tae 2,>| 
PAN) S 
= 8 BC Oi) Fe Yan 7 
t=1 
‘ 4 dv Ne 
= Ws Ce DiC MOP) 


The equilibrium deformation B,) is determined, as 
usual, from the condition 


dV 
Poayien i) Oar ae} 


ae = Cobo — DX 

i=1 
and, through the use of (16), E(f8) is represented 
by 


E (B) = E (Bo) + */2 Co (8 — Bo)”. (15a) 


The portion of the energy that depends on y 
(for fixed B = 8), is, within accuracy to second- 
order perturbation-theory terms, 


E (y)=— By co — + pesin® 7 


ohn) 


2» 


5 3 |< 2 (Ege Hay 


(=1 2% 


Sle Ce eye 


The summation over k is carried out over the un- 
filled states. It is seen from (17) that the equilib- 
rium value of y, determined from the condition 
dE/dy = 0, is zero, i.e., deformed even-even nu- 
clei have an axially-symmetrical equilibrium form. 

The parameter of the stability of the nucleus 
relative to y oscillations is 


aE e dV 
eae Ea = 2S bt ap Y 2 2» 
=>) DK 2 re (Van 
t=1 2 
tea) QiyF / (Eo, mi Eg,), (18) 


and, considering (16), we get 


cue lara 


f=1 kh 


V 
xO ro (Yoo + Yo, 2) 


o> / (Ene Ea) |< CoB. (19) 


Since the denominator in the sum contains the dif- 
ference of energy levels for which we have no ac- 
curate values, it is impossible in general to calcu- 
late Cy and Cg. However, if it is known that for 
a given nucleus there are no nearby levels, it is 
possible to use the calculations of Nilsson? to ob- 
tain a rough estimate of Cy. We thus obtain Cy 

= 24 Mev for W!® and Cy = 27 Mev for w86, 


3. INTERACTION BETWEEN THE ROTATION 
AND THE OSCILLATIONS 


The correction to the energy of the rotational 
levels in the ground band, proportional to I? (1+1)?, 
is due to two causes: (1) y oscillations cause the 
shape of the nucleus to deviate from that of an 
axially-symmetrical top. (2) The moment of in- 
ertia changes during f oscillations. 

The interaction between the rotation and the y 
oscillations is taken into account by operator U 
[Eq. (2d)], which is not diagonal in the I, jg rep- 
resentation. We then obtain in the second pertur- | 
bation-theory approximation | 
| <1201 | 0 | 1000) |? 


ho, 


AEy = 


i fee + 4)2—2/ (+4) 
= "; 


6B, (ko, (20) 


The portion of AE, that is proportional to I(I+1) 
can be included in the expression for the rotational 
energy in the zeroth zpproximation, since it leads 
to an insignificant change in the moment of inertia. 
The remaining portion will yield deviations from 
the E~I(I+1) law, namely 


moet) P+ 


se 6B, (ho 


acca (Fy Put iy. 


= (21) 

In the model of a rotating liquid drop, J = 3By, 
and this leads to Bohr and Mottelson’s Eq. (6.35) 
of reference 4. 


Anat ale Ea 


The correction due to the interaction with the B 
oscillations can be determined by taking it into ac- 
count that the moment of inertia is a function of B. 
Expanding n?/23 in powers of £;, we obtain in 
the second approximation 


1 G0) Ne 
26, eal PE Ip. 


The total correction to the energy of the levels of 
the principal rotational band will be 


bac, (Z)+ acy (sean) "0 +0 


=— FP (I+ 1). 


Eo (21a) 


AE, = 


(22) 


AE = AE, + AE, = — 


(23) 


F depends on the three parameters J, Cg, and 
Cy as well as on the derivative (8/88) h?/2J. 
These parameters can be determined from Eqs. 
(7), (10), and (11). The derivative can then be de- 
termined from (23). 
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4. ANALYSIS OF AVAILABLE EXPERIMENTAL 
DATA 


Tables I and II list the experimental data on the 


oscillational and rotational levels of nuclei near the 


rare-earth group. What is most striking in an ex- 
amination of the B -oscillation levels is the strong 
dependence of the energies €y of the y levels on 
the parameter B,) of the equilibrium deformation. 
At the borders deformed-nuclei regions ey © 
600 kev (Os!99), when the deformation increases, 
ey rises rapidly, reaching 1220 kev for W!® and 
on the order of 2 Mev and above for Dy, Er, and 
Yd. It is quite possible that the €y VS. By curve 
has a fine structure, so that all the isotopes of the 
given element fit a separate curve (see diagram). 

Let us consider now the behavior of the deriva- 
tive (0/08) (2/23), making use of the data of 
Tables I and II. 

We begin with the isotopes of tungsten, for 


TABLE I. Oscillational levels in deformed 
even-even nuclei 


¥y -oscillation levels, y-oscillation levels, | B-oscillation levels, 
I=K=2+ [=K=2+ I=K=0+ 

Isotope, Energy, kev Isotope | Energy, kev| Isotope Hnerey, 

Sm52 1086 Osues 633 Smi*2 685 

Gridies 996.6 Os19° 086 Gdi54 679 
Gd 1160 Th228 964 eres 1460? 

Dy16° 996 Th230 1060? aunes2 720 

Bey tee 786 Ue 868 Wee 805 

Eriéé 822 Pu2ss 1030 Puss 9395 

W182 Vee: Pu4? 1020 ieee 940 

wsa 890 Cm246 4300 

Wise 730 {250 1200 

Os186 7164 Fm294 700 
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800 ar \ 
Os 2 Now 8 
Se ES 
600 058°. 
1 L 1 1 i 1 Os 
9 OSC«CSBC(<«‘ia:SC*«GSSCSKSC“i«‘iGSCSCé‘“‘WN 
which C,, have been measured by the Coulomb- 
excitation method. Inserting in 
2\2 2.2 
A ee OF 1h) 
ic} —— a Aan oar — 9 ‘ 24 
COR ig SC a) (24) 


the values Cy = 21 Mev, f?/J = 33.6 kev, and 

F = 0.015 kev for W'®, we obtain Ag = 0.110 

(we shall call the quantity Ag the “@ -deform- 
ability” of the nucleus). If we now assume C 

~ Cehj for wi, we get | (3/08) h’/2d | = 65 kev. 
A similar value is obtained for the derivative if 
the moment of inertia depends linearly on B. 

We now perform analogous calculations for 
w'*4, using the values C, = 18 Mev, h*/J = 30 key, 
and F = 0.073 kev. It then follows from (24) that 
Ag = 0.31. The three-fold increase over the value 
for W!® can naturally not be attributed to a cor- 
responding decrease in VCg , for this would ne- 
cessitate a ten-fold decrease in Cg. On the other 
hand, the moments of inertia and the value of the 
parameter £, for these two isotopes are the same, 
within the accuracy of measurement. To verify 
whether we deal, in the case of W!**, with fluctu- 


TABLE II. Parameters Bj, A, and F in the rare earth region. 
The parameters of equilibrium deformation have been experi- 
mentally determined from the Coulomb excitation. The 
parameters A and F determine the energy of the 
rotation-band levels of the ground state: 

E =AI(I+1) —FP(1+1)? 


Nucleus By A, kev F, kev 

152 ) 24.48 0.4141 ; 
ey ee 24 .34 (20.20-+-0.60) 0.139 (0,072 +0015) 
Gdis6 0.44 15,02 (14.8140. 12) 0.0524 (0.022 -L0.003) 
Gd'88 0.46 Ton e0 0.0102 
Dy! 0.35 14.53 0.019 
Dyl62 0.36 43.55 (18. 54=-0.23) 0.0133 (0,010 =-0 006) 
Erisé 0.33 | 13.63 a 0.0194 ¢ 
Eri68 0.33 43.37 (13.480 05) 0.0060 (0.0119--0 0012) 
Yb!70 0.30 44.411 0.0110 
Yb!72 0.31 13.16 0.0076 . ; 
His 0.29 14.93 (14,94+0.05) 00166 (0.01660. 012) 
Hil7s 0.31 15.61 (15.640. 14) 0.0132 (0 ,0132£0, 0024) 
Hise 0.27 15.60 (15.54-E0. 08) 00079 (0. 00674-00013) 
Wise 0.26 16.78 0,0156 
\y184 0.24 16,78 0.0729 Shes a 
Qs190 0.15 op) 58) (BO eet 1) 0,264 (0.12+0,03) 
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ations, we consider the behavior of the derivative 
in isotopes of Hf. The isotope Hf!®° has the least 
value of F, namely 0.0067 kev. It is therefore 
reasonable to propose that, in the case of Hf!®?, 
the contribution to F from the B -deformability 
term is negligibly small. We then obtain from 
(24), by putting h?/2J = 15.54 kev, a value Cy= 
24 Mev. Comparing this value with Cy ( w'84) = 
18 Mev and Cy (W'8) = 21 Mev, we see that a 
value Cy (Hf!®? ) = 24 Mev is quite reasonable. * 
Quite reasonable, too, is the assumption that Cy 
cannot be less than 24 Mev in the case of Hf!” 
and Hf!"*, Then, according to (24), using the 
data of Tables I and II, we get 


es OF ie tore ins: 
®* 10.14 for Hf, 


If we take for Hf!*° the same value for the B - 
deformability parameter as for Hf!"8, Cy will 

be several times greater than that obtained. On 
the other hand, it is difficult to assume that Cy 
or (0/88)h?/2J changes abruptly in going from 
one isotope to another. One can propose that such 
an abrupt change in F is due to violation of adia- 
baticity for rotational levels. To check such an 
assumption, we calculated F first using data on 
two levels, and then from data on four levels (the 


*The reasonable value of C obtained for Hf**° indicates 
that the parameter referred to in the preceding footnote should 
be close to unity. 


values of F in parentheses in Table II). The good | 
agreement between the results argues against the 
assumed violation of adiabaticity. One is left with 
the assumption that the rotational band is perturbed 
by single-particle levels that lie close to the oscil- 
lational levels. Such a perturbation can be propor- 
tional to I?(I+1)? and lead to differing increases 
in F for different isotopes, if the single-particle 
levels are different. So far there are no detailed 
information on the levels in the 1 to 2 Mev region, 
and therefore the latter assumption cannot be veri-_ 
fied. 

It must be noted in conclusion that an experi- 
mental investigation of the high levels of the Hf 
isotopes would yield new information on the char- 
acter of the oscillations and rotation of nuclei. 
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Formulas for the intensity of scattered light near transition points have been derived on the 
basis of the exact Gibbs expression for fluctuations of the parameter characterizing second- 
order phase transition. These formulas are employed to estimate the minimum width of the 
temperature region near the transition point at which the usual macroscopic theory of phase 
transitions of second order becomes meaningless. The formulas are also used to substanti- 
ate the validity of calculations of the scattered light intensity which are presented in refer- 


ence 1. 


g the work of Ginzburg and the author! on the cal- 
culation of the intensity of fluctuation light scatter- 
ing in the case of second-order phase transitions, 
use was made of Boltzmann’s principle. In this 
case the scattering intensity was divided into two 
parts. One of these, which is connected with fluc- 
tuations of second order, gives the principal part 
of the observed scattering effect. Calculation of 
this part for the accepted thermodynamic potential 
leaves no question, since the expression for the 
fluctuation obtained with the help of Boltzmann’s 
principle coincides with the exact Gibbs expres- 
sions (see reference 2). The second part of the 
scattering in connected with fluctuations of fourth 
order, and calculation of its intensity requires a 
foundation which we shall delineate below. 

As is well known," the intensity of light scat- 
tering from fluctuations of the dielectric constant 
e is given by the formula 


ji v2 (= 


4———) 4nn 
= nye oO | Ag, le sin? Os OC Smarr Q. . (1) 
here V is the volume in which the scattering takes 
place, A» is the wavelength ina vacuum, ¢ is the 
angle between the electric vector of the incident 
wave and the direction of observation, @ is the 


scattering angle, and 

\ Ace—4°F dr. (2) 
V 

Close to second order phase transition points, the 
fluctuations of « are produced by fluctuations of 


the characteristic parameter 7 (see references 
5 and 1), while, neglecting optical anisotropy, 


Ae = ahn? = 2anAn + a (Ax). (3) 


The dependence (3) is obtained from the same con- 


siderations as the dependence on 7 of the thermo- 
dynamic potential F (see reference 6). We note 
that in the complete expression for the quadratic 
fluctuations of € terms appear that are connected 
‘with fluctuations of other thermodynamic variables, 
and also with mixed fluctuations of n and other 
variables. However, close to the transition point, 
where the fluctuations of 7 are anomalously large, 
one can neglect all other fluctuations and mixing 
terms in comparison with the fluctuations of 7. 
This is the more valid in that the smallness of the 
mixing terms has been shown in reference 1 by 
direct estimation. 

Expanding An ina Fourier series: 


eA " 2 T on Qn 
dn =D) Ark =i Fie tity tkEn. (4) 


(nx, Ny, Nz, are integers) and making use of (3), 
we obtain 


| Acq |? = AcgAe_g = 4a°7?AgA_q 


+ 2a°ny ) A—gAq% Ax + 2a%Nq Yj AgA—q—K Ar 
k k 
+ a? >) Aq1An An Ax. (5) 
kk’ 


Expressions for the mean square of A€g were 
obtained in reference 1 with the help of Boltzmann’s 
principle. However, as is well known (see refer- 
ence 2), the Boltzmann principle is not always 
valid; in particular, at the transition point, the pos- 
sibility of its application is in considerable doubt. 
Nonetheless, the expression for the mean square 
fluctuation is an exact Gibbs expression for which 
it is impossible to speak of fluctuations of the 
higher orders. Therefore, additional justification 
is required for the calculation carried out in refer- 
ence 1 where, in the calculation of the intensity of 
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the scattering, use was made of Eqs. (1) and (5), 
and averaging was carried out on the basis of the 
Boltzmann principle. This justification will con- 
sist in the obtaining of an exact expression for the 
intensity of scattered light and a comparison of it 
with the expressions of reference 1 obtained with 
the help of the Boltzmann principle. 

1. The method of obtaining the exact Gibbs ex- 
pression for the fluctuations of any order is given 
in reference 7. However, the concept of the ther- 
modynamic potential of nonequilibrium states, 
which is essential in our consideration, was not 
employed there. Therefore, we shall given a brief 
derivation of these formulas by the method employed 
in reference 2, to prove that the Boltzmann expres- 
sion for the mean-square fluctuation is the exact 
Gibbs expression. For the derivation it is neces- 
sary to introduce the concept of the thermodynamic 
potential of nonequilibrium states. Let there be a 
certain parameter characterizing the lack of equi- 
librium, n=7(X), where X is the aggregate of 
mechanical variables of the system under consid- 
eration. The state with 7 # nN) is brought into 
equilibrium with the inclusion of the external field 
with potential energy U, so that this state becomes 
an equilibrium one. Then 


W—H(X)—U 


n= \n(X) exp ee 


(6) 
here H(X) is the Hamiltonian of the system, 
is the thermodynamic potential of the system lo- 
cated in the field. The single-valuedness of the 
thermodynamic potential of the nonequilibrium 
state is achieved by laying an additional condition 
on U (for details see reference 2) which is sat- 
isfied for U =an(X), a is some constant. 

W(a) is the thermodynamic potential of a sys- 
tem located in the external field U = an Co) rand 
is determined by the relation 


HX) =X) \ gy 


VY (a) = —kT In \exp { iT 


(7) 


It follows from (7) that 


= OW / da. (8) 


The thermodynamic potential of a nonequilibrium 
state corresponding to the value 7 is determined 
by the relation 


F (n) = ¥ (a) —U = ¥ (a) —ad¥ / 0a. (9) 


Differentiating (6) after first setting U =an(X), 
taking (8) into account and then setting a=0, we 
obtain 


(Ax)? = —kTY, = kT / Fo; 
(An)? = (kT)? Bo = — (RT)? Fo] (Fo)? 


(10) 
(11) 
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(Ay)! = 3 (kT)? (Lo)? — (AT) Po 
= 3 (kT)? | (Fo)? +3 (RT)? (Fo)? / (Fo)® 
= (kT)8Fy / (Fo). (12) 


Here the primes denote differentiation of Y and 
F by a and n, respectively, the index 0 signi- 
fies that the derivatives are taken at a=0 and 
N=. The derivatives of © with respect to a 
are expressed by the derivatives of F with re- 
spect to n by means of (8) and (9). 

In a similar way, equations are obtained for 
the fluctuations of many variables. We now intro- 
duce the following necessary expressions: 


Ayn, eT <Fin (13) 
AnAa,A%, =(RT)? OF in /On,><For>s (14) 
An,A7y,A7,An,, = (RT)? <Fam><OF ot [ On,><OF x | On, 
4 (RT)? (Fam><Fot ><O°F ie’ | 04,01,> + (RT)< Fit Fim 
+ (RT) (Fim><Fit'? + (RT) (Fim><Fin'>. (15) 
Here Fix is an element of the matrix inverse to 
the matrix with elements Fi, = 0°F/dnj9n_; the 
brackets <...> denote that the derivatives are 
taken at the equilibrium values of all parameters. 


2. In the calculation of the intensity of light 
scattering in reference 1, the expansion 


PCP) — EE ee) 


ui 8 = T) it is a - T) on - (grad ny 


(16) 


was employed as the thermodynamic potential of 
the nonequilibrium states. This expression is fun- 
damental to the macroscopic theory of second- 
order phase transitions.® In this case, it is as- 
sumed that a=0 at the transition point, B = 
const and y=const, far from the critical Curie 
point, and y=const close to this point. We shall 
now exhibit the region close to the transition point 
in which the expansion (16) becomes invalid if the 
coefficients a, B, y behave in the manner shown. 

It was shown by M. A. Leontovich? that the ther- 
modynamic potential of nonequilibrium states [in- 
troduced with the aid of (8) and (9)] is a minimum 
at equilibrium. However, this is not the only prop- 
erty of F(7), inasmuch as the fluctuations of 7 
of different order are expressed by the derivatives 
of F(7). The requirement of the positiveness of 
fluctuations of even orders represents certain con- 
ditions on the derivatives of F(n). Moreover, it 
is natural to require that the relation (8), for an 
arbitrary 7 in the region of values of interest to 
us, be satisfied for but a single a. In the casein - 
which we are interested, this latter requirement 
gives nothing new and we make no use of it. 
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We now write down the necessary equations for 
the derivatives: 


Fy = 20+ 3 Bye + 5 yx; (17) 
Fo = 12 Brig + 20 y's (18) 
Fy = 128 + 60y72. (19) 


We now consider the region of temperatures 
T>®, where ® is the transition temperature. 
Here m)=0, Ff’ =0, Ff =2a. The condition of 
the positiveness of the fluctuations of even order 
yields 


a2V /kT > 8. (20) 


The volume appears in this relation, since it has 
been taken into consideration that F(P, T, 7) is 
the thermodynamic potential per unit volume. 
Similarly, making use of the equation for the fluc- 
tuations of sixth order, we can obtain a condition 
for y: 


aX? / (kT)? > 4. (21) 


For T<@, when Ff’ #90, the condition of 
positiveness of the fluctuations is satisfied auto- 
matically. However, there is another circumstance 
here which does not allow use to be made of the ex- 
pansion (16) as close to the transition point as is 
desired. The fact is that for T<@, Eq. (16) is 
the nonequilibrium thermodynamic potential of a 
system with two equilibrium positions 7) and 


—1, where 
12 =(—B+V 6? —2ay) / 7. (22) 
To speak of equilibrium positions makes sense, 
naturally, only when 
(Ax)? < tos (23) 


where Ay is the fluctuation about one of the equi- 
librium positions. In the opposite case, one can- 
not generally speak of equilibrium, and the possi- 
bility of determining the thermodynamic potential 
is lost, not to speak of the fact that that the usual 
method of calculation of fluctuations loses its 
meaning when one considers that the fluctuations 
take place about a mean position. 

Setting B? > 2ay, which is satisfied in particu- 
lar for transitions that are far from the critical 
Curie point, and taking (17) and (10) into account, 
we get from (23) 


402V | kT > 8. (24) 


Thus we can consider that the condition (20) should 

be satisfied above and below the transition points. 
We further note that in (20) and (24) the sign > 

should actually appear, and not >. For (24), this 


does not require any explanation. For (20), we 
see from (10) and (12) that (An)? initially in- 
creases with increasing (An)* (with decreasing 
Fy), and then decreases. It is natural to assume 
that an increase in ( An) corresponds in reality 
only to an increase in (An)?, which is satisfied 
for the stronger inequality. 

Conditions (20) and (24) refer to the spatially 
homogeneous case, and do not take correlations 
into account. If by V we understand the total 
volume of the body, then these conditions are sat- 
isfied everywhere with the exception of an ex- 
tremely narrow region in the vicinity of the tran- 
sition point. But in consideration of fluctuations 
in small volumens, we must consider correlations, 
that is we must use not (20) and (24), but conditions 
obtained by means of successive consideration of 
spatial inhomogeneity and correlations. In this 
case, we must take the fluctuations of the Fourier 
components of 7 into account and consider the 
gradient term in (16). Conditions (20) and (24) re- 
main here also, as do conditions on the fluctuations 
of the zero Fourier components, while V denotes 
the total volume of the body. However, in this case, 
there are additional positive definite quantities, for 
example the intensity of the scattered light I, the 
condition of positiveness of which represents cer- 
tain conditions on F(7), in particular on the quan- 
tity 6. We shall give further details on this matter 
below after obtaining exact formulas for I. 

3. We now set about to obtain exact expressions 
for I. We denote the intensity of scattering associ- 
ated with the first term of the right hand side of 
(5) by I,, that associated with the second and third 
terms by I3, and that associated with the fourth 
term by Ij. As has already been shown, the value 
of I, computed with the aid of Boltzmann’s prin- 
ciple coincides with the exact value; therefore it 
is necessary to compute only I3 and ly. Making 
use of (4) and (16), we obtain 


<Fia) =V (Fo 2 6qi) 8a,, —a2) (28) 
<Fi,2,3> = VF Sas —ai—92) (29) 
CE ee ey nn area (30) 


Here Fy,,,,.n denotes the derivative of F with re- 


‘spect to Aq, ie -Agy 94,09 is the Kronecker sym- 


bol. To express the right hand side of (14) and (15) 
in terms of (28) — (30), we renumber the variables 
Ag, that is, we renumber the vector q. We carry 
out the numbering on both sides of zero in such a 
fashion that if q,; and q, have the corresponding 
numbers n, and ny, and gq; =—Q, then n; = —np, 
and conversely. If we denote by n the total num- 
ber of vectors with integral coordinates, smaller 
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in modulus than a certain kmagx, then the indices 
of the matrix Fj, will take on the values from 
—(n-1)/2 to (n-—1)/2. We can arrive at a ma- 
trix with such indices from the ordinary matrix by 
means of a transformation of the indices i’ =i — 
(n+1)/2, k’ =k — (n+1)/2. This transforma- 
tion is possible since n+1 is an integer. 

It is seen from (28) that the elements in the 
matrix <Fj,> that are different from zero lie 
only on the diagonal which is orthogonal to the 
principle diagonal. It then follows that 

(n—1)/2 


D(F) = [I 


a=—(n—1)/2 


(Fa, —a); (31) 


D(<F>) is the determinant of the matrix <Fi,>. 


As is well known, we have for an element of the in- 
verse matrix 


Fi = Fi’ /D(F), (32) 


where F24) is the adjoint of the matrix Fj, rela- 
tive to the element Fyj. Furthermore, 
(n—1)/2 


(FEY > = 8; 2 II 


b=—(n—1)/2 


CP orbs (33) 
Here mi denotes that <Fp,-b> as a factor runs 
over all b except b=i. We have from (31) — (33) 


(Fie) = 81, —a/ (Fi, >. (34) 


Let us first calculate I;. In what follows we 
shall write np in place of Aq, where p is the 
number of the vector q. We now calculate 
<OFiK/ ony >. Taking (32) into account, 

OF, dit 4 OPy? Pree oD (F) (35) 
On LD (F) On, D*(F) ap 


p 


Further, 


PS = (is Loy (s 1) [Fa+--Pe—y Party? J 


PoP Davies Pare t (n—1))2, Pn (36) 


[Py.--Pk-1Pk+1---Pn] denotes the number of dis- 
orders in the permutation of p,...PK-4Pk4,---Dn 
from the numbers —(n+1)/2...i-1, i+1,... 
(n—1)/2. Summation is carried out over all per- 
mutations. We differentiate (36) with respect to 
Np: On the right hand side there are n—1 sums 
over the permutations. We consider one of such 
sums: 


R= ye » (= 1)? -Pe—PR+ YP} 


OF 


a, Pg 


x F_(n-1)p, Preece i, (37) 
p 


eae F (n—1)2, Ph . 


We now set Np = 0, that is, we consider the equi- 
librium values for the derivatives. We shall show 
that for a = —i, the expression (37) at equilibri- 
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ums values of 1p differs from zero only for i= 
—k. In fact, if i « —k, for equilibrium values of 
its derivatives, the product (37) contains a term 
of the form <F_j, p-j;> which differs from zero 
only for p_; =i, but this equality is not possible. 
It is easy to see that in such a case pg = —a. It 
follows from (29) that in this case p=0. If a= 
~—i (this is possible only for i = —k) then, by 
an argument similar to the foregoing, it is easy 
to show that pg = —k. By virtue of (29) qj +4, = 
Gy, where q; is the vector corresponding to the 
number J. 

For a ~ —i in the sum (37), considered at 
equilibrium, only one component is different from 
zero with p, = —(n-1)/2,...pg =—4,..-Py = 
(n—1)/2. We shall determine its sign. The re- 
quired number of rearrangements in it is maxi- 
mum, that is, it is equal to 


n—2 


Di=N— NG 22 


t=1 

Since n-—1 is divisible by 8, the number of re- 
quired rearrangements is even. Taking into ac- 
count, moreover, that i= —k, we conclude that 
this component is positive. For a=-—i, calcu- 
lation of the required rearrangements is some- 

what lengthier. In this case we obtain a negative 
value. Thus we obtain 


<OF uz” [0n,> = VF08p, 081, —« 


ean 8 
2 


D (<F>)/KF a, —a<F;, =: 


(i | 
a= — —— 


2 


ae VE Pap, a: apD (<F>) KF i, >< Fr, —eY (38) 
—k 

Carrying out similar considerations for 

D(F) = 3y(— 1)? F_taayps, ap» ++ Fen—yesoq (39) 
we obtain 

- (n—1)/2 
<9D(F)/On,>=VFo%,o 2  D(<F>)/<Fa,—a>. (40) 
a=—(n—1)/2 

From (35) and from (38) — (40) we obtain 

<OFi«' 10,9 =—VF oa), a; +94 /<Fi,—<Fr,—1- (41) 
For I; we have 

Me => C2a? 1, 2 AgA—q—cAx + > AAA, (42) 

k k 


where 
C =(V/4x)?(2x/),)4 sin? g. 


We now substitute (41) in (14) and (42) and 
obtain 


: I, is computed in a fashion similar to Ij. 
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Ty = —C Aa VFo >\(RT)*/<Fa, >< Fr, 1 < Fg—x, k—q> 
K 


Ca°24872 
Seer ed 2 (AT)?/[F, + 28k?) 


[Fo + 28 (k — q)®]. (43) 


Here we assume y = 0, i.e., we consider a tran- 
sition that is far from the critical Curie point. 
Changing now from summation to integration, 

we have 


V on 12872 . 
t= — cep) PUT apap Ssintes (44) 
4 
= gapy arc te ( q/2V Fo/28). (45) 


This 
computation is rather lengthy; we therefore give 
only the result: 


Iy=Ga®? >) A Ay Av Ao 
k, k’ 


= Cat he Vie ely 


kK; ké 
yo rar n—q> <F x’, —K/><F qx’, k’-+q> 
+ V2(Fo)? Dy (AT)E/< Fx, 
k, k’ 
K Geen Chae Pog) (Fee 


$58 MRT) Fc) Picea) | (46) 
k 


J 
On the right hand side of (46) we omit terms that 
vanish upon subsequent integration over k. 

We denote the scattering connected with the 
first term on the right hand side of (46) by Iy,, 
‘with the second, by Iy3. The scattering connected 
with the latter term is I,, computed with the aid 
of Boltzmann’s principle. We denote it by If. It 
was obtained in reference 1, whence 


V /2n\* 
= amis) a? (kT)? S sin? g. (47) 
In reference 1, I{ was written as I, Transform- 


ing in (46) from summation to integration over k, 
we obtain for ly, and ys: 


Vi fax 
Fo — aa) a?3B (kT)? S?sin?g: (48) 
2n\4 TSU ple ve sega 
43 = a (=) @ ssp (AI P Sosiae Q. (49) 
We also cite an expression for I, obtained in 
reference 1: 
Fee! (=) Eee T cin? o. (50) 
2 (4 )P KG eG 484? 
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Here and throughout we consider only regions 
far from the critical Curie point. 

We now compare the exact expression for the 
total intensity of scattered light 


P=1,+ Ig +13 + Lag + Las 


with the intensity I° = 1, + If, computed by Boltz- 
mann’s principle. For T >@®, we obtain 


LS Ig=7,, 50, 1/7 


= 1+ In] 14 = 1—3kTS. (51) 


The condition for the validity of the calculation 
carried out in reference 1, as also the condition 
for the validity of the expansion (16), takes the 
form 


3BkTS< 1. (52) 


For each given substance, S is a function of T 
and q. For fixed T, the inequality (52) must be 
satisfied for any q, since we are discussing the 
positiveness of I or, irrespective of the physical 
meaning of I, the positiveness of some positive 
definite combination of Fourier components of An. 
Thus, fixing T, we must prove whether (52) is 
satisfied for a q which brings about a maximum 
for S. It is easy to see that for fixed T, S is 


maximum for q=0. In this case 
S=1/16n8"V F; /2. (53) 


Further, taking it into account that 6 ~ a@@d? 
(the discontinuity in the heat capacity at the transi- 
tion Ac =a@@/8 and Fe = 2a@(T-®@) for T 
>@), we write (52) in the form 

T — 9 (3/16 x)? 8 (k / Acd?)?. (54) 


For the a—f transition in quartz we have Ac = 


4x10! erg/deg-cm? (reference 8), © ~ 10°. Set- 
ting d~ 107", we obtain from (54) 
T—9S104*+ 10%. (55) 


In this region of temperatures above the transition 
point the expansion (16) does not lead to a contra- 
diction and the exact expressions are insignificantly 
different from the expressions obtained with the 
help of Boltzmann’s principle. 

For the A -transition in liquid helium, Ac ~ 107 
erg/deg-cm’, Gut 100° (see references 9, 1), 
® ~ 1. Substituting these values in (54) we obtain 


T—0>> 10°. (56) 


For T<® such estimates do not present any fun- 
damental difficulty, although there are rather tedi- 
ous. As can be shown, the condition (54) holds with 
accuracy up to an insignificant numerical factor. 
We see in total that the conditions for applica- 
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bility of the calculations reduce to the inequality 
(52). Ifit is not satisfied, use of the expansion (16) 
is not valid. If the inequality (54) is satisfied, then 
the results obtained in reference 1 remain valid 
both for scattering on fluctuations of second order 
and also for scattering of fluctuations of fourth 
order. 

In conclusion the author expresses his sincerest 
gratitude to Professor V. L. Ginzburg for suggest- 
ing the theme and for valuable discussions con- 
nected with the present work. 
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The second-order perturbation for the s-d exchange model of transition metals yields an 
indirect interaction between d electrons via the conduction electrons. Consequently ferro- 
magnetism may arise when direct d-d coupling is entirely absent or even when the d-d 


exchange integral is negative. 


E; ERROMAGNETISM and antiferromagnetism in 
transition metals are usually accotnted for by an 
exchange interaction between core d-electrons. 
A positive exchange integral between nearest 
neighbors makes a metal ferromagnetic, while a 
negative integral results in antiferromagnetism. 
A number of difficulties arise,! of which we shall 
mention only three: (1) Many experimental results 
cannot be accounted for by using the Bethe-Slater 
curve for the exchange integral of transition met- 
als.! (2) Most theoretical evaluations of the ex- 

- change integral lead to a negative value.” (3) Both 
ferromagnetic and antiferromagnetic forms are 
found in dilute alloys of manganese in precious 
metals;? in these alloys transition metal atoms 
are separated by such large distances that any 


where 


Hy = >) Exlatar + af (—) an (—)] + Dyegbtbe, Hy 
k g 


Hy = — >\I(k, k) at (—) ax (—) + N 
k 


where E, = Ak? is the translational energy of a 
conduction electron in one-electron theory, A is 
the transport integral, €g = Jg? is the energy of 
a spin wave with wave number g, J is the d-d 
exchange integral, I(k,, k,) is the s-d exchange 
integral, a, and ax(—) are Fermi operators for 
conduction electrons with wave number k and 
spins +4 and —% respectively, bg is the Bose 
Operator and N is the number of lattice sites. 

Previous papers on the s-d exchange model 
of ferromagnets and antiferromagnets‘ have con- 
sidered only the energy terms Hy and Hy; this 
amounted to a first-order perturbation. The 
“ternary” terms in H,; comprise a second-order 
energy correction, which can be obtained either by 
perturbation theory® or through a canonical trans- 
formation.® The energy then becomes 


direct exchange interaction between them is en- 
tirely excluded. Similarly, ferromagnetism and 
antiferromagnetism in rare earths cannot be at- 
tributed to the extremely weak direct coupling 
between the magnetic 4f electrons. 

Other possible exchange mechanisms have 
therefore been sought, one of which is the in- 
direct’ exchange interaction suggested by Zener, 
which he discussed from a phenomenological point 
of view. The present paper considers the relation 
of the indirect interaction to ferromagnetism. 

The calculation will be based on the s-d ex- 
change model of transition metals.4’ The energy 
operator of the system of s and d electrons is 


1 


H=H, +H, his 


an = Ne i I (k, k 
Rk, g 


— g) bgafar—g(—) + compl. conj., 


D1 (k, Ka) bet bg, [af (—) ae, (—) — af ae), 
k2—k;+82—81=9 


Wes ene gull (eo wee 
g k 


+) (Ex + pH) Nx — Ngoult. 
k 
Et = Ex + 1) iaty + ea, 
g 


Eyes By ll (ky Wee eae 
ig 


Ei, = —1(k, k) + [1 (k, k — g) |? / (En — Exe — 8), 


Eg = 1 (k, k) —| I (k, k +g) |?/ (Ente — Ex — &2) 


eC = a > | If (k, = g) ahd =) Ep — Eq), 
kg 
where gp is the Landé factor, yw is the Bohr mag- 


neton, Ng and Ni are the occupation numbers of 
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ferromagnons and conduction electrons. We assume 
for simplicity that I(k,, ky) =I) = const. The state 
sum and the free energy are calculated by the 
method of steepest descent;’ the free energy of the 
system is given by 


F=F;,+ Fra + Fa, 


TB eae \ 
F.=tN—&P 3i/In {I + exp(—= = 


kT th 


E, lo lah) 
+ Inf exp ( : aa iF 
Poa= at Ex —pll) | (Ex — Ex —®)s 


Fa=—NgovH + kT 2 In(1 + exp) — &,/kT)), 


8g = eg + goll + Ay + Ad, 


H 
Ay = 70 SIF (Ee — Lo + vA) —f (Ex —¥)I, 
k 
ee ls Sah f (E, — »H) ew FE, — fo + vA) | 
2 N 7% 2Akgcos9 —(A+J)g?  2Akg cos 9 + (A — J)g*}’ 


where f(E) is the Fermi distribution function; 
the chemical potential ¢ of conduction electrons 
(the Fermi energy) is given by 


SUF (En — A) + F (Ex — lo + pH) = Nr SN Ee) 
k kg 
iy Of ME — Wid) _ Oi C3 —SVos= ped), 
+ 71 Ep 
x | Ei ape . Eng ies ane 
‘5 0 \ OF (E p— vA) / 0G 
N = Eye 6, pe, © 


The magnetic moment of the electron system 
is determined by 


M=-—o0F/0H andis equalto M=M,+ Mysa+ Mag, 
where 


Ma= Ngw-d1 


a) Gel, 


& 


N (ég) being the Bose distribution function. For 
g <1 we obtain approximately 


Ay a Ao a= AiwH, 


ee th oe TERING 1 Io G 

oe aA A Leite a a T= A 
Noe Ale Acul, 

ee ee | esa Alo 

< 48n2A2 WEA 16 | c " A 


Then &y = Jeffg’ + guH, 


fone 2 eens ll 
3 | ' 482A? WEA 


nm (RT \? 
or 
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Integration over g ( neglecting the correction 
Ai <«1) gives 


Ma == New{l— ¥ (e-) | OA 74 DRO lee 
(4 


which is the familiar T°/* law for low-tempera- 
ture magnetization. 
order correction that the free energy and magnetic 
moment contain, instead of the direct coupling 

J =Jqq, the effective exchange integral Jeff con- 
sisting of a direct d-d exchange integral and an 
“integral” J(S) of indirect interaction. The latter 
is always positive, so that the existence of ferro- 
magnetism does not require that Jqgq be neces- 
sarily positive. Ferromagnetism also may exist 
when Jgq =0 (in rare earths and dilute alloys of 
manganese) and even with a negative d-d ex- 
change integral. The more general criterion for 
ferromagnetism is now Jeg¢ = J + J(S) > 0. 

In addition, the second-order correction com- 
pletely nullifies the first-order magnetization cor- 
rection. It has previously been shown® that the 
existence of a “zero-point” energy Ay of a spin 
wave leads either to the exponential dependence 
of Mq on T when Ay is large, or to a small 
departure from the T/? law when Ay is small. 

In the second approximation the correction Aj) 
drops out of ég completely, so that there is no 
departure from the T? law. 

The still unconsidered last two components of 
the total magnetic moment of the s and d elec- 
tron system are easily calculated, giving 

Va 


Bela 


The first and third terms of this sum describe the 
“magnetization” of conduction electrons by the 
“field” of core electrons and the spontaneous mag- 
netic moment of conduction electrons. This mo- 
ment depends on the magnitude and sign of the 

s-d exchange integral I). The second term de- 
scribes the usual Pauli paramagnetic susceptibility 
of conduction electrons. 

We note in conclusion that the effective exchange 
integral Jeg is slightly reduced as the tempera- 
ture rises. However, this dependence is too weak 
to account for the transition from ferromagnetism 
to antiferromagnetism at a high temperature, which 
is observed in some alloys and rare earths.®»® 
Also, the entire calculation is based on the approx- 
imating assumption that the magnetization of the 
system is close to its maximum value, so that we 
cannot draw conclusions that will be valid for high 
temperatures. The different methods required at 
high temperatures will be discussed in another 
paper. 


Nplo fe 12N 


, 3N 
Ms + Msa = Ee 5+ a 


6412 a 


It thus results from the second- | 
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We have also considered the case of a negative 
effective exchange integral. The indirect interac- 
tion “integral” J(S) now differs somewhat because 
of the different dispersion laws for spin waves in 
ferromagnets and antiferromagnets. This case will 
be discussed in the next paper. 

The authors are grateful to S. V. Vonsovskif and 
E. A. Turov for discussions and a number of valu- 
able comments. 
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The emission of light by a system of particles possessing an arbitrary natural frequency | 
is considered for the case when the system moves uniformly in a refractive medium that | 
is transparent to the emitted light. The role of the group velocity of the light emitted by | 


such a source is investigated. 
1. INTRODUCTION 


Tae Vavilov-Cerenkov effect has been extensively 
used recently in research in nuclear physics, par- 
ticularly the physics of high-energy particles. At 
the present time one observes in the experiments 
either radiation from individual charged particles 
that move in a refractive medium or the total inco- 
herent radiation produced by many charges that 
move independently of each other. However, this 
immediately raises the question of radiation by a 
moving system of particles.* A system of par- 
ticles may have a natural frequency of oscillation. 
Therefore, an examination of the behavior of a ra- 
diator of arbitrary natural frequency moving in a 
medium may be not merely of fundamental but also 
of practical interest. 

The purpose of this article is to clarify the role 
of the group velocity of light in radiation from such 
a source, moving uniformly in a refractive isotropic 
medium that is transparent to the radiated light. 

It is known that the radiation from a moving 
source of light depends substantially on the ratio 
of the radiator velocity to the phase velocity of 
light at the radiated frequency. Thus, a particle 
producing a time-invariant electromagnetic field 
(electric charge, fixed magnetic dipole, etc.) i.e., 
a particle with a zero natural frequency, is subject 
to the Vavilov-Cerenkov effect if its velocity of 
motion reaches or exceeds the phase velocity of 
the light. Here the connection between the direc- 
tion of the emission of light and the radiated fre- 
quency wg is determined by the ratio of the ve- 
locity of motion v to the phase velocity of the 
light u=c/n(wg) for this frequency, namely 


*This statement of the problem arises, in particular, in 
connection with the so called coherent method of charged- 
particle acceleration, proposed by V. I. Veksler. 
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v cos §/(c/n(we)) = 1, (ie) 
If a particle (or a system of particles) produces 

a time-varying field of frequency w while moving 
in a medium (wf is measured in the reference 
frame of the radiator), the radiated frequencies 
are subject to the Doppler effect. As in the case 
of the Vavilov-Cerenkov effect, the Doppler fre- 
quency is a function of the ratio v/[c/n(w@)] = 
Bn(wg). Actually, the radiated Doppler frequen- 
cies satisfy one of the following relations 


Br (@») cos 8< 1; 
Bt (W») cos 8 > 1. 


Here wy = w)V1-— 6% is the natural frequency 
measured in the coordinate system in which the 
medium is at rest. 

The first equation corresponds to the case when 
the projection of the radiator velocity on the direc- 
tion of the beam, v cos 8, is less than the phase 
velocity of light u=c/n(wg) for the Doppler fre- 
quency (Doppler frequencies of the usual type). 
The second formula corresponds to the “faster 
than light” Doppler effect, i.e., 


1 (@) =c/v cos 9. 


(1.2) 
(1.3) 


Wp = W / (1 — Bx (we) cos 9), 


po = W / (Bm (We) cos 8 — 1), 


v cos 8 > c/n (a). 


The group velocity of light does not enter the 
foregoing expressions explicitly. It is known, how- 
ever, that it is precisely the group velocity of light 
that determines the rate of propagation of the radi- 
ated energy in the medium. It is therefore natural 
to raise the question of whether any singularities 
will arise in the radiation if the velocity of motion 
exceeds the group velocity, i.e., if the radiator 
overtakes the light energy it radiates. It will be 
shown later on that this is indeed so: Equality of 
the velocity of radiator motion to the group velocity 
of lightis anecessary (although not sufficient) condi- 
tion for the appearance of new radiation components. 


GROUP VELOCITY OF LIGHT EMITTED IN A REFRACTIVE MEDIUM 


This result is elementary in the case of the 
Vavilov-Cerenkov effect. In fact, the least veloc- 
ity at which Vavilov-Cerenkov radiation occurs at 
at angle @ is, according to (1.1) 


Usnin COS Os Ci] Neanxs 


(1.4) 


where Nyax is the maximum value that the index 
of refraction can assume in the given medium (we 
denote the corresponding limiting frequency by 
Wlim )- Since the group velocity w is determined 
by the relation 
4 4 
a = oqo (On) = slat 


0%) (1.5) 


and [dn/dw Jw=Wy inn =0 for the maximum index 


of refraction, we get 


W (jim) = C/ Amax- (1.6) 
Comparing with (1.4) we obtain 
v cos 9/w(4;,) = 1. (1.7) 


Thus, the condition of the threshold is that v cos @ 
be equal to the group velocity of the light for the 
frequency that first appears in the spectrum of the 
Vavilov-Cerenkov radiation. In other words, the 
threshold is determined by the fulfillment of con- 
ditions (1.1) and (1.7) for a frequency that is the 
the same in both cases, wg = W]im- 

Equation (1.7) has remained unnoticed appar- 
ently because the problem is usually formulated 
in a different manner when the radiation threshold 
is determined. Usually the radiation frequency is 
assumed specified, say in the optical region of the 
spectrum, and the threshold velocity is determined 
from the known index of refraction for this fre- 
quency. 

A condition like (1.7) is significant also for 
other types of radiation in a medium. To explain 
this we must turn to an examination of the question 
of the splitting of the radiated frequencies, to the 
so called “complex” radiation effects.! 

It is seen from (1.1) — (1.3) that in the case a 
dispersing medium these equations are not linear 
in wg, since the index of refraction n(wg) may 
depend on the frequency in.a complicated manner. 
As a result, for specified wy, v, and 9 there 
are several possible frequencies wg satisfying 
the Doppler condition! (complex Doppler effect). 
Mandel’shtam was the first to indicate in his lec- 
tures that the occurrence of the complex Doppler 
effect is related to the value of the group velocity 
of light.2* Actually, it was found that the previously- 


" *The published text of the Mandel’shtam lectures? covers 
this briefly and not clearly enough. See also reference 3. 
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derived condition for the occurrence of the com- 
plex Doppler effect! is tantamount to stating that 

the ratio of v cos @ to the group velocity of light 
exceeds unity for one of the Doppler frequencies.® 

It can be shown that Eq. (1.7) is a condition for 
the threshold of the complex radiation effect, mean- 
ing also the threshold for the appearance of new 
components of the spectrum, under all circum- 
stances. 

An examination of this group of phenomena leads 
also to other conclusions. Thus, it can be stated 
that, in any refractive medium, a high-speed radi- 
ator of arbitrary natural frequency cannot over- 
take fully the light it radiates, no matter what its 
velocity of motion. 


2. CONDITIONS FOR THE OCCURRENCE OF 
RADIATION OF COMPLEX COMPOSITION 


For a more detailed examination of the problem 
of the spectrum of radiated frequencies, we used a 
graphical method, somewhat modified from the one 
used previously for this same purpose.! 

We write Eqs. (1.1) — (1.3) in such a form that 
the left side contains the quantity wyn(wg)/c (in 
the case of Eq. (1.1) we multiply the left and right 
halves by wg): 


4 Wy — Wo 6 ; 
| Mon (6) = Feosp > (me) B cos8< 1; (2.1) 
1 Wo + Wo 
<= Wen (@o) = Fase? n(@o)8cos8>1; (2.2) 
4 Bes (0) 8cos 6 = 1 (2.3 
i Weft (ag) ae N (We p O =i, ° ) 


These equations have a simple physical mean- 
ing: they result from the law of conservation of 
momentum in the emission of a photon. This be- 
comes obvious immediately if the right and left 
sides of all equations are multiplied by fi cos @. 
We then obtain on the left sides of all equations 
(nfiwg /c) cos @, i.e., the projection of the momen- 
tum of the emitted photon on the direction of motion 
of the radiator. As to the quantity on the right side 
of the equation, it is easy to verify that it equals 
the momentum given up by the moving system to 
radiation. Actually, in all cases this is the quan- 
tity AE, consumed in radiation from the kinetic 
energy of motion, divided by the velocity v. For 
example, in (2.1) we have on the right side (hwg 
—fiw))/v, i.e., 1/v times the difference between 
the energy of the radiated photon and the energy 
of transition to the excited state. Obviously, this 
difference comes from the kinetic energy. As to 
Eq. (2.2) the distinguishing feature of the faster- 
than-light Doppler effect is that the emission of 
the photon is accompanied by the excitation of the 
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system.® This is why the kinetic energy loses an 
amount equal to fwg + hwo. The right half of Eq. 
(2.3) is obvious and requires no explanation. 


The change in momentum accompanying a small 


change in kinetic energy, as is well known, satis- 
fies the relation 


Ap = AE/v. (2.4) 


Thus, Eqs. (2.1) — (2.3) really follow from the law 
of conservation of energy and momentum, while 
(1.1) — (1.3) can be considered as their conse- 
quences. 

Let us note also that Eq. (2.3) is a particular 
case of Eqs. (2.1) and (2.2). It corresponds, as 
expected, to the case of a radiator field that is 
stationary with time, i.e., wo=0. It is obvious 
that (2.1) and (2.2) can be satisfied for wy = 0 
only if the inequality sign on the right side is re- 
placed by an equal sign. The difference between 
(2.1) and (2.2) is also not of fundamental nature: 
one equation is derivable from the other by re- 
versing the sign of wy or wg, which, from the 
wave point of view, means merely reversal of the 
phase of the oscillation. Thus, Eqs. (2.1) — (2.3) 
can be considered as different cases of the same 
relation. 

The field of any radiator moving uniformly in 
the medium can be expanded into a spectrum of 
natural frequencies wf = w)/V1—$%. Therefore, 
the corrolaries of Eqs. (2.1) — (2.3), which remain 
valid for arbitrary wj, are also correct for any 
spectrum of frequencies w, i.e., they include 
the general case of radiation during uniform mo- 
tion in a medium.* 

Figure 1 shows graphically the magnitude of the 
wave vector 


k(w) = on (w) /C 
as a function of w. 
ded n (w)> 0) the portion of the plane bounded by 


a,=(@ +@,Jucosd 
a=a/v00s8 


FIG. 1 


*In particular, the path along which the radiation occurs 
may be bounded. This corresponds to a frequency spectrum at 
which the field vanishes outside a specified time interval. 


(2.5) 


The curve k (w) divides (provi- 


M. FRANK 


the positive coordinate axis, into two regions: reg~- 
gion I below the curve k (w), and region II above it. 
The same diagram shows the straight lines that 


satisfy the following equations 


a, == (& —@)/v cos 9, (2.6) 
dy = (W + )/v cos 4, (2.7) 
a=w/vucos 9. (2.8) | 


The intersections of these lines with the curve 
k(w) obviously yield values of wg satisfying | 
(2.1), (2.2), and (2.3) respectively, i.e., yielding 
the Doppler frequencies in the medium under con- 
sideration for given Ky, v, and 6, and yielding 
the frequency of the Vavilov-Cerenkov radiation 
for given v and @, 

For convenience in the analysis, the same val- 
ues of v and @ are used in all three cases of 
Fig. 1. Therefore all three straight lines are 
parallel and inclined to the w axis at an angle 
a=tany =1/vcos@ (Fig. 1 shows the case 
0=0=7/2, i.e., cos 0 > 0). - 4 

The character of the intersection of the lines a 
with the curve k(w) may vary. If one moves | 
along a straight line in the direction of increasing 
w, the line may go at the point of intersection from | 
region I into region II, provided the slope of the tan- 
gent to the curve k(w) i.e., dk/dw is less than 
a =1/v cos 6. To the contrary, if dk/dw > 1/v x 
cos 8, a transition from II into I occurs at the in- 
tersection point. Finally, dk/dw =1/v cos @ cor- 
responds, obviously, to tangency (from the inner 
or outer side). 

The slope of the tangent to the curve k(w) is, 
as is obvious from (2.5), the reciprocal of the group 
velocity of light for the frequency w: 


4 4 
fo PO) = = 5 on) = ai) (2.9) 
Thus, we have three cases: 
vcos8/w(wes)<1 transition from I to II (2.10) 
vcos§/w(w») >1 transition from II to I (2.19 
v cos 8 / w (we) = 1 tangency (2.12) 


A transition from I to II or from II into I ean 
occur also at the point of tangency (tangency at a 
point of inflection). In principle, therefore, the 
equal sign is also possible in Eqs. (2.10) and (2.11). 
Actually, however, the angle @ is always specified | 
with accuracy to certain very small but finite AQ, 
which defines a certain frequency interval Aw, for’ 
which the quantity w is indeed determined. If the 
tangency occurs at a point of inflection, then at _ - 
neighboring points, on the right or on the left, the 
quantity w satisfies the particular inequality sign 
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that characterizes the corresponding intersection. 
Thus, when averaged over the angular interval Aé, 
the inequality assumes a definite sign and the equal 
sign can be discarded. 

For the same reason, Eq. (2.12) implies that the 
tangency occurs without intersection. In this case 


when going through the point of tangency the inequal- 


ity reverses its sign, and consequently, averaged 
over a small A@, we can consider the equal sign 
to hold. 

Part of the curve k(w) is shown dotted in 
Fig. 1 (and in the analogous Fig. 2). In this fre- 
quency region it is incorrect to identify the deriv- 
ative to the curve k(w) with the reciprocal of 
the group velocity. This region, which includes 
also the region of negative w (if it exists), cor- 
responds to the frequency interval at which the 
absorption of light cannot be neglected. In this 
case, as is known, the quantity defined by (1.5) 
cannot be given the meaning of a group velocity 
of light. 


The foregoing pertains only to the physical 
meaning of the derivative of k(w). As to the 
curve itself, it retains its meaning in the entire 
region of variation of w, provided n is taken 
to mean its real part and its intersections with 
the straight lines, a, give the values of the ra- 
diated frequencies. We shall not exclude from 
consideration the region of negative w, since 
in principle such values are possible, although 
in an isotropic refractive medium this case is 
not realizable outside the strong-absorption 
region. 

Let us discuss the consequences that result 
from an examination of Fig. 1 and Eqs. (2.10) — 
(2.12). At sufficiently large w, n(w) approaches 
unity and, consequently, the slope of the curve 
k(w) =wn(w)/c is equal to [1/w]w—o = le 
<1/v cos @ for @<7/2. Consequently, at suffi- 
ciently large values of w, all the three straight 
lines a lie in region II. The line a,, the inter- 
section of which with k(w) determines the fre- 
quencies of the ordinary Doppler effect [Eqs. (1.2) 
or (2.1)], intercepts the abscissa axis at W = Wp, 


and consequently lies in region I. Therefore the 
line a; must have at least one intersection ac- 
companied by a transition from region I to region 
II (for example A; or C; in Fig. 1). This is true 
not only for cos @=0, i.e., @ = 7/2, shown in 
Fig. 1, but for all 0< 6< 7. When 6 increases 
from 0 to m, the slope of the line a, ranges 
from a’ =+1/v to a” =—1/v (see dotted lines, 
Fig. 2). It is seen from Fig. 2 that when cos 6 < 0 
the line a, must intersect the curve k(w). 

Thus, for any velocity v, for any angle 6, and 
for any natural frequency wy, there must be at 
least one Doppler frequency satisfying (1.2) and 
satisfying, in addition, (2.10). 

The Doppler effect may be complex, since this 
frequency may be accompanied by several other 
frequencies (crossings B; and C,, Fig. 1 or B’ 
and C’, Fig. 2). The number of such additional 
frequencies must be even, since they should be 
due to an equal number of crossings from regions 
I into II and from II into I (in the limiting case of 
tangency, they may become equal to each other). 
Thus, the complex Doppler effect is known to occur 
if there is at least one crossing from II into I or a 
tangency of the line a; to the curve k(w) from 
the outside or from the inside. From this we get 
that the condition for the occurence of the com- 
plex Doppler effect is the presence of a Doppler 
frequency for which, according to (2.11) or (2.12) 


v cos 6 / w (we) > 1. (2.13) 

From an examination of Fig. 2 we can conclude 
that all the above pertains to the case of obtuse 
angles 6. For the complex Doppler effect to occur 
in this case, Eq. (2.13) must be satisfied. Since 
cos 8 <0 when @ >72/2, this is possible only for 
a group velocity that has a negative absolute mag- 
nitude, less than |v cos @|. In this case, if the 
frequency splits up, the larger frequency satisfies 
inequality (2.10). 

A complex Doppler effect may also result from 
the appearance of faster-than-light Doppler com- 
ponents. The line a, which determines these fre- 
quencies at small values of w, as well as at large 
w, lies in region II and therefore cannot in general 
cross the curve k(w). This is understandable, 
since unlike ordinary frequencies, which occur al- 
ways, faster-than-light Doppler frequencies are 
supplementary and occur only under certain con- 
ditions, and naturally, only for acute angles @. 
However, if a, does cross k(w), it does so in 
at least two points (in general as even number), 
since every time the line a, passes from II into I, 
it crosses back from I into II at large frequencies. 
The former transitions are satisfied by (2.11) while 
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the transition corresponding to the higher frequency 
obeys (2.10). In the limiting cases the intersection 
is replaced by tangency, i.e., a pair of such fre- 
quencies becomes one. Thus, the threshold for 

the occurence of the faster-than-light Doppler 
effect is (1.7). For each given 0, the faster-than- 
light Doppler effect is always complex, and con- 
tains a component that satisfies (2.13). 

It follows, therefore, that satisfaction of condi- 
tion (2.13) for any Doppler frequency is a neces- 
sary and sufficient condition for the complex 
Doppler effect to occur. This indeed is the pre- 
viously derived condition for the occurence of the 
complex Doppler effect,! expressed in a somewhat 
more general form. 

The foregoing can be readily generalized to in- 
clude Vavilov-Cerenkov radiation. For large w, 
as indicated, the line a lies in region II. At 
small w (excluding from consideration the point 

= 0), the line may lie either above or below the 
curve k(w). In the former case there must be 
an intersection with a crossing from I to II, i.e., 
light is radiated in the direction 9 with a fre- 
quency for which condition (2.10) holds. In addi- 
tion to this frequency, there can exist an even 
number of supplementary frequencies, determined 
by the equal number of crossings from I to II and 
from II to I. 

In the second case there may be no crossing, 
i.e., the condition for the occurence of the Vavilov- 
Cerenkov effect for a given @ is not satisfied for 
any of the frequencies. If crossings do occur, 
there are at least two (in general an even number), 
and after each crossing from II into I there occurs, 
at large 9, a crossing from I into II. 

The threshold of the Vavilov-Cerenkov effect or 
of new additional radiation components remains, 
obviously, the tangency of the line a to the curve 
k(w), i.e., (2.12) or, what is the same, (1.7). The 
complex effect is certain to occur if a component 
exists for which condition (2.11) is satisfied. In 
the limiting case, when the inequality goes into the 
equality (2.12), these components merge into a dual 
frequency. 

We note that it is precisely the complex Vavilov- 
Cerenkov effect that is observed in the experiments. 
Actually, the Vavilov-Cerenkov effect is practically 
always observed in the visible or near-ultraviolet 
region of the spectrum. This is a region of normal 
dispersion, in which w<c/n. Since, according to 
(1.1), we have in the case of the Vavilov-Cerenkov 
radiation c/n =v cos 6, consequently, for the ra- 
diated frequency, w(w)<vocos 6. The frequen- 
cies paired with the observed one lie in the ultra- 
violet portion of the spectrum, in the region of 
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anomalous dispersion, and are not observed be- 
cause of the strong absorption. 

Thus, the foregoing relations between the value 
of the group velocity and the velocity of motion are 
common for all radiators moving uniformly in 
space. One must not forget here that these rela- 
tions are meaningful only when the group velocity 
satisfies the corresponding Doppler condition 
(1.2) — (1.3) or condition (1.1) for the Vavilov- 
Cerenkov effect. These conditions may be ex- 
pressed in terms of the magnitude of the group 
velocity if they are represented in the form of an 
integral equation. Actually, Eqs. (2.1) — (2.3) can 
obviously be written 

bea’) 


a 


) do ot a 
Here w(w) means a value of dw/dk equal to the 
group velocity in the absence of absorption. The 
minus sign corresponds to the ordinary Doppler 
effect, the plus sign to the faster-than-light effect, 
and wy =90 corresponds to the Vavilov-Cerenkov 
effect. 

If the Doppler effect is complex, then for any 
pair of Doppler frequencies wg and w@ of the 
same type, i.e., ordinary or faster-than-light 
frequencies, we obtain directly from (2.14) 


| ee —1)do =0, (2.15) 
or ue 
xe v4 | 
Careers Wr Serer: (2.16) 


9 


Thus, the mean value 1/w over the interval of w, 
contained between the Doppler frequencies Wp 
and wg, is always equal to 1/v cos @. 

We note that Eqs. (2.15) and (2.16) do not con- 
tain wy) and, consequently, are valid both for the 
Doppler effect and for the Vavilov-Cerenkov radi- 
ation. 

If one of the radiated frequencies is known, for 
example wo, then, considering we as the vari- 
able in (2.16) or (2.17) it is possible to determine 
in principle all the remaining frequencies of a 
given type. 


3. CONNECTION BETWEEN THE VELOCITY OF 
THE RADIATOR AND THE GROUP VELOCITY 
OF LIGHT 


Based on the foregoing, it still remains quite 
unclear why the resultant relations refer specific- 
ally to the projection of the velocity of the radiator 
and the direction of the beam. This can be ex- 
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plained as follows. It is obvious that the spectrum 
of the frequencies radiated in the direction @ is 
given by the quantity wy and by the product 

v cos @. We obtain the same frequency spectrum 
at a velocity v’ =v cos @ and the same value of 
wo. (The natural frequency of the system should 
be changed in this case, since wy = w)V1— ). 

It corresponds to forward radiation if v’ > 0, i.e., 


cos @ >0, or to backward radiation if v’ < 0, i.e., 


cos @ is negative. If we disregard the case when 


the angle 6 has the threshold value for the produc- 
tion of radiation, we find, from the fact that a com- 


ponent satisfying (2.10) always exists, that the ra- 
diation spectrum should contain a frequency for 
which 


v f/w(o')< 1. 

Let v’ be positive. This means that the light 
emitted forward should have a frequency such that 
the group velocity is greater than the velocity of 
motion. Thus, in the case of forward radiation the 
radiated energy must outpace the motion of the 
source. 

Let us assume that v’ is negative. Condition 


(3.1) 


(3.1) it is satisfied in this case for all w >0. Thus, 
no limitations are imposed on the group velocity of 


the light radiated backwards. 

The consequences of inequality (3.1) can be ex- 
tended to include also the case of negative group 
velocity. This case deserves a special analysis 
and we shall treat it here only briefly.* At nega- 
tive group velocities the directions of the phase 
and group velocities are opposite. If radiation 
does take place, i.e., energy is carried away, the 
group velocity should be directed along the ray 
drawn from the radiator and consequently the 
phase velocity should be directed towards the 
radiator. Fig. 3a shows the picture obtained when 
w <0 for an acute angle 6 (as before, 9 is the 
angle between the direction of the phase velocity 
u and the velocity of the radiator v). It is seen 
from Fig. 3a that the radiated energy makes in 


FIG. 3 


*Certain features connected with negative group velocity 
for the Vavilov-Cerenkov effect in crystals are discussed by 
V. E. Pafomov.4 


this case an acute angle (7—@) to the direction 
of the velocity. Figure 3b shows the case 0 = 0, 

> 1/2. In this case the energy is obviously carried 
away at an acute angle (7-—6,) to the direction of 
motion. 

Let us turn now to the consequences of inequal- 
ity (3.1) at negative w. The angle @< 2/2 cor- 
responds to positive v’. Inequality (3.1) will be 
fulfilled in this case for any negative w. In this 
case the energy is carried away, as we have seen, 
backward and no conditions whatever, as before, 
are imposed on its removal. 

The quantity w can be negative also when v’ 
<0, corresponding to 6, > 7/2. In this case con- 
dition (3.1) is satisfied only if the absolute value 
of w is greater than that of v’. Since the energy 
is carried away forward in this case, this means 
that here too we have a case when the velocity of 
energy propagation outpaces the velocity of the 
radiator. 

In our analysis we went from radiation at an 
angle @ to the direction of the velocity to forward 
radiation at the same frequency, i.e., to 9 =0. 
Obviously, we can proceed in an opposite sequence 
Were the radiation in a forward direction to con- 
tain no components that outpace the radiator, then 
for the same wy and v cos 6=v’, we would find 
that there exists no component satisfying (2.10), 
which, as we have seen, is impossible. 

Complex radiation effects are accompanied by 
the appearance of components or a component sat- 
isfying (2.11). Such an anomalous component must 
be accompanied by a normal one, satisfying (2.10) 
and having a higher frequency at that. Thus, the 
normal component that outpaces the radiator car- 
ries more energy per unit frequency interval than 
the anomalous one. 

The relations between the quantity v cos @ and 
the group velocity are a direct consequence of the 
fact that the radiator cannot overtake fully the light 
signal that it radiates in the direction of its own 
motion. 

Condition (2.12), corresponding to a threshold 
of appearance or vanishing of the frequencies, 
means for 0’ =0 that the group of waves moves 
at the same velocity as the radiator. Obviously, 
in this case there is no radiation, merely the mo- 
tion of the field with the radiator. That this is a 
threshold case at 0’ =0 is almost obvious. 

No conditions whatever were imposed in this 
analysis on the value of wy and on the correspond- 
ing initial phase of the oscillations. Thus the spec- 
trum of wo is arbitrary and, consequently, every- 
thing said here concerning the role of the group 
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velocity applies also for any source of light uni- 
formly moving in a refractive medium. 
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4. E. Pafomov, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 32, 366 (1957), Soviet Phys. JETP 5, 
307 (1957). 
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NON-UNIQUENESS OF THE PHASE SHIFT ANALYSIS OF PROTON-PROTON COLLISIONS 
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A method based on the optical model is proposed for the phase shift analysis of p-p colli- 
sions at energies E 410 Bev. The refractive and absorption coefficients for energies 
E ~ 1 Bev are found to be of the same order of magnitude. The calculated differential 
cross sections for elastic scattering, the total cross section, and the cross section for 


inelastic processes agree with experiment. 


‘ee analysis of nucleon-nucleon scattering ex- 
periments at high energies on the basis of the phe- 
nomenological optical model has been the subject 
of many papers.‘~* In references 1,* 2, and 4 itis 
assumed that the real part of the complex phase 

Nj can be neglected in comparison to the imagi- 
nary part 


Re 4, << Im 7,. (1) 


Without assumption (1) the phase shift analysis of 
the experimental angular distributions becomes 
exceedingly complicated, No results of such cal- 
culations have so far been published. 

Since the validity of assumption (1) becomes 
better as the energy increases owing to the fast 
increase in the number of possible channels for 
inelastic processes,° we can, for sufficiently high 
energy E=E*, compute nj(E*) © i Inn 7(E*) 
and the corresponding spatial distribution of the 
absorption coefficient K =K(E*; r) by the method 
described in reference 6. The refractive coeffi- 
cient is then 


NUE ST) a VoeN (Er) I. 


Applying the optical model to the interaction of 
nucleons with nuclei, we can write the coefficients 
K(E;r) and N)(E;r) inthe form 


K(Ex; r)=R(E)e(r), No(Esr)=n(E)e(r), — (2) 


where p(r) is the nuclear matter density. For 
nucleon-nucleon interactions relation (2) is not 
satisfied in general, since the refraction and ab- 
sorption coefficients in different regions of the 
nucleon describe an interaction between different 
kinds of particles. For example, the energy de- 
pendence of K(E;r) may be notably different 
for central collisions and for grazing collisions, 


*We thank the authors of reference 1 for sending us the 
manuscript before publication. 


where only the pion clouds interact with each 
other. However, it can be assumed that for en- 
ergies < 10 Bev, where the wave length x is 
still large, it is admissible within the present- 
day experimental errors to write the experimen- 
tal coefficients K(E;r) and N)(H;r), aver- 
aged over the internal structure of the nucleon, 
in the form (2). 

Let us now consider the relative coefficients 
of absorption, k, and refraction, n: 


K(E; r) = R(E)K(E*; r); 
NE =n Gy KBr, (3) 


where K(E*: r) = K*(r) is the average coeffi- 
cient computed by Grishin;+ E* = 6.15 Bev. The 
imaginary and real parts of the phase shift 77 (E) 
can then be determined from the equations 


co 


Sin = TR > (20+ 1)[1 


1=0 


exp (— 4k7/)], 


of = 2nk® >) (21+ 1) [1 — exp (— 2ky}) cos (2n73)], (4) 
1=0 
where 


q=\ K (VeU(E+ 1) +8*) ds, (5) 
0 
and ot and ojn are the experimental values of 
the total cross section and the cross section for 
all inelastic processes in p-p collisions at the 
energy E. 
The results of the calculation are listed in 


Table I. In accordance with the results obtained 
—27 
at Dubna,’ we set ot = 30 x 10 acm and ory = 
TABLE I 
E, Bev 1) PPI PATS 4.40 6.15 10.0 
£-10'3 em|!.28 |1 a6 46 1.02 | 1.00)0.94 
n-10'8 eml!.48 11.36]1.40 10.52 | 0.0 J0.050 
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23.0 x 1072" cem* at the energy E=10 Bev; the 
cross sections for the other energies are the same 
as in the paper by Grishin, Saitov, and Chuvilo.® 

It follows from Table I that condition (1) is not 
valid for our kind of phase shift analysis in the re- 
gion of energies of the order of a few Bev. How- 
ever, we do have the relation Re F < Im F in this 
energy region. This can be seen from Table II, 
where we list the computed values of the ratio 
v(@) =Re F(@)/Im F(@) for @=0° and @=10°. 
The values of o; [see formula (4)] are therefore 
less sensitive to the choice of n than to the choice 
of k. At E=10 Bev the computed value of n is 


= 0. This confirms our assumption that n(E*) =0. 


TABLE II 
E, Bev | 19 2a 4.40} 6.45] 10.0 
v(0)  |0.47|0.49]0.42| 0.31] 0.00} 0,036 
v (10) {0.4 }0.460.42/ 0.29] 0.06] 0.034 


Using the values of the coefficients k and n of 
Table I and the values of K*(r) from the paper 
by Grishin,* we calculated the angular distribution 
da/dQ of the elastically scattered protons. The 
results of this calculation are shown in the figure. 


Differential cross 


a2 sections for the elas- 
40 tic scattering of pro- 
tons in the center of 
30 mass system in mbn/ 
sterad. 
v1] 


0 ww 60 60° 


The theoretical and experimental values are in 

satisfactory agreement within the experimental 
limits of error (for the bibliography see refer- 
ences 3 and 4).* 


*There is a small discrepancy between the computed and 
experimental distributions in the small angle region at E= 
2.24 Bev. This comes from the fact that we used the average 
experimental value of Of for the calculation of n(E). The 
angular distribution agrees better with experiment, if one 
chooses for 0; a value which is closer to the lowest ex- 
perimental value o, = (44.1 + 4) x 10-7” cm’. 


menko, Nucl. Phys. 5, 17 (1957); Nuovo cimento 8, 


Acta Phys. Polon. 17, 177 (1958). 


All the presently available experimental results 
can in this way be adequately described on the basis 
of quite different assumptions about the magnitude 
of the phase shifts. However, in our opinion the 


phase shifts calculated by formulas (3) to (5) are 


preferable to those calculated on the basis of as- 
sumption (1). Our assumptions include condition 
(1) as a special case and define the limits of its | 
applicability. Even in this case the results depend, | 
of course, on the values of o, and ojn used | 
(within the experimental errors). | 

For a definite conclusion one needs more exact 
measurements of the angular distributions at en- 
ergies of ~1 to 3 Bev. 

We thank D. I. Blokhintsev for a discussion of 
various questions on the optical model and for 
comments on the results, and also I. V. Chuvilo 
for a discussion of the results and valuable crit- 
ical comments. 


1Tto, Minami, and Tanaka, Nuovo cimento 8, 135 | 
(1958). 

2vV. G. Grishin and I. S. Saito, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 38, 1051 (1957); Soviet Phys. JETE 
6, 809 (1958). 

3 Grishin, Saitov, and Chuvilo, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 34, 1221 (1958); Soviet Phys. JETP 
7, 844 (1958). 

4V. G. Grishin, J. Exptl. Theoret. Phys. (U.S.S.R} 
35, 501 (1958); Soviet Phys. JETP 8, 345 (1959). 

° Barashenkov, Barbashev, Bubelov, and Maksi- 


Suppl. 1; V. S. Barashenkov and V. M. Maltsev, 


®Blokhintsev, Barashenkov, and Grishin, Nuovo 
cimento 9, 249 (1958). J. Exptl. Theoret. Phys. 
(U.S.S.R.)325, 311 (1958); Soviet Phys. JETP 8, 215 
(1959). 

TV. Bannik et al., Communication at the Confer- 
ence on High Energy Physics at Geneva, June 1958. 
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Energy losses due to Vavilov-Cerenkov radiation are computed for a current-carrying ring 
moving uniformly in a plasma perpendicular to its plane and parallel to the external mag- 


netic field. 


Ie is known that the Vavilov-Cerenkov. effect is 
possible in a plasma placed in a magnetic field. 
The problem of the radiation from a charge mov- 
ing uniformly in a magnetized plasma has been 
discussed in detail by Kolomenskii.!»? In connec- 
tion with the coherent method of acceleration of 
charged particles proposed by V. I. Veksler? it 
is of interest to investigate the radiation from a 
current filament in an active an isotropic medium. 
Morozov‘ has obtained the radiation from an infi- 
nite current:in a plasma in a magnetic field. In 
this paper we investigate the radiation from a 
ring current. 

We consider a perfectly conducting ring of 
radius a and carrying acurrent |) moving in 
a plasma placed in a magnetic field. The velocity 
of the motion of the ring is perpendicular to the 
plane of the ring and is parallel to the externally 
applied magnetic field (which we later choose for 
the direction of the z axis). 

If the external magnetic field is considerably 
greater than the field produced by the ring itself, 
then the electron plasma behaves as a gyrotropic 
crystal whose properties are described by the di- 
electric constant tensor 

0 
Ez 


‘€ 
Il ues 
0 
x 


= (08 — 08 — 0%) / (0 =, 


=== 
€ 


0 
); 


/ @ (w? — 7); 


ez = 1 —(0/)?; Y= 0%, / 


wo = Ane?N/m, 0, = eH [| me. (1) 
To obtain the field of the moving ring it is nec- 
essary to solve the following system of equations 


for the potentials 
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(e— A) — grad divA = - at j — - grad 5? ; 


— 4xo 


(vev)¢ 
subject to the subsidiary condition 
div (eA) =0. 


Since the current-carrying ring is moving perpen- 
dicularly to its own plane, then p =0 and we may 
set g =0. Consequently it is necessary to find 
the solution of the equation 


(cA) 


The solution of this equation in general form may 
be written as follows:° 


ge 
CS Oe 


grad divA = iy 


AA 


(i, —k 


j= Syenoods 


(ke A §,) 
(keA !k) 


4 


Aso VAS elk VO) dk, 
c 


o 


(2) 


where 


while the matrices A~! and €A7~! are of the form: 


Kh —ih, O p —ip, 0 
At= e Ons eA =| ip, p. MOHS 
A = (k? — xe) / Ly; hy = eae dese 
he =1/Le, p= be(y?—e%) + ek] / Ly 
[Sih = Rea Ly |p &z/Le, 1 Ge te =< (xe cae Re): 
Le = x72 — Re; Sop /Ge 


We shall solve the problem in the cylindrical 
system of coordinates with the z axis directed 
along the direction of motion of the ring. There- 
fore it is convenient to write j in the form 
<< (0, 


ip > 0). 


B, = 


j = 1,5(z— vt) curl B., 
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Then 


toa 


as nit 


k =k,+z(kev)/v. 


{kxz] 


J (ka) e&® O—YOdk, (3) 


Vavilov-Cerenkov waves will be radiated when the 
following condition is fulfilled 


kek cokes 


This condition leads to two values m and n, for 
the indices of refraction in the directions of maxi- 
mum radiation determined by the condition for the 
Cerenkov radiation: 


cos? 94,9 = 1/ B?nt; 


no =>: {ees ta fte—y 
[ (ee i 8? ae teat) 
a oa 
+4let(?—e(ets | |p. (4) 


On substituting (3) into (2) and on integrating over 
y and ky, we can obtain expressions for the com- 
ponents of the vector potential A which we do not 
give here. We simply note that the optical activity 
of the medium leads to the appearance of the com- 
ponents Ay and Az, which are absent when the 
current-carrying ring is moving in an inactive me- 
dium.‘ 

The power losses in the form of Vavilov-Ceren- 
kov radiation are given by 


P= 2raloE. Ee z=vt° 
As a result of some calculation we obtain 
": 4n2a?l? 4 
Sapien Tees 
rn | —— 
x{ | ta (SEV nie? = 1) ESV nip® = 1 Jodo 
ni — ni, v \ 
nig? >4 
ns — Tire) ! aK: o | | 
— — y =O *— 1) 
nn ‘ \t V nig? 
n2g?>1 
J Lav nei = | edo 
ny =e, +P *—e,/ ef. (5) 


The integration extends over the range of frequen- 
cies for which nf» (w) B? > 1. 

From (5) we can obtain the energy losses due to 
radiation from a magnetic dipole with a moment 
directed parallel to the direction of motion. To do 
this we set a—0 and by considering that the mag- 
netic moment is given by M = 7aI)/ce we obtain 
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n2— 
Mia 


Lame “(ci — 1) wd 
naa 


n 2at>1 


a: a (nip? — 1) o'de} (6) 
nog?>1 : 


The magnitude of the indices of refraction nj, » 
in a plasma placed in a magnetic field is a compli- 
cated function of w, Wo, WH, B. My,2 may be de- 
termined by substituting into (4) the specific de- 
pendence onw of e€(w), €z(w), n(w). Itis of 
interest to note that when a magnetic field is ap- 
plied to the plasma there exists no frequency for 
which all the components of the dielectric constant 
tensor would vanish simultaneously. Therefore in 
a plasma placed in a magnetic field polarization 
losses are not possible. Cerenkov losses occur 
in their place, so that the integral of the losses 
given by (5) determines the total losses of the 
ring current due to so-called distant collisions. 
The conditions nj ,(w)f* > 1 define the range 
of frequencies radiated. When 6 —1 waves are 
radiated whose frequencies lie within the limits 


o<o< V oho). (7) 

When £8 <1 waves of frequency w < wy can 
also be radiated. 

Let us now consider the losses accompanying 
the relativistic motion of the ring. This case is 
of the greatest interest for the coherent method 
of accelerating the rings, since it corresponds to 
the initial instant of acceleration (the inverse of 
the Vavilov-Cerenkov effect). Taking into account 
the fact thatas B—1 n?e?>1, n362<1 weare 
able to obtain in a general form the integral of the 
losses “ae ot (5), viz.: 


patel (na (28) (8) + 5 (SR) 


c 
CEs 


+a SPIRE) +0 (ZK) 


fe @) 


From (8) it is easy to obtain the losses for a rare- 
fied plasma and for small rings by utilizing expan- 
sions of I, (woa/c), K,(woa/c) in the case wya/c 
<< i 


P = 2a] ic Fwy, In (2c / a). (9) 


In the case of a magnetic dipole this integral di- 
verges logarithmically as a—0. This orerecney 
is associated with the fact that the upper limiting . 
frequency W jm = V wis + w?2 for a point dipole 
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corresponds to zero wave length. Therefore at 
the upper limit we cannot utilize the results of 
macroscopic electrodynamics. The integral (6) 
for a magnetic dipole should be cut off at a certain 
maximum frequency Wy. If close collisions are 
taken into account the total losses will not depend 


on the indefinite choice of the cutoff parameter wy. 


For a dense plasma and for rings of large ra- 
dius, i.e., wya/c > 1 the losses will be given by 
the following expression: 


22 
P = x’a*l (wpm | c*. 


(10) 


One of the characteristic features of the medium 
under investigation is the possibility of Cerenkov 
radiation for B «<1. It may be shown that losses 
due to Cerenkov radiation at nonrelativistic veloc- 
ities are proportional to B? 


$72 2 
preres (Saye 


cH u w?, j 


with wo K v/a, Wy > Wy, > Wp. 


In conclusion the author expresses his deep 
gratitude to Academician V. I. Veksler for suggest- 
ing the topic and to B. M. Bolotovskif for valuable 
advice and suggestions. 


14 A. Kolomenskif, Dokl. Akad. Nauk. S.S.S.R. 
106, 982 (1956), Soviet Phys. “Doklady” 1, 133 
(1956). 

24. A. Kolomenskif, Report of the Physics In- 
stitute, Academy of Sciences, U.S.S.R., 1951. 

3V.I, Veksler, Aromuas sHeprua (Atomic Energy ) 
2, 427 (1957); CERN Symposium on High Energy 
Accelerators and Pion Physics, Proceedings 1, 
Geneva, 1956. 

4.1. Morozov, Thesis, Moscow State Univer- 
sity, 1957. 

5B. M. Bolotovskil, Usp. Fiz. Nauk. 62, 201 
(1957). 
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Within the framework of magnetohydrodynamics, under the assumption of ideal conductivity, 
a study has been made of oscillations of a cylindral cavity in a completely ionized plasma 


located in a magnetic field. It is shown that such a system is stable and that under certain 
conditions no waves can propagate along the cavity. 


Tue stability of an ideal conducting gas in a cyl- non-zero components of the magnetic field are 
inder with respect to small perturbations has been He and H®,. It will be assumed that within the 
studied by Kruskal and Schwarzschild! and by Shaf- plasma H= 0 and H} is uniform, i.e., 

2 
ranov. 


0 0 0 0 
In the present paper an analogous method will He = 2I/cr, He =0, Ha=const, Hz, = const, (6) | 


be applied to solve the problem of plasma oscilla- where the indices 1 and 2 denote that the corre- 

tions in an infinite cylindrical cavity of radius a, sponding value of the quantity refers to the cavity 

containing the conducting medium in a coaxial cyl- _ and the plasma, respectively. Then according to 

inder of radius ag, in which a current I) is flow- Eq. (4) we must have 

ing. In the equilibrium state the pressure of the - i. oe 

plasma on the cavity boundary is balanced by the Hz — Hg + Hoy = 8r po. (7) 

magnetic pressure resulting from the surface cur- Solving the system (1) and (2) by the method of 

rents flowing at the plasma-vacuum interface. small oscillations, subject to the boundary condi- 
The starting point is the system of equations tions (4) and (5), we obtain the desired dispersion 


consisting of the magnetohydrodynamic equations relation* 
for an ideal fluid conductor 


p dv/dt = |jxH]/c — Vp; 


OF = fn (O%, h) = (8 =O") |e? — TE an (| (8) 


dp/ot + Vov = 0, p =const-p"; (1) under the conditions —7/2 < arg ¢ < 1/2, where 
OH/ot = curl[vxH]; curlH = = 4rjj/c (2) Qi’? 2 Po 2 (Q? — k?) (Q? — q? k®) 
os ’ Cn Y ’ od 2 pi a 2 ? 
for the region within the plasma; the equations or & ea ee: 
= Vo; ~Ag= 0 (3) Gg = 2h, Y= (tre ls 
for the vacuum; and the boundary conditions at the hj = H%:/Ho, x, =a/a 
interface, ta: ae 
e Iq (8) Kin (R%0) — Tin (PX0) Kn (P) hy)? 
H(H) =—4n(p}; n(H} =0. 4 Con oe eee 
2 (@) m \ Lim (B) Kin, (2X0) — Tin (BX0) Kin (A) A ©] 
Here H denotes the mean value of the field at the 
boundary, and the letters in brackets denote the Im and Ky being the modified Bessel functions 
magnitudes of the discontinuities in the correspond- of order m. 
ing quantities at the interface, and n is the unit It follows from the self-adjoint nature of the 
vector normal to the plasma surface, directed into operator which occurs in the linearized equation 
the plasma. Since this surface moves with the of motion that the expression (8) has no roots in 
plasma, the relationship the complex region. Hence in studying this expres- 
Hana tains Vine eae (5) ee is sufficient to limit ourselves to real values 
Oo ‘ 


must be satisfied. 
ieethe equilibeiam state Vv 7 0, and the plasma *Here we assume, as usual, that all quantities are pro- 
is uniform in the z and @ directions, and the portional to exp i(kz + md + owt). 
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First of all, we observe that, although as 0? 
varies from zero to — the function Im (O27) 
increases monotonically and 


2 een 
Im (0, k) ay c = ERapam () |>0, 


yet the dispersion equation has no solution for 

2? <0. Thus Q is always real, and the system 
is stable with respect to small perturbations for 
which k ~0. However, if k=0, the dispersion 
equation has the solution Q?=0 for any arbitrary 
value of m when Ho =0, but only for m=0 
when H?, #0; i.e., in this case we have a state 
of neutral equilibrium. 

Let us now consider equation (8) in more detail 
for the case Q? > 0. 

Weds < Lee save > vty =H y/ 4apy: 

(a) m=0. As the frequency varies from zero to 
q’k?/(1 +q?), the function fy (2, k) decreases, 
and for 2? — q’k?/(1 +4?) it tends to the value 
q’k?/(1 +q?); at the same time ¢ tends toward 
infinity. With further increase in the frequency, 
fr, becomes complex, and then when 2? = q?k? 
it returns to the real domain again, varying from 
+0 for Q?= qk? to zero when 2?=k?. In the 
region Q? >k* the function fy is always com- 
plex, i.e., there is no solution. There is therefore 
only a single branch, coinciding with the acoustic 
branch at small values of k and q?. 

(b) m #0. Just as inthe case m=0, the dis- 
persion equation has no roots F< gh) .Korg 02 :> 
q?k? the function fy, is positive, and varies from 
+o at 2? =q’k* to the value 
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2m Lm (R) 
fm (R?, k) = > 1—@ 


(10) 


at 0? = k?, and then becomes complex. Conse- 
quently, solutions exist only for those cases where 


ke > Im (FR, R), 


i.e., the only waves which can propagate in the sys- 
tem are those with a wavelength greater than some 


(11) 


iti (m) _ (m) (m) 
critical wavelength AQ 2n/ke ,» Where k’ 


is the smallest root of the equation k? = fy (k’, k). 

In both of the above cases the frequency ? lies 
in the interval from q?k? to k?. 

2. q?>1. In this case f,, is positive only when 
Q? < q’k?/(1+q?). For values of Q? greater than 
q’k?/(1 +q?) the function fm is either complex 
or negative; that is, the dispersion equation has 
no solutions at all. 

Thus we have seen that the dispersion equation 
(8) has no solutions corresponding to acoustic or 
Alfven waves in a gas. There is only a single mode 
that vanishes as q—1. For q’?>1 no solutions 
are possible at all; i.e., no wave-like motion is 
possible. 


1M. Kruskal and M. Schwarzschild, Proc. Roy. 
Soc, A223, 348 (1954). 

2V. D. Shafranov, 
Energy ) 5, 38 (1956). 
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The nonlinear field described by the equation ( O-Ag?)g~ =0 is considered. Starting from 
the exact wave-type solution of the field equation, the spectral analysis of the energy of the 
nonlinear field is obtained. The mass spectrum derived has the form mM) = (2n+1) Mo), 


eon en ee ee 


The exact radially symmetric solution of the field equation is found. A 


general method of integrating the nonlinear field of Dirac is given, and it is shown that in 
some cases it is possible to go over to a two-component spinor equation of the second 


order. 


1. THEORY OF THE NONLINEAR FIELD 
(O-Ag?) gy = 0 


We considered the nonlinear field (C -Ag?) 9 
‘= 0 in previous papers,!»” where a wave solution 
of the field equation was found and it was shown 
that a nonlinear state could appear as a superposi- 
tion of linear states with the integral frequencies 
(2n+1), n=0,1, 2,.... Recently Heisenberg 
has obtained by different means the mass spectrum 
of particles, and in particular that of mesons, in 

a nonlinear theory.**4 This spectrum obeys only 
approximately the (2n+1) rule; but, as Heisen- 
berg shows, it has the property that the ratio 
M§™/M§ is almost independent of the nonlinear- 
ity parameter, as in the case of the (2n+1) rule. 
In connection with this, the present paper gives a 
more detailed derivation of the (2n+1) rule for 
mass spectra by means of the spectral analysis 

of the energy of the nonlinear field. 


(a) Spectral Decomposition of the Energy of the 
Nonlinear Field 


The Lagrangian of our nonlinear field has the 
form 


1 2 4 
ea a Jeu? + Ro” ¢* ++ > gs} : 


p= 1, 2,.3,.4.. xy (Xn, Xy = it), (iz) 
where, for the sake of generality, the term key? 
is included. 

From Eq. (1.1) we find by the usual methods 
expressions for the energy and momentum and 
also obtain the field equation 


4 ¢ u 
H=3 \ ten? — ox! + Ro? ¢? + 5 det} (dx), (1.2) 


(1.3) 
(1.4) 


G=— 4) eave) (a), 
— Pun + Ro o + do? = 0. 


In reference 2, the time-averaged energy and 
momentum densities of the field were calculated, 
starting from an exact wave-type solution 


¢ = Pocn(s +C), Ru (Rn, Ra = io), 
— ky? = — BP 0 = hy? + dp’, 
Ry? = heg?/2 (Ro? + X90”); (1.5) 
where g and C are arbitrary constants and k, 


is the modulus of an elliptic function. 
The final results of the calculations are 


oO. — ky Nuys 


H=a(k+K,%)/o, G=ak, a= q,2ol/2, 


4 4 
Ki = + (bo? a x hp?) , 
he a 
K(hy)/} * 
From this, in particular, it follows when k=0 
that 


2 


t= 342-1 — ey) 4 (1.6) 


4 aN | 

H = 5 Go (ko? +592), (1.7) 
and, as we see, in the case where ky = 0 the quan- 
tity 


fg? = deoe?/2. (1.8) 


corresponds to the square of the mass in the ordi- 
nary case. Now, setting the energy of the field in 
(1.7) equal to the meson mass ky, with ky =0, 
we get 


©" = Die. nN S Ro’. (1.9) 
We then examine the energy spectrum of the non- 


linear field. To do this, we write the solution (1.5) | 
in the form (C =0) 
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?/Po = D ances on, on =(2n+1)B (o= RM x, 


ate = 1/2K (ki), Qn = n/kyK (Ry) ch Pn» 
Pn =(2N-+ 1) 00, 9 = K'(ky)/2K (ky), (1.10) 


where k; is the modulus of the elliptic function 
and K(k,) is the elliptical integral of the first 
kind. K’(k,) = K(k{), k?+kj? = 1. 

From (1.4) and (1.10) we find 


p?/9 = 3} bn COS Sn, (1.11) 


n=0 


where ; 
On = — (Ro? Sip ae) 


= — {ho® — (ho? + doy?) (B (A) (22 + 1))?} dn. (1.12) 
Putting (1.10) — (1.12) into (1.2) and (1.3), we get 


H = @2 >) Hn, G= 2 >) Ga, (1.13) 


n=0 n=0 
where 
Hy = Gn? ow (1 + (ho? + yl) 400), 
Gn = Fan? wo) KO) | (1.14) 


We introduce the new amplitude Ny, defined 
by the formula 


Nn = an? 0/2, (1.15) 


Then we have 
Ay = Npo™ {1 + (Ro? + Ru™)/40"}, 


Gn, = Nak . (1.16) 
From this, for the case k=0, kp =0, we find 


Hn=+Nn0, Gy=0. (1.17) 
Further, according to (1.5) and (1.10), we have 
kP=>, K’ (Ri) = K (hy) = 1.85, 
B(d) = 7/2-1,85 = 0.84, 


T wT nV 4 2,396 
Po=y> AM =—T85 chix(an+1)/2]  ch[n(@n+1)/2]’ 
(2V2 ay)? =7.29, (V3 B(d)/4)? = 0.355. (1.18) 


Then we get on rearranging 


wo) = V2 B(d) (22+ 1) ky = V 32/3 M%, 
4 A 4 ol NL ah 
Nn = x @ he aw ) =i (2 V2 Qo)” (2) ONG ) 


Dy K n 2 n 
VIO Gar 


NO 


Hy => Nn wl) = (Kolko) (@n/do)? MD, (1.19) 
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where 
MQ =(2n-+1)M®, Ky =(2V2 a)®k =7.29h, 


M? = (V3 B(n)/4)? Ry = 0.3554. (1.20) 
The total energy of the field then has the form 


co 


= G0? (Kolka) 3 (n/a)? MO” (1.21) 


n=0 


Calculating (1.9), we find 


co 


= B, | (Kolo) 3) (dnl) (M°/fha)*}. (2.22) 


n=0 


eee (1.22) and (1.7) for ky =0, we get 


(Kalk) 3} (aula)? (M9 =38 9 Ban Na 


n=0 n=0 


ae @ : nee 27m 
sj erect) he he h(x (2n + eGR) = 1. (1.23) 


The reader can easily convince himself of the 
validity of (1.23). 
The mesonic mass spectrum we have derived 
MS [Ro = (2n + 1)-0.36 (1.24) 


is listed below. For comparison, Heisenberg’s 
results are also shown 


n 0 4 2 3 4 5 
From (1.24) 0.36 4.08 4.80 2.52 3,24 3.96 
Heisenberg 0.33 0.94 4.74 — 332 — 


(b) The Radially Symmetric Solution of the Wave 
Equation 


If, for ky = 0, we examine the solution of (1.4) 
in the form 


>= ¢(s), s=)Vx,?, = 12; 3, 4, (1.25) 
the field equation becomes 


Me EE Call) (1.26) 


the solution of which is 


a 1 = if 
== V aa Oh, ws 1) (s/s) © en | 2k? — 41 3. In (s/So) (1.27) 


where sq is an arbitrary constant and k; is the 
modulus of an elliptic function. For k? = =1, we 


get 
92 V srl (1+ (5), 
2. INTEGRATION OF THE NONLINEAR DIRAC 


EQUATION 


In the linear theory, one can go over from the 
Dirac equation for a free field to the Klein-Gordon 
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equation and vice versa. Furthermore, there exists 
a connection between the solutions of the Dirac 
equation and those of the corresponding Klein- 
Gordon equation: if a solution of the Klein-Gordon 
equation is known, it is then possible to construct 

a solution of the Dirac equation. 

It is shown below that in some sense an analo- 
gous situation occurs even in the nonlinear theory. 
However, as a rule, this dependence has a more 
complicated nature. 

The nonlinear Dirac equation has the following 
general form: 


((u (0/Oxn + Bud, d)) +A, o}>=0, (2.1) 
where 
Xu (Xn, x4 = it), Kur ==" iio 
Y= %1%2%3%e ety + ta = By. (2.2) 


The functions A(?, ~) and YpBu (%, ~) are 
scalars constructed from 7, ~, and the Yu ma- 


trices in line with invariance requirements. Asa 
rule, they have the form 
acy (oT, d)), ry, — ly Ys, Yu Yu Yo: (2.3) 
The equation adjoint to (2.1) is 
$ {(0/Ox, + Bul}, 9) %w— AP, 9} =0, (2.4) 
where 
b=o'r, Ald, $) = 4 AT (d, ) Ya» $0/Ox, = 0/OXu, 
Bn (d, Y) = t4Br™ ($5 $) Ya, 
Ba($, >) = — ta Ba? ($, $) - (2.5) 
We introduce the operators 
p= {. (0/Ox, + B, (, >)), 
D = (0/0%_+By(ds 9) tus (2.6) 


D=—(mA/Aayp, D=—p(mA/AA), (2.7) 
where AA isa quantity not dependent on the ma- 
trices. For example, for A =A, (dp) + Agys (¥ys5v) 


we would have 
A= ($9) —h1sbr54), AA = bo)? — 
Then Egs. (2.1) and (2.4) can be written in the form 


(b—m)b=0, O(D4+m = (2.8) 
We introduce the new functions 
g=—(DFm)o, F=5(—D+ m+. (2.9) 
Then, substituting (2.9) into (2.8), we find 
(Db—m)o=0, @(DD—m)=0. (2.10) 


As we see, (2.8) and (2.10) have exactly the 


(he V5 (¢ s 9)? 
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same form with respect to the operator D as in 
the linear case. 

For the transition from the Dirac equation to 
the Klein-Gordon equation to be complete, the func- 
tions v and vy entering into the nonlinear oper- 
ators D and D must be expressed in terms of 
@ and Q. Since it is difficult to carry through 
the indicated procedure in the general case, we 
examine a few individual cases 


1. Bu(b, >) =0, A(b,d)=2(b4). (2.11) 
We then get 

Eee Np, ee i) As 

ry 1 Ox, a, jy Oe 


and, correspondingly, 


4 -~ -—, @ 4 
pene aahee eum ates b=o+5* 1%. ——, (2.18) 
(vA 


TH ae ADH) ” x(@ ¥) 
From this we find 
(>) = 99 + —— Tay (Pu Yu & — $v Pu) 
(= 4 
aa AC ee 7rd 
(Pu Yu % ) ew) ( ) 
that is 
Y3—X (99) Y? —X (Gun P — OIu Pu) ¥ +A (Gu Yu Tv Gr) = 9, 
Y=i($9), (2.15) 
whose solution gives 
Y =f (99¢), (2.16) 


where @ is some operator. The corresponding 
Klein-Gordon equation is 


0? fas 0 
tae iG ! iz be Y?) Tu Tv alk = 0. (2.17) 


In particular, if we look at only wave-type solu- 
tions, as we did in Sec. 1, we arrive at the results 
of references 2 and6. There, for this special 
case, the reverse problem is also solved and it is 
shown that the equation ((1—Agy*)g =0 can be 
“linearized” to yield the equations 


Yu a a [4 ws * ($4)? ]"X(9) = 0, (2.18) 


where 
b = X(s)9(3), b= 9(3)X(s), XW =1, 


x(s) being a constant spinor; s, the spin coordi- 
nate; and c,, an arbitrary constant. 

If cy is given in terms of @p, the Sey peor 
of (1.5), by cy =—K2y2/2 where x2 = =Ao2, we get 
for the solution of (2.18) 4=yx(s)@(o), where 
y(o) is given by (1.5) and y(s) is a solution of 
the equation (Yuku —ik)x(s) =0. Consequently, 
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the nonlinear field ~ can be represented as a 
particular combination of the linear states (1.10) 
with the integral frequencies (2n+1). 

It is easy to see that in the given case both (2.1) 
and (2.17) are invariant with respect to the trans- 
formations 


GSES rs tian (2.19) 

b—>4759, b—-—dy;,, (2.20) 
respectively. According to (2.13), the transforma- 
tion (2.19) induces (2.20) and inversely. Taking 
this circumstance into account we can, following 


Feynman, choose the solutions ~ = 7%], 9 = 9, 
satisfying the conditions 


(1 — 45); = 9, Ye (1+ ¥s) 9, = 9p 9, (1 + 15) = 0, 
Vy 0,(1 5) =} (2.21) 
(1 —75)b = 0, Mel + %5) >, = 
$(1 + %5)=9, Yedr(l—‘ys)=¢r. (2.22) 


Then from (2.13) we have gy, = 2], 9] =%]. How- 
ever, since (1—ys5)(1+y5) =0, we find 


(db) = ,4,) = (9) = (9,9,) = (@1 (1 — Ys) /a (1 + Ys) 9) =0- 


Thus a two-component nonlinear equation is not 
possible in this case.* 
2. Now let us consider the case 


A(g, v) =m = const, 
B.u(h, ?) = B (dyn), 8 = const. (2.23) 


Then we have 


5 


A fe) a ager Al 

ee a a 

D=——(~.—B (dy, 9)) (2.24) 
Ht NOx, 3 at ) | Tu os 


and, correspondingly 


! 0 ‘b : 
paona (St 3G Dea 


pre er al; B (YY, »)) %,- (2.25) 


From this we find the equation for (dp) 
aY + Gyay 6 Ap Bri ote = By, (2.26) 


*It should be noticed that the indicated special solutions 
gy and yy are obtained in a natural manner from (2.13). Indeed, 
if we write the solution of (2.13) in the form y= cw, we find 
that w =(c + c)w, where CY, = Yu c; that is, c Kes i, ce 2 
(1+ ly,), €¢=% (1-ly;), where lis number. Now, if we require 
that cc =c, we get/=1. 


where 


Y, = B(py,?), 


De es Le a 
Coo Ta ($6, ¢) + m= (P, Tu We? ~ PTT Ty Py)» 


Dave ee (%,, 1G %.)> 
= ut = — 
By = (PUP) + (OTN? — PPYP,) 


4 — 
a aa WP Nenorote)s (2.27) 
and the Klein-Gordon equation takes the form 


a) 


{( a7 1 ee +B,) Sat He me? o=0, (2.28) 


where 


Suv = Yo (Ypty—Y,1,)) Hue = OBy/ Ok, — OB, / Oxy, (2.29) 


Bu = 8 (vyp?) = Yu, the solution of (2.26). It is 
easy to verify that although the operator of (2.28) 
does commute with ys, nevertheless ysy is not 

a solution of (2.28). Equation (2.26) is not invari- 
ant under the transformations (2.19), which implies 
the noninvariance of (2.28) under these transfor- 
mations. 

The transformation (2.19) leads to that of (2.20) 
[in virtue of (2.13)], only provided that m — —-m, 
just as the invariance of (2.1) relative to (2.20) re- 
quires the change m-—>~-—-m. Therefore, if ~ and 
gy are solutions of (2.1) and (2.28) for +m, ys5~ 
and ysp are solutions for —m: We therefore can- 
not get the relations (2.21) and (2.22), and it is im- 
possible to go over to the two-component spinor 
equation.* 

The problem is greatly simplified when m = 0. 
Then instead of (2.3) and (2.25) one must take 


‘ 5 7 
Ries DO sen shee + B(r,9)) 
P=—D=9(-—8Gr))%, (2:30) 

and we find 

Yu /B = (11e%eP) YY 9 — CatutoVeP — Melee) 
Kaige): (2.31) 
where 


Y =6 (oy,9)- (2.32) 


The quadratic equation coincides with (2.28) and 


*If we introduce the new functions »=%(1+y;) ¢g and 
gy = % %4(1-ys), Eq. (2.28) for ¢’ remains unchanged, and in 
(2.26) the term ~ 1/m drops out. This last circumstance makes 
(2.28) invariant under the transformation GP >¥sP, $ 7-GFyYs: 
However, from the point of view of ¢ this last transformation 


is the identity transformation. 
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(2.29) for m=0, butnow Yp = (%ypp) isa solu- 
tion of (2.31). It is easily seen from (2.30) that the 
transformation (2.19) leads to (2.20) and that (2.28) 
is invariant under these transformations. In addi- 
tion, (2.1) is invariant under (2.20); consequently, 
the solutions ~»= zy and gy = gy] can be chosen 
with the aid of (2.21) and (2.22). 

Following Feynman, we use the relations 


g=5(lt)¥=(%5), 


g=(¢), D=>(a—0), 


where a and b are two-component spinors. We 
then get to the two-component nonlinear spinor 
equations (now yy? = dryydt ~ 0) of the first 
and second orders, respectively.* 

We can consider analogously the cases 


A= ($y) + hats (bys); Bu =0 


*Note (added November 5, 1958). After the present work 
had gone to press we learned about an article by Ascoli, in 
which the author considers a first-order two-component non- 
linear spinor equation, but under more stringent conditions. 
The two-component equation contains all the solutions of the 
fundamental equation; at the same time, as in our case, it 
contains only a part of the solutions we picked out of the 
fundamental four-component equation. 


(2.33) 


(2.34) 
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or 


A=m, B= fi (ty,,9) + BeYs ($1,'159)- (2.35) 
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A general expression has been obtained for the cross-section for “heavy particle stripping” 
as one of the exchange effects in stripping theory. Results of numerical computations of 
exchange effects in stripping reactions are presented for some of the simplest cases. 


“leaye exchange effects into account in stripping 
reactions” leads to’ the result that in addition to 
the “ordinary” mechanism of stripping it is also 
necessary to consider two other processes: (a) the 
ejection (we are considering the (p,d) reaction) 
by a proton of a deuteron from the nucleus accom- 


panied by proton capture into a bound state (“knock- 


out”) in a manner similar to what may occur in the 
(p,n) reaction; (b) “heavy particle stripping.”?~4 
In reference 3 a general discussion is given of the 
problem of determining the cross section for the 
stripping reaction with an antisymmetric wave 
function for the system. In this paper we present 

~ and compare with experiment results of specific 
calculations of exchange effects in stripping reac- 
tions for the simplest cases. 

We designate the amplitude for the “ordinary” 
stripping reaction by I,, the amplitude for the 
process (a) by I,, and for the process (b) by Jj. 
Then the amplitude for the reaction is given by 


Ply eral Ten 1s, (1) 


where n is the number of nucleons outside a 
closed shell in the initial nucleus. 

The expressions for If and I are given in 
reference 3. For the calculation of Ij? we have 
used the method of calculation presented in ref- 
erence 3 after replacing the interaction Vpn by 
the interaction Vp fs where & represents the 
nuclear “core.” This enabled us to obtain a more 
complete expression for the amplitude of the proc- 
ess (b): 

2 = (40)? (TiMr, 2m. |T2Mr,)? >) Ci" | 7 es; Pay 

Cio [PP ag; Pads C7 ae | {Poa C7 aa | i 0) 
x Clsj, lsj, Jq|llLa, ssSq, Ja? <lsj, isj, Ja 11Li,ssSa, Jn 

[Ja] [ol Li) (2) Lal (La) al" (al (—1)® Cooo: Coa 4 

<W (Ij lj; SA) W (iJsiJs; SoA) W (Jodads Jas JiA) 
XW (JabadaLla; Sad) Ag (?, La) 


XA‘ (2, Li) Be (Ll) Be(L) Pa (cos 8). (2) 


Here j®a,; is the state of the initial nucleus 
[a@, is the set of quantum numbers required to 
specify it uniquely, a; = (J, Ty, Tyz, seniority 
etc. )]; joa, is the state of the final nucleus, 

Qe = (Jo, Ts, Tez etc.); ja, is the state of 

the nuclear “core,” @3 = (Js, Ts, Taz etc.); j*ag 
is the state of the deuteron, ag = (Lg, Sq=1; Jg; 
Tg =9); s, Z, j are the spin, orbital and total an- 
gular momentum of the nucleon in the nucleus; 
<Isj, Isj|llLg, ssSg, Jg> is the matrix element 
of the unitary transformation of the two-nucleon 
wavefunction from jj- to LS- coupling,° expressed 
by means of the 9j-symbol;*»? <j"a, | j" a; 
on is the fractional parentage coefficient; [x | 
= 2x+1; R=s—J,+J.+2J,+2J%; C are the 
Clebsh-Gordan coefficients; W are the Racah 
coefficients; 


AnY img (Q)Aqt?, La) = (ke(l, 2) LaMa(l, 2)p; 
AY im, (k) Ba (Ll) = Clim (0) [Voz | kp (0)); 


q = kag + (Ma/Me)kp; k = kp + (Mp/ Mi) ka; 

ka, Kp are the propagation vectors for the deu- 
teron and for the proton in the center of mass sys- 
tem; Mg, Mp, Mi, Mg are the masses of the deu- 
teron, the proton, the initial and the final nuclei 

(for an infinitely heavy nucleus q=kg and k=Kkp); 
B is the angle between k and q. The summation 
is carried out over a3, Q3, Qg, ag, A. 

An explicit expression for B,(/) in terms of 
the spherical Bessel functions is obtained in a man- 
ner similar to the way this is done in the case of 
“ordinary” stripping. In the same way, by regard- 
ing the deuteron as a whole and by utilizing the deu- 
teron reduced width, one may evaluate the integral 
Ag ( c. Lq). An expression for this integral may 
also be obtained by utilizing oscillator wave func- 
tions.’ Both methods of calculation lead to closely 
similar results. 

A numerical calculation was carried out of the 
differential cross-section for neutron production 
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in the reaction (d,n). The expressions for ibe 

iB and 1 obtained for the reaction (p, d) are 
also valid for the reaction (d, p) and, conse- 
quently, for the reaction (d, n), if the Coulomb 
interaction is not taken into account. For the cal- 
culation we have chosen the simplest case when 
n= 2, i.e., when in the target nucleus there is 
only one nucleon outside a closed shell. In this 
case the spin of the nuclear “core” (J3) is equal 
to zero and the formulas are considerably sim- 


plified. 
The following cases have been considered: 
(A) le Jaen yea, Lg Oye COUDLIME )s 
(b) ¢=1, L,y=0, S,=1, T,=—0 (LS-coupling), 
(cy) P= 0) Jag 1, Ty = 0. 


Specific reaction parameters for cases a and b 
have been taken corresponding to the case 

CLGGeb n) nis in particular, Q=5.19 Mev, R= 
4.5x 107! cm; for case c the reaction param- 
eters were taken corresponding to si? (d, n) pe 
(ground state), i.e., Q=3.27 Mev, R=5.5 xX 
10713 em. The deuteron energy in all these cases 
was taken to be equal to 8 Mev. For both reactions 
the differential cross sections o,(%) and oy» (*) 
were calculated corresponding to the amplitudes 
I; and I,; in the case Cad n) Ni4 we have 
also calculated o3(%) which corresponds to the 
amplitude 13. 

The results of the calculations are shown in 
Figs. 1 and 2 from which it may be seen that the 
shapes of the angular distributions of o, and o» 
are similar to each other, particularly in the case 
of LS coupling. With reference to the angular 
distribution of o3; we see that it practically coin- 
cides with the angular distribution calculated on 
the assumption of LS-coupling by a simpler 
method which was used in the papers of Owen and 
Madansky.?+4 
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2 sag FIG. 1. Differential 
= cross sections for the 
‘2 400 reaction Si” (d, n) P*°: 

+ 1— “ordinary” stripping 

OG 300 and 2— “knockout.” 
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FIG. 2. Differential cross sections for the reaction C’* 
(d, n) N**: 1— “ordinary” stripping, 2-—- “knockout” (jj-coupling), 
3— “knockout” (LS coupling), 4— “heavy particle stripping.” 


The absolute cross section was calculated on | 
the assumption that the reduced widths for a single © 
nucleon are equal to the Wigner limit. The results — 
have shown (Figs. 1 and 2) that the cross section 
0, is lower by approximately one-two orders of 
magnitude compared to the cross section of “ordi- — 
nary stripping. This is not accidental, since the 
relative smallness of oy is explained by the fact 
that the integrals Ej, which appear in the expres- 
sion for 16s are practically always smaller than 
the integrals Dz, upon which I? depends. 

Because of the difference in the way angular 
momenta combine the cross section o3 calculated 
according to formula (2) turns out to be smaller 
by a factor of two or three compared to the cross 
section calculated by a formula similar to (2) but 
derived on the assumption of LS coupling. In 
this last case the results are close to the results 
of calculation using formulas from the papers of 
Owen and Madansky if we assume that the reduced 
nucleon widths are equal to the Wigner limit. (We 
note that in references 2 and 4 there are certain 
inaccuracies in the formulas.) The reason for the 
smallness of the magnitude of og compared to o; 
(the ratio of the cross sections at their maxima 
is approximately 107%) may be easily understood 
if we examine the formulas of Owen and Madansky. 
According to these formulas the cross section is 
approximately proportional to i-, qa) x i} (kR). 
Since in our case Mg « Mg, q varies slowly as 
the angle # between kg and Ky is varied, and 
is approximately equal to kg. Therefore, for not 
too low energies of the deuteron the quantities qR 
are not small (for the reaction with C gR = 3.5) 
and, consequently, they correspond to compara- _ 
tively small values of jLg(aR). 
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At their maxima the cross sections o, and 03 
are comparable in magnitude if we assume that 
Lg =0 and that the reaction parameters are such 
that at large angles qR is small while kR is 
near the value of the argument corresponding to 
the first maximum of the function j7. In particu- 
lar, this in many cases should occur at low deu- 
teron energies, since as the energy is reduced 
qR—0, while kKR —~ 2, if Q=5 Mev and 
Rx4x107% em. For some specific reactions 
the cross sections 0; and o3 are of the same 
order of magnitude at not very low energies; for 
example, in the case B'! (d, n) Cc! this occurs 
up to deuteron energy of 4 or 5 Mev. However, 
for deuteron energies exceeding 7 or 8 Mev the 
cross section o3 is considerably smaller than 
o;, for all the reactions. Consequently, at these 
energies the angular distribution of particles in 
stripping reactions should be very well described 
by the formulas of “ordinary” stripping. 

The effect of the Coulomb interaction must be 
approximately the same for “ordinary” stripping 
and for “heavy particle stripping.” Therefore, 
one can hope that if o, and o3 are of the same 
order of magnitude, then by measuring the rela- 
tive values of the maxima of the differential cross 
section at small and at large angles one could ob- 
tain the ratio of the deuteron and the proton (in 
the case of the (d,n) reaction) reduced widths. 
This is possible due to the fact that in formula (2) 
there is essentially contained the expression for 
the reduced deuteron widths in the shell model 
(jj coupling). 

It must be noted that there is one cifcumstance 
which is difficult to understand on the basis of the 
concepts adopted by us above. In a number of 


cases “heavy particle stripping” practically does 
not show up even at low energies, for example, in 
the reactions (d,p) in Li®, B!, and n‘*,3-10 

In specific reactions there may be reasons for 
this. For example, in those cases when the iso- 
topic spin of the nuclear “core” is T3;=0, while 
the isotopic spin of the final nucleus is T= 1, 
“heavy particle stripping” is forbidden, since 

Tq =0 and, consequently, the equality T, = T3 
must hold. Example: the reaction oH (d, n) piesa 
Teel However, for the reactions enumerated 
above in Li®, B!°, and N" it is difficult to formu- 
late any reason for the reaction being forbidden. 
Perhaps in these cases the explanation lies in the 
smallness of the fractional parentage coefficients. 
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A nonlocal theory is considered which corresponds to a modification of the Lienard-Wiechert 


potential (2). 


It is shown that if, in this version of the theory, the potential is assumed to 


satisfy the usual type of equation (3), the consistent relativistic treatment (many-time for- 
malism) leads to self-contradictions already within the framework of the classical theory. 


eee various times a number of authors! inves- 


tigated one of the versions of nonlocal electromag- 
netic field theory from different points of view. 
This version is based on a modification of the form 
of the Lienard-Wiechert potentials. Instead of the 
usual way of writing, 


Ay = —e (uy (r")/ Rotts (1")) 92 


Ry =0 


(1) 


(where u, is the four-velocity of the charge, 
Ry =rpy-—ry is the difference of the coordinates 
of the point of observation and the charge), one 
starts from the following expression: 


Ay = —e(uy(r') / Rwy (ie Fee te) 


Here a is anew constant with the dimension of 


a length. It is further assumed that the potential 
satisfies the usual equation 
Gr . 
C) OA, = ed ae Tee: (3) 


which essentially defines the current. In the static 
case u, =(p, 0, 0,i), and (3) leads to the charge 
density 


o(r—r’) 


= (e/ 4x) 3a* /(R® + a®)*, (4) 


i.e., the point charge is spread out. Analogously, 
the current is spread out in a more complicated 
way. In this theory the field at the location of the 
charge is finite, and so is the self energy. 

The aim of the present paper is to show that 
this approach is unsatisfactory, and that self-con- 
tradictions arise from the adoption of the usual 
type of equation for the potential leading to a 
spreading out of the charge: the classical system 
of equations for charged particles is internally 
inconsistent. For the proof we make use of the 
many-time formulation of the classical electro- 
dynamics of a system of charged particles.4 We 
assume that each particle, and the field, has its 
own time, different from that of the others. The 


interaction for such a system may be written in 
the form 


N nm 
=) | [mach alta tn) 


n=1 


x \en(f —Tn) Av(t, tx) dt], Ue Baden | 


Halaglle 
0 
The Hamiltonian of the particles is 


lols = \ bn (r¥ — ta) ¢(r, tn) dr + 


+c[ mec? +(pn——\on(r—ta)A(F, tn)dr) |", (6) 
the Hamiltonian of the field is 
4 3 
= 5e\(S eran) ( 


4x)? ce) d*x, (7) 


where 
= (1 /4xc?) dA, jot. 


We note that, in the many-time formalism, the 
electromagnetic field is described by the free 
Hamiltonian and the corresponding free field equa- 
tion OAy,=0. A current at the right hand side of 
the field equation appears only if the transition to 
a single time is made. 

For the following it is convenient to go over to 
different canonical field variables. Let 


Annet ae — ket) + cQ} sin (kr —ket)|, 
k 
AcII, ( ai rise P}, sin (ker — ket) 


: (8) 


Pk and Qk are the new canonical variables: 
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tes Qi] = Anon Opn, [Pes Py] — 0, (Qi; Qe] = 0. (9) 


| Bete cstone (8) explicitly give the time dependence 


of Pk and Qk. 
The field Hamiltonian in the new canonical vari- 


ables has the form 


4 , 


eo (2)? ork? (Q))"). (10) 
k 


The terms in the Hamiltonian for the particles 


which depend on the field are conveniently rewritten 
in the following way: 


\ Pn (t 


= \en (r — rn) [y lee 


—fn) Ay(r, t,) dr 


cos (ker — ketn) 
+ cQ; sin (ker — ket »))] dr 


= \\Pn (R) acta cos (k*R + ker, — Retz) 


R 


+ cQksin (keR + k-t, — ketn)) aR. 


Since -py,(R) depends only on R’, this expression 
becomes 


yee S[( on (R) cos k-R ar)(7Be cos (k+ fn — Reta) 


k 


+cQz sin (ket, — ketn)) | 


eo oe, YE Ue) 


v 


x (F cos (k* fn —- etn) + CQz sin (K+ Pn — hcta)) cape) 


where 


p(k) = s\n (R)cosk+RaR. 


The Hamilton-Jacobi equations for our system 
of charged particles are written in the following 


form: 
OS (ty eee tw) / Otn 2S Se lalip (fn, bins OS / OF a, Qk, AS / OQk); 


(n=1...N). (13) 


The condition of consistency for such a system of 
equations is (see, e.g., reference 5) 


(02 / Oty Otn — 62 / OtnOtw) S(ty.--ty) =0. (14) 


According to (13) this leads to 


OH, we pues = Or a / Otn 


Oleh (rw, Log 8 i eal Of 0 


or 
Hy OS ik ewe n a°S 
0(0S/Or,) Ay Wn © A (AS /Q}) dt, AQy 
0H, as OH as 
0(0S/OFy)) On (AS /AQ%) dt,dQ% 


We note that 0S/éar, and aS/ aQk correspond to 
the canonical momenta of the particles and the field 
and that the order of differentiation with respect to 
the time and to the coordinates (of the particles 
and the field) can be interchanged if the condition 
of consistency is satisfied. The last expression 
can then be rewritten in form 


dH, OH» 
Op, Or, 


dH, Oy 
aP? aQy 


0H, OH, 
OP, Or, 


Oley OH 
aPt aQy — 


Since always 9Hy/®pp’ = 9Hy/aryn’ = 0 (n €n’), 
we finally get instead of (14) 


(Hn, Hy] =0. (15) 


Here [Hn, Hn’] is the classical Poisson bracket. 
It is clear from the foregoing that in our case the 
Poisson bracket is calculated from the canonical 
field variables only. 

From (6) and (11) we have 


€ Enr5C 2(b 
Saar ed [cos (Ker, — ket p) 


k 


[Hn, Ay’) =a 


x Sin (Ke ta — Ret pv) — sin (ke fn — Retn) cos (K+ tn — Ret n’)] 


3y4 : n 8,4 
x(=e = Dy Pa) (5 


Sap ke 2. Both 
car By By) k= =a 
a=] y=1 


DO sin thee (te — te) — Be (ta — te) I} 


k 


(1 — BrBn’) 


1 
= (2n)> en Cn’ ( (1 baad BnBn’) 


«(Ee (2) sin [ke (fm —Tr’) — ke (tn — tn’)] a®k. 


Finally, 
Crne onc: 


[An Hn) = (I 


— BnBn’) 
x P (k) sin [ks (fn — Tp’) — Rc (tn —ty)]d*k. (16) 
k 


In the case of a point charge, f{(k) =1, and the 
expression 
: dk 
ee (2n)-2( sin [k* (ta — tn’) — Be (tn — tw)] S 


= (20) *\\ cos k * (Fn — tn’) sin he (tn = ty ee D (Xn = Xn’) 


agrees with the well-known commutator function. 
For point particles the conditions of consistency 
are therefore satisfied everywhere outside the 
light cone and hence, what is especially important, 
in the space-like region. 
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In our case f(k) is equal to unity, and 


3a2 ( cosk*RdR _ aie. sin kR d 
f(k)= ial = 3a rea R 


(R? + a?) /? R? + a?) /2 
te oH cose GR = bakydka). (17) 
Fs (Re + a) /2 


Here K,; is the Hankel function with imaginary ar- 
gument. Since f(k) depends only on the absolute 
value of k, the integral expression in (16) becomes 


co 


ad : \ f2(k) sink | tn —tn|sin ke (tr — tn) ak 


= fp ley 


= — tt | f° Ki (ha) {cos [R ({t2— tn’ | + ¢(tn — tw’))] 


(fete 
0 
— cos [Rk (|ta—tn | —¢(tr—tn))]} dk 
and therefore 
en ey € 2 
[Any Hel = gape (1 — Baw) 2 


8 


x \ k? Kj (ka) {cos [k (tn — Fn’ | 


0 


+ ¢(tn— tn’))] —cos[R(|ta — tr’ | 


The integration cannot be performed analytically. 


The integral can, however, be evaluated approxi- 
mately near the light cone. For this purpose we 
make use of the integral representation 


co 


je paves cos kR 
Ky ( a) a (R? + a2)2 


and change the order of integration in the integral 
(18). Using the notation 


lta—Pr | +¢(tn— ta) = Ad, |f2 —Pn|—C (tn — tr) = Ag; 


we have 


\ kK? (ka) [cos kA, — cos kAg] dk 


0 


UW Brae R= Gils 


an ( aR 
(R2 ar a2)? 


tal Ai = R)tah* edi ae Rear 


(Ae =)? aAle) (19) 
We note that A,/a may be quite large for 
A,/a «1 and vice versa, for |r,—ry-| and 
c (ty —ty’) may be taken as large as one pleases. 
Let us assume that A,/a «1, and let us neglect 
the terms with A, in view of what has just been 
said. Making a series expansion, we then obtain 
from (19) 


— (3x? / 32a%) (I — 15A2/32a2). 


With A,/a<«<1, A,/a>1 we then have 
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Be pens C 1545 

[Ha, Hw) — typaip | ole — at) 
BA: 152 

= — 0,023 52 (1 BrBr) (1-58) 


i.e., this expression is different from zero on the 
cone and near the cone in the space-like region. 

An analogous calculation can be carried out for 
the case A,/a K1, A,/a> 1. Furthermore, we 
calculated the integral numerically for the value | 
A,/a=10, i.e., in a region which is comparatively | 
far from the cone (A;/a was assumed to be suffi- | 
ciently large, so that the terms with A, could be 
omitted). The result is 


; CRCHAG 
(Hn, Hy] = — 0.0006 eae (1 — BaBw’)- | 
Hence [Hy, Hy’] is different from zero on the 
light cone and everywhere in the space-like region, 
and, although it decreases fast with the distance 
from the cone, it nowhere reduces to zero, except 
at infinity (A,;/a =~, A,/a = ).* 

In other words, the conditions of consistency of 
the system (13) are not fulfilled in this version of 
the theory. 

In the process of quantization the classical 
Poisson bracket goes over into the commutator 
of the corresponding quantities: 


[Hn, Hila + eee Aw lqu= = (Ha Hw — Ay Aa). 


In the case of point particles this leads to (with 
Bn = Qn, By’ Le An’; where Qn> An’ are the 
Dirac matrices ) 


[Hay Hv let — ihe? een (anon — 1) Dx, ee 


the well-known expression for the Bloch condition.® 
The failure of [H,, Hy-]e] to reduce to zero in the 
space-like region in this nonlocal version of the 
theory must lead to similar difficulties in the quan- 
tum region. 
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*This may also be seen qualitatively from expression (18), 
for-as A,/a and A,/a increase, the cosine begins to oscil- 
late rapidly, thus making the value of the integral smaller. 
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It is shown that in ferromagnets there is an additional attraction between conduction elec- 


trons, because of spin-wave exchange. 


he If the interaction of electrons in a metal leads 
to an effective mutual attraction between them in 
the vicinity of the Fermi surface, then a pair of 
electrons can have, as is known, ! a bound state with 
a negative energy of binding. This phenomenon 
forms the basis of a recently developed theory of 
superconductivity .?>? 

In ordinary metals, the effective mutual attrac- 
tion between electrons originates from virtual ex- 
change of phonons. In the interaction energy, the 
matrix element dependent on this exchange ap- 
proaches a finite limit as the phonon momentum 
approaches zero. This behavior of the matrix ele- 
ment is connected with the fact that it contains in 
its denominator the energy of a phonon, whereas 
the matrix elements of phonon absorption and emis- 
sion are proportional to the square root of the pho- 
non energy. 

We should like to call attention to the fact that 
in ferromagnets there occurs an additional mutual 
attraction between conduction electrons, connected 
with the virtual emission and absorption of spin 
waves. Since the energy of a spin wave is propor- 
tional to the square of its momentum, and since the 
matrix elements of spin-wave emission and absorp- 
tion contain no additional factors proportional to 
the square root of the spin-wave energy, therefore 
the matrix element of the effective energy of in- 
teraction between electrons resulting from spin- 
wave exchange is inversely proportional to the 
square of the spin-wave momentum, i.e., to the 
square of the momentum transferred. 

The momentum transferred must, however, ex- 
ceed a certain minimum value, since the energy of 
a conduction electron in a ferromagnet depends on 
the orientation of its spin,* and therefore to the two 
spin orientations there correspond Fermi spheres 
of different radii. This circumstance leads to a 
diminution of the effective interaction between 
electrons. 

In this note we determine the nature of the ef- 
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fective interaction between electrons caused by 
spin-wave exchange. 

2. We use a simplified model of a ferromagnet; 
we start from the concept of two groups of elec- 
trons — the conduction electrons (s electrons) 
and the ferromagnetic electrons (d electrons). 

The operator V(r) of interaction energy be- 
tween s and d electrons must obviously contain 
linearly both the spin s of the s electron and the 
magnetic moment M(r) of unit volume of the fer- 
romagnet, due to the d electrons. Therefore 
V(r) may be represented in the form> 


V(r) =Cs-M(r), 


where C is a certain linear integral operator. 
Since the exchange forces fall off rapidly with dis- 
tance, the size of c may be considered approxi- 
mately constant. We write it in the form C= 
Aa’/uo, where po is the Bohr magneton, a is the 
lattice constant, and A is a certain energy con- 
nected with the Curie temperature @ by the rela- 
tion A~ V@A. Here A has the order of magni- 
tude of the atomic energy. Such an estimate of the 
magnitude of A corresponds to the idea that the 
exchange energy between d-electrons is caused 
by s-electrons and leads, appparently, to an in- 
ereased value of A (cf. reference 5). 

Thus the energy of interaction between s and 
d electrons has the form® 


V(r) = (Aa? / 49) s*M(r). (1) 


From this formula it follows that the energy of 
a conduction electron in a ferromagnet has the 
form 


e(p, ¢) = e°(p) + 204, 


where p is the momentum of the electron, ¢ =+5 
is the projection of the electron spin on the Zz axis, 
and €°(p) is a quantity independent of o; in the 
further calculations we consider for simplicity that 
e9(p) = p?/2m. 
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The emission and absorption of spin waves is 
connected with the projection of the vector M(r) 
perpendicular to the axis of easiest magnetization 
(the z axis). This projection is determined by 
the formulas® 


My = V toMy / 2Q >) (a, + a2) 
k 


My = iV 4oMo/ 2 >) (a, — a,) es (2) 
k 

where My, is the saturation magnetic moment, Q 

is a normalizing volume, and a, and ag are the 

creation and annihilation operators for spin waves 

of momentum k; they satisfy the relations 


. 
[Qx, Ax] = xx. 


We now determine the matrix element of the 
energy of effective interaction between two s 
electrons, connected with spin-wave exchange. 

We denote the initial momenta and spins of the 
electrons by pj, Py, 04, 02 and the final by pj, 
Pj. Oj, 03. The interaction of interest to us, like 
the known Mgller interaction, is an outcome of the 
second approximation of perturbation theory. Since 
the matrix elements of the operators sx + isy 
differ from zero only if 0 +0’ =0, the electrons 
interact only in the case in which their spins have 
opposite directions. 

On taking account of the two types of intermedi- 
ate state, corresponding to emission of a spin wave 
by the first and by the second electron, we get the 
following expression for the desired matrix element: 


5 


8 
53, 1/2 G2, —"/2 


e (Pi, 61) — € (pi—k, 6,) — 0 (ak)? 


3 
Uy =| 


oe, 1/9 64, —/o 


| 2 
€ (P2, 52) —€ (Pe +k, 6) — 6 (ak)?/ 


(3) 


where @ (ak)? is the energy of the spin wave. 
Attraction between the electrons occurs in a 
triplet state with resultant projection of the spin 
equal to zero. From this it follows that the spatial 
part of the wave function of the electrons is anti- 
symmetric. (In the simplest case it represents a 
p state.) 
We introduce the radii p; and p_ of the Fermi 
spheres of electrons with different spin orientations. 
On assuming that «9(p) =p*/2m, we get 


pP,=V2m(u—A), p= V2n(u+ d), 


where w is the chemical potential. 

It is clear that if py ~ p,, then os ams © NPR «ip 4x0) 001 
this it is easily deduced that the minimum value of 
the spin-wave momentum will be 


Rmin = Po(V 14 Vi—ayay 


A/p 
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where [po = Vv: 2myu . If we consider that A<wu, we 
get from this kin ~ PoA/u. Therefore the maxi- 
mum value of a matrix element is equal to 


Unns = 8U/ 2, U Sue I8. (4) 


To this value of the interaction energy corresponds, 
obviously, a resultant momentum of the electron 
pair equal to 


Po =V pt — pt = po V 2A/p. 


(cf. the figure, in which the Fermi spheres of radii) | 
p, and p_ are shown displaced by P. The greatest 
interaction will occur in the case when the circle 
of intersection is a great circle of the smaller 
sphere. The shaded areas in the figure are those 
in which the electron momenta are distributed be- 
fore and after scattering. ) 


(4, 2p), &) 


1 
(Oy? 


BZ 


Comparison of the matrix element (4) with the 
matrix elements of interaction due to phonon ex- 
change shows that the latter is smaller than the 
matrix element (4) by a factor of order of magni- 
tude u/®. The stronger interaction due to spin- 
wave exchange is compensated, however, by a 
diminution of statistical weight, connected with 
the fact that the resultant momentum of the inter- 
acting electrons is different from zero. Further- 
more, the antisymmetry of the wave function con- 
tributes to a decrease of the effective attraction 
of the electrons. Consequently the problem of 
bound states of electrons resulting from spin-wave 
exchange requires a special study. As a general 
principle, however, the presence of an additional 
attraction between conduction electrons in ferro- 
magnets can under suitable conditions contribute 
to the appearance of superconductivity. It is pos- 
sible that such conditions may be realized in thin 
films, in which the critical magnetic field is in- 
creased.' 

Note in proof (Feb. 12, 1959). In a recent paper 
[ Matthias, Suhl, and Corenzwit, Phys. Rev. Let. 1, 
449 (1958)], the presence of superconductivity in 
the ferromagnetic alloys (Ce, Pr) Ru, and 
(Ce, Gd) Ru, has been established experimentally. . 
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Two fermion fields are considered in a space of one dimension (and in time), with interac- 


tion of each field with itself and of the two with each other. 


The first term in the expansion 


of the vertex part in an asymptotic series of well known form is obtained. It is shown that 
within certain limits the renormalized charge can have an arbitrary (nonvanishing) value. 


lw a number of papers!~° attempts have been made 
to deal with a relativistically invariant model of a 
field theory — the one-dimensional four-fermion 
interaction. 

It was expected that the relation between the re- 
normalized and bare charges in this theory would 
be such that the renormalized charge would not 
vanish when one goes to the limit of a point inter- 
action.2 A more detailed examination showed, how- 
ever, that on account of a certain special cancella- 
tion of terms in the perturbation-theory series the 
theory contains no divergences at all, so that there 
is no charge renormalization and the question of 
the vanishing of the charge simply does not arise. 
In the present paper we consider two spinor fields 
in a one-dimensional space, with interaction of the 
four-fermion type between the two fields and of 
each field with itself. There is then a logarithmic 
divergence in the vertex part, and consequently an 
infinite charge renormalization. Unlike the vari- 
ous three-dimensional types of field theory, how- 
ever, in which up to now it has not been possible 
to avoid the vanishing of the renormalized charge 
in the point-interaction theory, in the present model 
it is possible to construct a renormalized solution 
(or, more precisely, its asymptotic form for large 
momenta) with an arbitrary value of the renormal- 
ized charge. 


1. THE EQUATIONS FOR THE VERTEX PART 


Let us consider two fermion fields ~ and yx 
that depend on a single space coordinate x and 
the time Xp. 

In our case the Hamiltonian can be chosen in 
the form: 


H = Dil(e1/4) (bud) (Goud) + (ga / 4) (Z3nx) (Youx) 


+ (gs [2)(boud) (xoux)], DiouXo=eXo—1x1. (A) 


The product 7) 0,0, is a mixture of interac- 


tion types —S+P+V, which in the one-dimen- 
sional case is the only completely antisymmetric 
type of interaction.? For the first two terms in 
Eq. (1) this spinor form is necessary; in the third 
term o,Xo, can in principle be replaced by an 
arbitrary invariant operator Oj xOj, so that 

Ty X Fy 
we are dealing with the one-dimensional analogue 
of the “universal interaction” of the type proposed 
by Feynman and Gell-Mann. 

_ The introduction of terms of the type (¥oyx) x 
(pox) into the Hamiltonian makes the problem 
much more complicated, and this case is not con- 
sidered here. We now introduce a field gq = 
with the components w~ and x. Then Eq. (1) 
can be rewritten in the form 


H = Dif(g1/4)(@s,2,®) (Os,7,) 


+ (82/4) (Do,2,0) (Do,7,D) + (g3/ 2) (D3,,7) (Do,,72@), 


=O) at eee 


The matrices Tj act on the “isotopic” index of 
the function ®q. 
The most general form of the vertex part is 


T= Dyoe (2 X te) D)(u X oy) 
Digit wu 


where Qj, is a set of scalar functions, and 7j 

and tT, are all possible two-rowed matrices. It 
can be shown, however, that the equations for I 

are satisfied by the following spinor form:* 


*This is a consequence of the law of conservation of the 
number of particles w and y, which follows from the Hamil- 
tonian (1). 
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has been kept here just for simplicity. Thus — 


DP = [a (ty X 12) + oe (te X te) + Qag (ty X T2)] Deu X sy. (3) 
u 

| A method for obtaining an pater equation for 

| I in the asymptotic region p* > m? has been ue 

veloped by Dyatlov, Sudakov, and Ter-Matirosyan.* 

In the present case we have to do with a situation 

entirely analogous to that considered in reference 

‘ 2. Carrying out some simple algebraic manipula- 

) tions, we get the following system for the “lying” 

j and “standing bricks” (the definition of these func- 

| tions and some explations about the equations are 

| given in reference 2): 


j 
f 


ga (6) = so \ [ok (2) + 08 (2)) ae, 


: $s (6) = = \ [a1 (Z) + a (Z)] a5 (2) dz, 
| g 


a= 2,+ fF, One Imip-/m*), -L = In(AP fim), (4) 


A is the maximum momentum, and all the momenta 
entering and leaving the vertex part are of the order 
of p. In Eq. (4) the Green’s function is taken equal 
to its zeroth approximation, since it is in general 
free from divergences.” From Eq. (4) it at once 
follows that 
L 1g 
ay (8) = gr tyr lab le)dz, 20 (8) = ge + ze \ 98 (2) de 
e a 
L 
ots (E) = 23 + = = \ ty (2) + O% (Z) — Hg (2)] a3 (z) dz. (5) 
é 


2. SOLUTION OF THE INTEGRAL EQUATIONS 


Combining the first and second equations of the 
system (5), we get the following system, which in- 
cludes the third equation: 


£ 
/@ =+2\¢@ a, 
e S 


() e@ =) tae \I f(z) —e(21 ¢ (2) dz. (6) 


Here we have introduced the notations 
f= % + %, P= Ms, N= On oe, "8 3- (7) 


Since the independent variable does not appear ex- 
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plicitly in Eq. (6), it is convenient first to try to 
find f as a function of y. The first equation of 
the system (6) then has the form: 


pare Ha(S)er 6 
- From the second Baek follows that 
de /d§ = —(f—9) 9/2, (9) 
that is, 
i@)=3—2\ aera a 
or : 
dj /dy = 29/(f —¢). (11) 


Equation (11) is a homogeneous equation; inte- 
grating it in the usual way, we easily get 


(F — 29) (fF + 9)? = A— 29) (k++ 9P==G?. (12) 


Let us consider the important case G=0. Here 
we have either: (a) A= 2v, g, + go = 293, f = 29, 
or else (b) A=-v, 91+ 8. =-g3, f=-—qg. In 
each case we can substitute y, expressed in 
terms of f, in the first equation of (6); we thus 
easily get the following expressions for the ver- 
tex parts: 


v 


av 
(2) 1G) 7g alban) > tee 


a4 (@) = 2># 4 PEs 


a Sit v 
Oe (E) = ® 1 —(v/2n)(L—€)’ 


==) Vv 


(6) fergie 1?) eo eee 


_ £i— f2 v/2 
ta LT = Ta aE 
Sues v/2 
GS a setae cere 8 HEITOR 3) 


When v=0 we have for both sets of relations 
between the constants the results @, =), Qs, = Qo, 
a3; =0, in agreement with the results obtained in 
reference 2. If g; + g. < 0, then for the usual rea- 
sons the renormalized charge goes to zero, but if 
21; +g, >0 the zero charge does not appear. Fur- 
thermore, the connection between the renormalized 
and bare charges is given by the following relation 
(for example, in case a) or: 


y Se = g eel = : ? 
CAS VE j2n" 3c 2 WNL fae 
hl a y 
a 2 av Eig IS (14) 


and the expressions for the renormalized vertex 
parts have no nonphysical pole: 
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Vo Shr aee 8o¢ Ve 
fh aaa ET IE a (6) = 5) = 1+ v6 / 27 ’ 
&) = 8c Yo 
Mae (E) = ——* D) Ze 1+v,6/20 ° me) 


Let us now go back to the determination of the 
functions f and g inthe general case G= 
(rA—2v)8 (A + p)¥/3 0. Equation (12) in principle 
makes it possible to express the function g in 
terms of f, after which the first of the equations 
(6) reduces to a quadrature. We shall, however, 
proceed in a different way, which allows us to get 
the solution in a more compact form. We define 
F(&) by the relation 


fle=Q4»)/F, (16a) 
and then from Eq. (12) we get 
f —26 = (h— 2Qv) F?, (16b) 
from which we have 
fe A) i sa, 
qe Na (17) 


Substituting these expressions in the first equation 
of (6) and differentiating it with respect to &, we 
find a differential equation for F. Separating the 
variables and integrating, we find 


d G 
Ne eae Skies); 
1 


rs (= ae Cs (4 — Qv)% (2 + yh, 


A— 2v 
rd ti (oa 2) 
of renga ee =? 0 
Be! seas Tor2 In (ea + OF + a?) (1 —Ia)? 
1 
= 2F + 4 a 2+a4 
—V) 3 arctan = is es 
Wee a +Y 3arctan sv (18) 


Together with the (17), Eq. (18), which implicitly 
determines F, gives the solution of our stated 
problem. We shall now show that the solution we 
have obtained has the property of normalizability, 
and shall carry out the renormalization program 
explicitly. We introduce the renormalized charges 
Xe and vo as the values of the vertex parts f 
and yg when the incoming and outgoing momenta 


are real (p?=-—m?*, £=0): 

1 2(x- 9) 4 A—2v pe 

Ne 2 Fy & 3 jis 
A-v of A— 2v 

perce Fo 5 Fo 
F 

dx G 
3a | RHEL. (19) 

1 


From this we have 


4 


htv=(het+%) For A—2V= (Me —= 20) Fo (20) 


and 


Gar (21) 


These formulas enable us to eliminate from 
Eqs. (17) and (18) the renormalized charges and 


the logarithm of the cut-off L: 
F 


C—O lave 


G 
22 dx be fod FRCS 
Saco \ x8 — a3F3 vs an é 
ca. Abel iteh Eat horet oti 
- 3 F 3 Fe ‘ 
AL+Y, F A, — 2v,'F2 
c ce 0 c c 
ele a 3 Br Me (22) 
0 


Introducing the quantity Fo(&) =F(&)/Fo, we 
can verify that the renormalization invariants 
fe =f, ¢c = can be expressed in terms of the 
renormalized quantities only: 


2(A,+y,) 4 Ne SY 8 

fe (&) = ( =e o) F, + : a Ieee 
Ree 1 A, — 2v, 2 

@, (§) ae Fo eae Fe, 
[er a 
2 dx c 
3022 \ rae ds act (23) 

1 


We have still to examine the problem of the zero 
charge in the general case. For this purpose we 
rewrite Eq. (19), which defines the function Fo, in 
the following form: 


4 (1— a)? (1+ a,Fo + a2 F?) 


= In °) 
(4 ap ae a a.) (1 ar OF)? 
a 2+ 4, me 2+ 4,F G 
= ee ELA fe eae 
V3 arctan ove" V 3arc tan Bras oe L. (24) 


For L—o the right member of this equation 
goes to +” for Gg>0O andto — for Ge<0. 
The left member can go to + if 1-—a Fy — 0.* 
Thus for G>0, A>2v the zero-charge situation 
does not arise, and the bare charges approach the. 
following limiting values [cf. Ea. (20)]: 


=) 
a Ge, 


K>=V—> (Ae FE Ve) Ge 
that is, 


h — 2v > (kp — 2¥,) a2 = Go, 


K>G,, v>0. 


(25) 


This limiting behavior can be understood in a 
qualitative way. All the divergence in the theory 
is due to the presence of the third term in the 


*]f o2Fs + a Fo + 1+ 0, then F, is complex and the theory 
is non-Hermitian. 
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Hamiltonian (1) (cf. reference 2). When this term 
is absent (v=0, ve =0), A requires no renor- 
malization, \ =Ag. In the general case the renor- 
malization of A still turns out to be a finite one. 


3. CONCLUSION 


Various attempts to construct a consistent phys- 
ically useful field theory with nonvanishing renor- 
malized charge have so far been unsuccessful.°® 
Therefore the idea has been put forward recently 

that it is impossible in principle for there to be a 
relativistically invariant Hermitian theory with a 
point interaction. We have analyzed here an ex- 
ample of such a theory, though of course it is of 
no use for the description of physical phenomena. 
It seems to us that the very fact of the existence 
of such a scheme shows how complicated the prob- 
lem is of proving rigorously the zero-charge result 
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The strong spin-orbit coupling gives rise to an additional interaction between the nucleons 
in the nucleus and the electromagnetic field. The effect of this additional interaction on | 
the nuclear magnetic moments is considered for spherical and nonspherical nuclei. It is | 
shown, in particular, that about half of the anomalous deviation of the magnetic moment of 
Bi2 from the Schmidt line may be due to this effect. 


1. INTRODUCTION 


In the shell theory of the nucleus the spin-orbit 
coupling plays an important role. The correspond- 
ing operator can be written in the form 


His! = — (rh/m*c*) s [VU pl, (1) 


where A is the phenomenological spin-orbit coup- 
ling constant, s is the spin operator for the nu- 
cleon, U(r) is the self-consistent nuclear poten- 
tial, and p is the momentum operator for the 
nucleon. 

If the nucleus is located in an electromagnetic 
field, general principles prescribe that the momen- 
tum of the nucleon, p, be replaced in the Hamilto- 
nian by the generalized momentum, p-—ea/c. In 
addition to the usual terms, the Hamiltonian will 
then contain another term connected with the inter- 
action (1): 


Ht” = (heh/m?c*) s[VUxal], (2) 


where a is the vector potential of the electromag- 
netic field. 

It should be noted that the interaction (2) may 
play an essential role in the case of a proton. For 
a neutron, the effective charge due to the separa- 
tion of the motion of the center of charge is equal 
to Ze/A for electric dipole transitions. In gen- 
eral, the effective charge is equal to Ze/A! for 
electric multipoles, and to Ze/Altt for magnetic 
multipoles, where 7 is the order of the multipole. 
In the case of a neutron the interaction (2), there- 
fore, does not give a significant contribution to the 
magnetic moment and the magnetic dipole transi- 
tions, if only the effective charge of the abovemen- 
tioned origin is considered. 

Mayer and Jensen! first pointed out the neces- 
sity of including the spin-orbit effect in the discus- 
sion of the electromagnetic properties of nuclei. 
However, they did not use expression (2), and their 
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estimates are very crude. Grechukhin? investi- 
gated the effect of the spin-orbit coupling on the 
forbidden (in the shell model) magnetic transi- 
tions of the type d32 — St. 

In the present paper we consider the effect ot 
the interaction (2) on the magnetic moments of 
spherical and nonspherical nuclei with an odd 
number of protons. The interaction (2) is, of 
course, not the only reason for the deviation of 
the observed magnetic moments from the Schmidt 
lines. Nevertheless, an estimate of the magnitude 
of the interaction (2) is undoubtedly of interest, 
since it allows to isolate the role of the other ef- 
fects. Furthermore, this interaction may in some 
cases give the main contribution to deviation of 
the magnetic moments from the Schmidt lines, 
and to the probability of the forbidden M1 tran- 
sitions in nuclei with an extra proton. In the case 
of nuclei with an extra neutron it becoms meaning- 
ful to include the interaction (2), if there exists an 
effective charge owing to the interaction of the neu- 
tron with the nuclear core. The possible existence 
of such a charge was recently considered in the 
Brueckner model.? 

For the calculation of the magnetic moments it 
is necessary to make use of the following relation 
for a constant uniform magnetic field: 


a = 1/, [Hxr]. 


Hence 
KH = ae sV Ux [Hxr] 
ek 
= 5-55 S[H(VU+r)—r(VU+ H)]. (3) 


Let Hz =H, Hx,y = 0. We then obtain the follow- 
ing expression for the operator of the magnetic 
moment connected with this interaction: 


A 


Ue, = (heh / 2m?c) [(s+r) VU — s,(VUs r)]. (4) 


To calculate the radiative transition probabili- 


ties we must know the expression for the current 
Operator corresponding to the interaction (2). This 
operator obviously has the form 


j= — 08H" /ba = — (heh / mc?) [sxVU]. (5) 


With the help of this operator we can calculate the 
radiative transition probabilities by well-known 
formulas. 


_2. MAGNETIC MOMENTS OF SPHERICAL NUCLEI 


The magnetic moment of a spherical nucleus can 
| be written in the form of the following matrix ele- 
! ments:* 
P. 
p=J,Jlu|J, J. (6) 


It follows that 


Aen ou 
w= gpg I |r So, Mises Ss}, 5, 
| 


where n is a unit vector in the direction of r. 
First of all we calculate the angular matrix 
element in formula (7): 


(s-n) Nz=(J°n) nz=[Jenz + 1/2 (Jx— iy) (Me + iny) 
+ "2 (Jz + iJy) (nz — in,)] nz, 


CJ, I | Jenz|J, I> = V 4n/9 J [(2/ V5) <Ys0> 


+ <¥o07] =J/2(J + 1). (8) 
Obviously, 
KJ, J | (Je — id y) (te + iny) nz| J, Jy = 0. 


The matrix element of the last term in formula 
(8) is also computed without difficulty. We obtain 


J, J} (Je + idy)(n —iny) nz|J, J? 
=<J,J\(J,+iJ,)|J, J—1> J, J—1] (ne — in,) nz| J, ED 
= (8/3) V 3/20nV J<J, J—1]Vs,4| J, > 
= —(2J — 1)/2(J +1). 
As a result we obtain the following expression 
for the additional magnetic moment connected with 
the interaction (2): 


Uf eS ei I A oU NC 
Ue Dene me \ Ir [4 , (9) 


B= 


where the minus sign refers to J=1+ 3, and the 
plus sign to J=1—4. The sign of this additional 
moment corresponds to the sign of the deviation 
of the nuclear magnetic moments from the Schmidt 
lines. 

Let us now estimate the magnitude of the addi- 
tional magnetic moment (9). Observing that aU/oer 


*In formulas (6) and(7), as in the following, the second index 
in the matrix elements denotes the projection of the moment 4b 
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is different from zero only near the nuclear sur- 
face, we obtain 
oU 


il 
aa) 
r Gg 


a 


mc? 


ays 


1 Ou 
met? \ Yr Or. 


TOT 


I= re 


where Ry is the effective radius of the nucleus. 
This matrix element enters into the expression 
for the energy of the spin-orbit coupling 


AOU, 
Tams 


S 


gps eee enc g J> (#1) 


mec? \ 


and can be obtained from the energy of the spin- 
orbit splitting 


nN 2AE,, 
ee IOS ae 


r “ay 


Neel 
mec? \ r 


ALES 


(10) 


The diffuseness of the nuclear boundary is suppos- 
edly the same for all nuciei. The function f(r) = 
dU/édr will then also be practically the same for 
all spherical nuclei. This conclusion is confirmed 
by the experiments on the scattering of fast elec- 
trons from nuclei, as well as by the calculations 
in the framework of the optical model with diffuse 
boundary.°*® The region in which this function is 
noticeably different from zero is of order 1.5 to 
2x10 em. The wave functions of the states 
without radial nodes and with I #0 differ signif- 
icantly from zero in the neighborhood of the nu- 
clear surface in approximately the same region 
where f(r) is different from zero. It should 
therefore be expected that for these states 

ae 


m>c® 


eel | DACA, (11) 


Or 


where C is an empirical constant, which can be 
determined, for example, from the splitting of the 
levels ds/2 — 3/2 in O' (reference 7). In the case 
of one-nucleon states corresponding to wave func- 
tions with radial nodes, one should expect that the 
abovementioned matrix element depends more 
strongly on A than as TAS 

These qualitative considerations are confirmed 
in a wide range of atomic weights by shell-model 
calculations with a potential with diffuse boundary. 
Such calculations were recently carried out by 
Nemirovskit.® 

It should also be noted that Nilsson® assumed in 
his calculations that the matrix element depends on 
the atomic weight as in formula (11). Using (11) 
with the constant C determined in the indicated 
fashion, and taking Ry = 1.23 X 1078 41/3 (refer- 
ence 6) as the value of the effective radius of the 
charge, we obtain the following estimate: 


pe Pip 


pe FAMOML oa ome * (12) 
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In the case of Bi2, for example, this estimate 
gives the value » ¥ +0.6eh/2mc. This is slightly 
less than half the anomalous magnetic moment of 
this nucleus. 


3. MAGNETIC MOMENTS OF NONSPHERICAL 
NUCLEI 


In the strong coupling approximation the wave 
function of the nonspherical nucleus can be written 
as a product of the wave function for the motion of 
the nucleon relative to the nuclear axis and the 
wave function for the collective motion:° 


ba, K — 1oDM, K- (13) 
In this case the magnetic moment is conveni- 
ently calculated with the help of the relation 


p= CpJ>/(J +1), (14) 
where 
p= — f I(ser) VU (r) —8(VUer)]. 


mc? 2me. 


If the deformation of the nucleus is small 
(AR/R « 1), formula (14) may be written in the 
form 


s A eh <r (OU / Or) [(s-n) (ne J) —(s- J)D 


Lae ros = pls any wae 
For the matrix element we have 
(Q, K | (sen) (ne J)|Q, K7 = <Q, K | (jen) (ne J) | Q, K> 
= <Q, K | (jon) | Q’Ky (Q’K | (n# J) | QKY 
= K(Q| (jon) ny|Q), (16) 


@, K, nz are the projections of j, J, n onthe 
z’ axis of the nucleus, respectively. 

With the help of (16) we obtain the additional 
magnetic moment of nuclei with spin other than 3 
in the form 


Y= Ktin/ (J + 1), 
where 


y; 0U SK ii 
Pine = Q [re [(jon) te — 82] | QOS 


(17) 


is the additional magnetic moment of the nucleon 
in the coordinate system defined by the nuclear 
axes. 
the same as for spherical nuclei. 

The formula of Bohr and Mottelson!” for the 
magnetic moments, 


ee = g/? / (J sig 1) ea age) 
therefore remains valid for nuclei with J=K=Q 


= “ep gq and gp are the gyromagnetic ratios for 
the one-nucleon and collective motions. However, 


(18) 
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The order of magnitude of pint is, of course, 


besides the usual terms, gg must also contain the 
gyromagnetic ratio arising from the additional 
magnetic moment (17). 

Let us now consider the magnetic moments of 
nuclei with spin 3. We shall assume that the case 
of coupling b according to Hund!! applies to these 
nuclei. The one-nucleon states in these nuclei can 
then be classified as Ls and: Di: 

The symbol re refers to one-nucleon states 
with positive parity (3), and ae refers to states} 
with negative parity (3°). 

In this classification we have the following con- 
stants of the metion (besides the trivial ones): 
the nucleon spin s, the total rotational moment 
k=12+R (R is the vector of the moment of the 
collective rotation), the projection of the vector 
of the orbital angular momentum of the nucleon 1 
on the nuclear axis A =0, and the projection of 
kK on the nuclear axis Kr = 0. 

Using the above-mentioned symmetry proper- 
ties of the wave function, we can in this case easily 
compute the matrix element (14). We obtain the — 


| 


result | 
oU 4 OU tk 
air Z ison) (13) — (6D = [Er & ( — me) 
oU r 
+ (8° I) <r n> —K(seJ)r oe (19) 


It follows from Ae theory of the rotational spec-- 
tra of nuclei with spin 3, developed by us earlier," 
that the energies of the rotational levels of these 


nuclei can be obtained from the Hamiltonian 
KH co = Wx? ] 2] + yn-s, (20). 


where I is the moment of inertia, 8 the deforma-. 
tion parameter, and 


3 V =p r au 
Nom oe TP * me \ Cr Or (2, — n2)>. 


Finally, we obtain the following expression for the 
additional magnetic moment of nuclei with spin 3: 


bt en Y 
vu PEACE SE VAW ORY TEE M3 <(s* J)>] 
2 : oU r 
GS aay mt} (21) 


Let us apply formula (21) to the calculation of 
the magnetic moment of Tm!® The rotational 
spectrum corresponds in this case! to the Pee 
state, for which xk =1, 3, 5, For this nucleus 
B= 0.3 (reference 13) and y/(R2/1) = (0.24. If we 
further assume that <r8U/dr> is in this case of 
the same order of magnitude as for spherical nu- 
clei, and that gp = 0.41, we obtain tot = — 0.35 
nuclear magnetons for the total magnetic moment. © 
of this nucleus. The experimental value for this 
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magnetic moment is Mexp = —0.20 + 0.05. The 
comparison of these two values shows that the 
magnetic moment of Tm!® does not contradict 

the adopted classification of the ground state of 
this nucleus. 

It is seen from these calculations that the inter- 
action (2) can make a significant contribution to the 
magnetic moments of spherical and nonspherical 
nuclei, which must not be neglected. 

_ In conclusion I should like to express my grati- 


tude to P.E. Nemirovskil for very helpful comments. 
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The radii of nuclei of mass numbers 5 to 8 are calculated for the ground and excited states 
from experimental data on isotopic multiplets and on the scattering of high puotey electrons 
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by nuclei. It is shown that for all the nuclei with the exception of ine doublet He®-Li°® the 
is identified with greater 


radii increase monotonically with energy. One of the levels of Be® 


precision. 
1. INTRODUCTION 


Ar the present time nuclear radii have been 
measured only very roughly. The formula R= 
rays is based on the model of a uniformly 
charged sphere and is very inaccurate, particu- 
larly in the region of the light nuclei. 

Recently a number of sufficiently accurate ex- 
perimental data has been accumulated which enable 
us to determine the mean square radius for the 
charge distribution in the lightest nuclei and to 
draw certain conclusions with respect to the de- 
pendence of the electromagnetic radii on the en- 
ergy of excitation of the nuclei. For this purpose 
the present paper makes use of data on charge 
multiplets. The energy of isotopically similar 
levels must differ only by the Coulomb interaction. 
The nuclear forces are assumed to have isotopic 
invariance. The energy levels of the lightest nu- 
clei have been measured with a sufficient degree 
of accuracy, many of them have been identified 
with respect to their angular momentum, parity 
and isotopic spin. We also make use of data on 
the scattering of fast electrons by nuclei which 
enable us to determine in a different way the 
mean square radii of the charge distribution for 
the ground states of certain light nuclei. 

There exists also a third independent type of 
experiments: the energy levels of mesic atoms, 
but these experiments are not yet accurate and 
allow us only to conclude that the electromagnetic 
radii of the nuclei are considerably smaller than 
the values obtained from experiments on the scat- 
tering of nucleons by nuclei. 


2. CALCULATIONS 


The wave function for the nucleus is constructed 
in accordance with the shell model using jj coup- 


ling from oscillator single nucleon wavefunctions 
taking the Pauli exclusion principle into account 
and incorporating the total angular momentum J 
and its component M along the z axis, the iso- 
topic spin T (as an approximate quantum num- 
ber) and its component T;, determined by the 
nuclear charge Z. 

Such a function may be constructed explicitly if. 
the symmetrization is carried out by means of 
Young’s tableau and utilizing vector addition rules, 
but this is very complicated. This may be avoided 


if one uses the technique of fractional parentage 
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coefficients. This enables us to reduce the calcu- 
lation of the matrix elements of the Coulomb en- 
ergy (and of any arbitrary pair operator) with 
respect to the nuclear wavefunctions to the caleu- 
lation of matrix elements with respect to wave- 
functions of a pair of particles. The latter may 
be easily computed since both the functions and 
the operators are known. The corresponding for- 
mulas have been derived by utilizing methods of 
second quantization as proposed by Balashov, 
Tumanov, and Shirokov.! 

Making use of these formulas we have calculated | 
the matrix elements of the Coulomb energy for all 
of the nuclear states up to Be®, 

The experimentally obtained binding energies 
have been taken from the review by Wapstra,’ 
while the energies of the excited states of nuclei 
have been taken from the review article of Ajzen- 
berg and Lauritsen.? 

Theoretically the difference in Coulomb ener- 
gies turns out to be equal to ke*/V2mr) , where k 
is a certain numerical factor, while ro is the 
parameter which determines the single nucleon 
wavefunctions, which are equal to 


Pr(r/ro) exp (—r?]2r,”), 
where P, (r/r)) are the generalized Laguerre 


| 
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ON THE ELECTROMAGNETIC RADII OF THE LIGHTEST NUCLEI 
| polynomials; ry = Vh/mw , where m is the nu- 


cleon mass, while w is the characteristic oscil- 
lator frequency; ry is proportional to the mean 
Square radius a of the charge distribution in the 
nucleus. Similar calculations for the ground states 
of nuclei have been carried out under certain sim- 


_ plifying assumptions by Carlson and Talmi.! They 


assumed that there are no neutrons in the unfilled 
shell while the protons are in the state with the 
lowest “seniority,” i.e., they have been paired as 
far as possible into pairs with zero angular mo- 
mentum. 
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in Li®; c — Li ~ Be® — B®, E — excitation energy in Be’; 
d= Li’ — Be’. 


The dependence of ry (and therefore also of 
the mean square radius of the charge distribution 
in the nucleus) on the excitation energy of the 
nucleus is shown by means. of graphs. The magni- 
tude of the error in this is determined by two fac- 
tors: the accuracy with which the energies of the 
corresponding levels have been measured, and the 
contribution which may be introduced by an admix- 
ture of other configurations within the limits of 
the p-shell (intermediate coupling). 

In this way we can determine the values of ry 
for all the levels of the isotopic doublets (He-Li?, 
Li’-Be") and for the levels with T =1 of isotopic 
triplets. However, it is not possible by this method 
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to determine ry for the levels of Li® and Be® with 
T=0 since there simply are no corresponding 
levels in neighboring nuclei. 

To extrapolate the curves showing the energy 
dependence of ry to states with T=0 we have 
used data on the scattering of fast electrons by | 
nuclei given in the paper of Hofstadter.® Hofstadter 
discusses the relation between the various models 
of charge distribution in the nucleus and the scat- 
tering cross section for fast electrons by nuclei. 
For light nuclei the first Born approximation is 
applicable, according to which the effective cross 
section for elastic scattering of electrons by nuclei 
is equal to 

lee) 
Ze?\2 cos? (8/2 sin Por 24,1]? 
249) = (SE SG BE rar 
i.e., og(9) represents the effective cross section 
for elastic scattering of electrons by a point charge 
multiplied by the square of the structure factor 


(oe) 


\¢ (r) sin por + rdr. 


ee 
Os 3 
° 6 


Fs 


Here hpy is the change in momentum on scatter- 
ing: 
; ratte oil 

Do = Sia = Fee are 
where E is the electron energy, *=fh/p. The 
calculation is carried out in the center of mass 
system, i.e., the recoil of the nucleus is not taken 
into account. 

Hofstadter® gives mean square radii a and the 
form factors F corresponding to different assump- 
tions on the distribution of charge in the nucleus. 
For H and He the distribution assumed by us 
coincides with the Gauss distribution. In this case 

ic 
3 a3 exp ( 


a= > Thy 0 (r) = 


r2 


} 
2 ? 
ro/ 


pia? \ 


P= exp ( = ro = exp e& Z ): 


For nuclei in which the p shell is being filled 


A direct evaluation of ry from Hofstadter’s 
data gives an overestimate of ry compared to the 
value obtained from the difference in Coulomb en- 
ergies by about 25%. We inake use of the fact that 
the mean square radius a is proportional to ro. 
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By utilizing the value of rp for the ground level of 
Li’, obtained from the difference in Coulomb en- 
ergies, and the value of a for the ground states 
of Li’, Li’, and Be® given by Hofstadter,’ we can 
roughly determine ry for the ground states of the 
nuclei Li® and Be®, and extrapolate the curves 
giving the dependence on the excitation energy to 
the state with T =0. 

If the experiments on the scattering of fast 
electrons by nuclei are accurate, then the differ- 
ence in the magnitude of the radii determined on 
the basis of the data of these experiments and on 
the basis of the Coulomb differences indicates the 
amount by which the true charge distribution in the 
nucleus differs from the distributions assumed by 
us. 

The theoretically calculated Coulomb energy 
and electromagnetic radius of the nucleus depends 
on the choice of wave functions which, in particular, 
determines the distribution p(r) of the electric 
charge in the nucleus. For levels with very great 
widths, for example, for the nuclei He’-Li?, the 
oscillator function is a very rough approximation 
and allows us to investigate the nature of the in- 
crease in radius with energy only qualitatively. 

The agreement between experimental data on 
the scattering of fast electrons by nuclei and the 
values of nuclear radii obtained from differences 
in Coulomb energy may be improved if we assume 
that ro has different values for s and p shells 
(rg and rp). This may be done, since levels with 
even and odd values of 7 are orthogonal. Then 
for nuclei in which the p-shell is being filled 
p(r) is of the form: 


‘ 


Zz 2 2(Z— 2 
(r= exp | a ee ZekD (eek 
Tar 3n Ty 


We have determined rg and rp from the dif- 
ference in the Coulomb energies of the ground 
state of Li’ and from the mean squared radius of 
the charge distribution Li’ which is equal to 2.71 
Sa10s? cme They turned out to be equal to: 


fo 242 10-3 em; Cp 1S 2o10757" cm. 
The diffev’ences in Coulomb energies calculated 
with these values of rg and rp for all the nuclei 
with A =8 differ from the experimental ones by 
not more than 10%. 

Hofstadter notes® that sucha p(r) with rg = 
2265000 = corms Ep= L.0Gx 105 em gives satis- 
factory agreement between experiment and the 
theoretical angular dependence of the scattering 


cross section for fast electrons by the Li® nucleus. 


3. ANALYSIS OF THE CURVES 


For the nuclear pair H?-He® we obtain rp = 
1.48:x 10 | em. 

In contrast to all other nuclei the radius of the 
nuclei He® and Li® does not increase monotonic- 
ally with energy. The radius of the nucleus in the 
second excited level with E = 16.69 Mev is lower 
than in the first excited state and even than in the 
ground state. This level has positive parity (the 
two first ones have negative parity) and is dis- 
tinguished by relatively great stability. Appar- 
ently it corresponds to the breaking up of the s 
shell. If a neutron goes over from the s_ shell 
into the p shell then rp = 1.79 x 10°78 om, but 
if a proton is excited (which, apparently, is more 
probable since we then obtain the triton + deuteron 
system, which explains the great stability), then 
tp = L731 10Ke cm. 

The radius of the nuclei He®-Li®-Be® increases 
very sharply with energy; these nuclei are similar 
to the deuteron. 

The radius of the nuclei Li’-Be’ does not de- 
pend strongly on the excitation energy. 

The radius of nuclei with A = 8 depends very 
weakly on excitation energy. The level of iis 
with E = 3.3 Mev and the level corresponding to 
it'in Be® of 19.9 Mev have not been accurately 
identified, the following values are given J = 
(1+, 2*). The graph shows both points, the upper 
one corresponding to J = 2*, the lower one corre- 
sponding to J = 1". 

The level of Li® with E = 2.28 Mev in the paper 
by Ajzenberg and Lauritsen’ is compared with the 
level in Be® of 19.2 Mev. The corresponding point 
does not appear on the graph. Apparently the ana- 
logue to this Li® level in the case of Be® is not 
the 19.2-Mev level, but the 19.0 or the 18.9-Mev 
level. The graph shows all three points: the top 
one corresponds to E = 18.9 Mev, the middle one 
to 19.0, and the lowest one to 19.2 Mev. 


4. CONCLUSIONS 


On the basis of the simple method described 
above one can draw conclusions with respect to 
nuclear size and its increase, the “swelling” of 
nuclei in going to excited levels. It turns out that 
the electromagnetic nuclear radii increase mono- 
tonically with increasing excitation energy with the 
exception of one level of He®-Li® which is distin- 
guished by changed parity and by great stability. 
Moreover, the strong dependence of the radius on 
energy is observed only in the case of nuclei with 
A = 6 which are analogous to the deuteron. 


ON THE 


Apparently it is possible by this method to make 
more precise the classification of levels of certain 
nuclei, since the Coulomb energy depends on the 
spatial correlation of nucleons in the nucleus. The 
possibility of obtaining more precise values for the 
radii of light nuclei in their different states is also 
of importance for theoretical calculations referring 
to levels of light nuclei utilizing the two nucleon 
interaction Hamiltonian by methods of the type 
used in references 7 and 8. 
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A complete classification is obtained of all the irreducible representations of the inhomo- 
geneous Lorentz group, including space inversion and time reversal. It is shown that the 
concept of time parity cannot be introduced for particles with nonvanishing rest mass; for 
particles with zero rest mass and given spin there are two nonequivalent representations 
that differ in their space-time parity properties. On the basis of the concept of a univer- 
sal covering group it is shown that for particles with half-integral spins the number of 

possible representations with different reflection laws is larger than has previously been 


supposed. 
1. STATEMENT OF THE PROBLEM 


ee problem of the invariance of a quantum the- 
ory with respect to time reversal is a compara- 
tively complicated one, and despite the large num- 
ber of papers on the subject (cf., e.g., the review 
articles, references 5 and 6) it cannot be regarded 
as having been exhaustively studied up to the pres- 
ent. 

Papers in recent years have mainly dealt with 
the law of time reversal for particles with spin 3, 
with the Dirac equation taken as fundamental. 

In order to eliminate the negative energies, how- 
ever; one has to subtract out in the quantized Dirac 
equation the infinite energy of the negative-energy 
sea, i.e., to carry out a certain nonidentical opera- 
tion which, as it turns out, changes the transforma- 
tion properties with respect to time reversal. 
Moreover, in studies based on concrete equations 
of motion there is always the danger of getting a 
result relating only to particles that obey the equa- 
tion in question, and not to arbitrary particles of 
the given spin. These limitations are not present 
in group-theoretical methods based only on the 
geometrical properties of space and on the linear- 
ity of the equations of quantum mechanics. Further- 
more the work must be based on the inhomogeneous 


*Notations introduced without explanation are the same as 
in references 1—4, Equation numbers such as (1.36), (IV.1) 
refer to formulas in references 1— 4, 
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Lorentz group. containing four-dimensional rota- 
tions and displacements, since the irreducible rep- 
resentations of precisely this group describe the 
free motions of relativistic particles. 

Usually the group-theoretical formulation of in- 
variance under certain transformations consists of 
the assumption that the wave function transforms 
according to one of the representations of the group 
in question. In treatments of time reversal, how- 
ever, it is more customary to use a different for- 
mulation, due to Wigner,’ in which a change to the 
complex conjugate of the wave function is associ- 
ated with time reversal. 

The purpose of the present paper is a consistent 
study of the law of time reversal in the framework 
of the ordinary theory of the representations of the 
inhomogeneous Lorentz group, without the use of a 
concrete form of the equations of motion. A sepa- 
rate paper will be devoted to the Wigner formula- 
tion of the law of time reversal. The present paper 
is also not concerned with problems connected with 
the CPT theorem, which requires the introduction 
of a charge operator. 

The inhomogeneous Lorentz group, including all 
possible space-time reflections (we denote this 
group by Ggt) is obtained from the group Gg, 
which contains only the space reflections, by ad- 
joining the operation I,; of the reflection of all 
four coordinates to the operations contained in Gg. 
According to Eqs. (1.36) and (IV.43) the operator 
Ist satisfies the commutation relations 
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[1 st, Pul,. — QO, [sts Muy). oe 0, ere Delis =. 0. (1) 
2. THE IMPROPER GROUPS G,—G g OF TRANS- 


FORMATIONS OF THE COORDINATES 


In order completely to define the group Get we 
must prescribe the commutation relations (1.31) be- 
tween the components of the operators M uv» Lae 
the relations (IV.1) between the inversion i and 
the operators Myp, P,, the relations (1) for the 
operator I+, and also all possible products of the 
operators I, and Ig¢ by themselves and each 
other. In this connection, as was already pointed 
out in reference 4, in order not to have to deal with 
two-valued representations, one must consider in- 
stead of the proper inhomogeneous Lorentz group 
its universal covering group. 

It is important to note that the universal cover- 
ing group is uniquely defined by the topological 
properties of the corresponding continuous group 
and is locally isomorphic to the latter. The tran- 
sition to the universal covering group G is accom- 
plished by adjoining to the generators of the group 
G the element I,, of a rotation through the angle 
27, which commutes with all the elements of the 
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group and satisfies the relations 


ee lim Io = Ton (2) 


92 
for one of the space rotations. 

As in reference 4, when we go to the improper 
group Gus that includes in itself the space and 
time reflections we must prescribe the values of 
the squares of the operators Ig, Ig, and of the 
operator I; defined by the relation 


Ist = olf: (3) 


The application of any reflection operator twice 
over returns the system to its original position. 
But there are two operations that leave the direc- 
tions of all the axes unchanged: the identity I and 
the rotation I,, through the angle 27. Since the 
reflections .Ig, I, Ig¢ are not reducible to each 
other, the square of any one of them, independent 
of the others, can be equal to either I or Iz. 
Accordingly we find that there are eight different 
improper groups of space-time transformations 
Gi Ge for which the squares of the reflections 
have the values 


ite eee I ie (4) 


Besides the groups Gy Gs there also exist 
eight groups G;—G, for which instead of Eq. (3) 
we have the relation 


lige S Wee Igile: (3a) 


But substituting in Eq. (3a) 


Lie Ls Islon = Is, 


we find that because of the lack of real distinction 
between the operators I, and Ig the primed 
groups are indistinguishable from the correspond- 
ing unprimed groups. The relations (3), (4) com- 
pletely define the improper elements of each of the 
groups G; — or in the sense that they suffice for 
the calculation of the product of any two of the im- 
proper elements (with use of Eq. (2) and of the fact 
that all the operators commute with I,,). Multiply- 
ing Eq. (3) on the left by Is, and also on the right 
by I, we get for all eight groups the respective 
relations 


Pe etlel aus (5) 
eye hy (6) 


Multiplying Eq. (6) by Ig¢, we get 
lilsls = Telit. (7) 
From Eqs. (5) and (7) it follows that 
[gue CS) [ee (8) 


In the derivation of Eq. (8) we have made use of 
the fact that for all the groups the squares of the 
reflections commute with all the elements of the 
group, and their fourth powers are equal to the 
identity. In analogous fashion one can obtain the 


relations 
Teele = 3G) Lil se, Tole = (L1G) lca ao) 
For the groups e =i 
oligos (10) 


and the operators Ig, It, Is¢ commute with each 
other in all representations. For the groups 
G;— Gz 


Ililst = Lon, (11) 


so that the operators Ig, ], Igg commute in the 
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single-valued representations and anticommute in 
the double-valued representations. (We shall con- 
tinue to use the usual terms “single-valued” and 
“double-valued” representations although, strictly 
speaking, with respect to the groups G, —Gg all 
the representations are single-valued, and the rep- 
resentations with integral and half-integral spins 
differ in the eigenvalues of the invariant Iz, 
which are one and minus one, respectively. ) 


3. THE IRREDUCIBLE REPRESENTATIONS OF 
THE GROUPS G,—G, 


The construction of the irreducible representa- 
tions of one of the groups Gi _ Gs reduces to the 
finding of an irreducible manifold of operators 
Mupv> Pas Is, It, Ist that satisfy the commutation 
relations (I.31) that define the proper Lorentz group 
and also the relations (IV.1), (1), and the corre- 
sponding column of the table (4). 

For the construction of the complete system of 
irreducible representations one can proceed as in 
Sec. 3 of reference 4, using the properties of the 
invariants of the representations of the proper 
group G that contains no reflections. 

Repeating for the operators Ig, Igt (by Eq. (3) 
the operator It is not independent) the arguments 
given in Sec. 1 of reference 4 for the operator Ig, 
we get the result that irreducible representations 
of the group that includes the space and time re- 
flections can either coincide with representations 
of the proper group or be direct sums of two or 
four representations. Therefore the operators Ig, 
It, Ist can be written in the form 


I, a I 59 Ass» (12) 
Ty = Tt) N81, (13) 
I st = I sto hst Yst » (14) 


where Igo, Ito, Isto are operators that act only on 
the variables of the representations of the proper 
group. Ag, At, Ast are factors that do not act on 
the variables of the representations of the proper 
group (but that may, for example, cause an inter- 
change of representations of the proper group). 
Zs, St. Sst are numerical coefficients equal to 
unity for all single-valued representations and for 
the double-valued representations of the groups 
Gt and Gs. 

For the double-valued representations of the 
other groups the table (4) requires that the factors 
Ss, St Sst have the values 
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| Group 
Coeffi- pee Fl eee eS ee, 
cient Gun Ge aallt Gay Geel Gs GU IGonGs 
| | 
gs 1 Vor i 
g; 4 i “| i] 
ee 1 i i 4 (15) 


It is obvious that the operators Igo, Ito, Isto 
commute with Ag, At, and Agt, and that the nu- 
merical factors they contain can be chosen so that 
(16) — 


(17) 


eater == Ihe. 


Ashe = Ast e 


Let us consider first irreducible representa- 
tions that do not contain noncommuting reflection 
operators, i.e., the single-valued representations _ 
of all the groups and the double-valued representa~ | 
tions of groups Gy or According to Sec. 3 of ref 
erence 4, in the construction of the representations 
of groups including reflections an important part is 
played by the transformation properties under the 
reflections of the invariants of the corresponding 
representations of the proper group. 

The basic invariants Pi, and I2. of the proper. 
group commute with all the reflection operators. 
Therefore in the classes P$, P2, PR, P® (cf. 
reference 2), in which there are no additional in- 
variants, each representation of the proper group 
G will at the same time be also a representation 
of the improper group CG (we must remember thai: 
we are not as yet considering the double-valued 
representations of the groups Gs — Ge): For these 
representations the operators Igo, Ito, Isto are 
given by 


Is = A(P), It. = A (Po), Isto = A (P) A (po), 


where A denotes an operator that changes the 
sign of the indicated quantity in the wave function. 
For example 


(18) 


A (p) >(p) = $(— p)- (19) 


If, in accordance with Eq. (II.62), we write a wave 
function of a representation of the class Py in 
four-dimensional polar coordinates 


pi =IIchysindcos¢, p,=Mchysindsing, (20) 


ps = IIch y cos.9, pp = IIshy, 
the action of the operator is just to replace y by 
=e 
A similar situation exists for representations 


of class O) with the invariant W equal to zero 
(cf. reference 3) 


YW =M-N= 0. 
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In this case also, since the remaining additional in- 
variant F, 


F = M2—N?, 


is a scalar with respect to space and time reflec- 
tions, a representation of the proper group is at 
the same time a representation of the group Gi 

In this case the operator Ig9 is identical with that 
defined in Eq. (IV.14), the operator Ito, is equal to 
Igo, and the operator Igt) is equal to the identity. 
The quantities belonging to representations of this 
type include, in particular, four-dimensional vec- 
tors and tensors. 

In this present case of representations of the 
classes P$.2:),@ and Oy) with W =0, the oper- 
ators Ag, At, Ast are numbers. The square of 

each of them is unity. Moreover, they satisfy Eq. 
(17). Therefore the factors Ag, At can independ- 
ently take the values 


(21) 
(22) 


Thus to each irreducible representation of the 
group G of any of the classes enumerated above 
there correspond four nonequivalent representa- 
tions of the group Gis having the same number of 


dimensions and differing in space and time parities. 


The existence of time parity for the vector and ten- 
sor representations of the homogeneous Lorentz 
group was first pointed out by Watanabe® and 
Shapiro.® 

In all the other classes of irreducible represen- 
tations of the proper group there are additional in- 
variants that change sign on one or more of the 
reflections. Therefore in these cases an irreduc- 
ible representation of a group Gi cannot be an ir- 
reducible representation with respect to the proper 
group G, and will be the direct sum of represen- 
tations corresponding to different signs of the 
additional invariant in question. 

In the representations of greatest importance 
for physics, of the class Pem (cf. reference 2), 
and also in representations of the classes ra 
Pzo, P& (cf. reference 3), the only additional 
invariant is the sign of the energy, Sy (cf. refer- 
ence 2, Sec. 3). The operator Sy commutes with 
I, and anticommutes with It, Ist 


[Sx, te, [Sx, /sj,=9, [Sx Ise), ==0: (23) 


Since by definition the operators Igo, Ito, Isto act 
only on the variables of the proper group, they 
must commute with the invariant Sy of the proper 
group. Therefore it follows from Eqs. (12) — (14) 
and (23) that 
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[Nes Sal = 0, [hu, Sal, = 0, [Ase, Su], — 0. (24) 


Since according to Eq. (23) the operators It, Igt 
acting on a wave function change the sign of the en- 
ergy, in a representation irreducible with respect 
to Gy there must appear representations of G 
with both signs of the energy. Therefore the rep- 
resentations irreducible with respect to Gi will 
be direct sums 

Preitcte Bes, (25) 
and similarly for the classes Pane A wave func- 
tion of the representation (25) will depend on the 
variables of the proper group, i.e., on the three- 
dimensional momentum p and the spin component, 
and also will be a two-rowed matrix, with indices 
referring to the representations Pim, P_m(Pt9, P-o). 
In accordance with Eqs. (I.11), (1.12), (IV.1), (IV.11), 
(1), (12) — (14), (19), and (24), the operators M, N, 
P, Po, Iso, Ito, Isto have for the representation (25) 
the forms, to within a unitary transformation, 


M=—i[pd/Op] +S, N=iE,0/0p —[Sp]/(Ep + m), 
D=P, Po= (sp, Lot A(p)) li = lla ON 
hs =n6 Ils ht = Pi, Aegt = ksi, (26) 


Here and in our other formulas the matrices py, 
Po, P3 have the forms of the Pauli matrices 


Om 0 —i Ik © 
= = — 7 
Py ( ‘| ? P2 (; >) ’ 03 Ic 55) (2 ) 


and act on the wave function of the representation 
(25), namely 
Oe 
a= (5). 


The double sign on the Ag in Eq. (26) means 
that for given spin and absolute value of the mass 
there exist two nonequivalent representations that 
differ only in the spatial parity. It might seem that, 
independently of A,, one could also assign both 
signs to the operator A; and thus introduce two 
more representations, differing in the time parity. 
But the representations with A; = —p, reduce to 
those in Eq. (26) by the transformation 


(28) 


Q2 = pgQ2’ (29) 
Since representations of the class P§, describe 
free particles (with non-zero rest mass) we can 
say, contrary to the statement in references 5 and 
6, that from the point of view of the theory of the 
representations of the inhomogeneous Lorentz 
group the concept of time parity cannot be intro- 
duced for physical particles. We note further that 
here, as in Sec. 5 of reference 4, for the double- 


624 us 


valued representations there exists only the rela- 
tive parity of a pair of particles, but not absolute 
parity of each individual particle. The irreducible 
representations of the classes ihe have the 
same structure 


Pair te DiaeEe (30) 


and are constructed in analogous ways. With the 
exception of the operators M and N, which must 
be chosen in accordance with Sec. 1 of reference 3, 
all of the operators have the forms shown in Eq. 
(26). 

Let us now examine the representations of class 


Oy) with the invariant W not equal to zero, 
W =MeN=0. (31) 


According to Eqs. (IV.1) and (1) the operator W 
commutes with Igt and anticommutes with I, and 


It 


Us, Wi, = 0, i, Wi, = 0, [st ’ W)_ = 0. (32) 
Therefore the direct sum 
Py Pay, (33) 


is a representation that is irreducible with respect 
to Gj, and the operators Ag, At, Agt will have 
‘the forms 


kg = se 01, I) = tip hse = shi. (34) 


The operator Ig9, which we denote by B for 
this case, is determined in accordance with Eq. 
(IV.14), and the operator Ig¢9 is equal to the iden- 
tity, so that we can write 


{56 = line B, It =I. (35) 


Thus for representations of the type (33) (in 
particular for the Dirac bispinor) it would also 
seem that there is a distinction between represen- 
tations for the space parity and that the concept of 
time parity does not’exist. Such a conclusion, how- 
ever, is not entirely correct, since on applying to 
the representation 


Mk =—fA1, M= P1, Ase = —] 
the equivalence transformation 
Q == 0302’, 


we find that for representations of this type the 
time parity exists and space parity does not. Ob- 
viously both of these conclusions lack invariance 
under equivalence transformations. The difference 
from the preceding case is that here Agt is a mul- 
tiple of the unit matrix, instead of Ag. Strictly 
speaking, therefore, for this type of representation 
only space-time parity exists. 
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The representations pil have as an additional 
invariant the sign of the fourth component of the 
pseudovector Ig, denoted in reference 4 by the 
symbol Srp. According to Eqs. (IV.1) and (1) the 
operator Sp commutes with I, and anticommutes 
with Ig, It 


[/s, Sele = 0, [lt, Sr]_ a 0, [Ist , ells = 0. (36) 


The direct sum 

Pa + Pa’, (37) 
is a representation irreducible with respect to Gi, 
and the operators Ag, At, Agt have the forms 


hs = 1, yg aes Pe r= (38) 


The operators Igo, Ito, Isto have the values (18). 
In this case the time parity exists, but there is no 
space parity. “> 
Finally, in the representations of the class Pi, 
which is important for physics (the wave functions 
of particles of zero rest mass transform according 
to representations of this type), there exist the twce 
additional invariants Sq and Sy, which do not 
commute with the reflections [cf. Eqs. (23) and 
(26)]. Therefore here a representation irreducible 
with respect to Gy will be the direct sum of four 
representations corresponding to the four possible 
choices of the signs of the invariants Sy, Sp 


Pio + Pye +P) + Po. 
Here the operators Igo, Ito, Isto are the same as 
in Eq. (26). For the operators Ag, At, Agt there 
are two possible inequivalent systems of four-rowe 
matrices 


i= Pl, = 1, Ly, =p, (39) 


and 


hs = Pils, = P51, her =P. (40) 


A wave function has the form 


Qi (Og Or 
OS fs ), One teste Orr (53). (41) 


0) 


The primed matrices p’ act on the first of the 
functions (41), i.e., on the variable sign of the en- 
ergy; the unprimed matrices act on the variable 
sign Sr. 

Thus to each value of |Z | there correspond 
two nonequivalent irreducible representations of 
the group Gy. 

Let us now consider the double-valued represen— 
tations of the groups Gs — Gs, in which the opera- 
tors Ig, It, Is_ anticommute with each other. The 
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Operators Igo, Ito, Igto are not changed in this 
case. The operators Ag, At, Agt are changed in 
two respects. Firstly, they must now anticommute 
with each other; secondly, in accordance with the 


' table (15) the square of each of them must be equal 


to minus one. In the foregoing discussion, in rep- 
resentations of the classes P$, P4, pb, Po, and 
Oy) with W=0, the operators 2» were all numbers. 
Therefore, in order to make these operators anti- 
commuting quantities, one has to double the dimen- 
Sionality of the representation. Thus for the clas- 
ses listed above the double-valued representations 


of the groups G, =r have doubled dimensionali- 
ties as compared with the analogous representa- 
tions of the groups G, — Gj. In all the other clas- 
ses the operators A are matrices that can be taken 
to be anticommuting without changing the dimen- 
sionality of the representation. On going over to 
the double-valued representations of the groups 
Gs —Gg the number of nonequivalent representa- 
tions, differing as to parity, remains unchanged 
in all classes. The final results as to the factors 
A can be summarized as follows: 


Pete ae 1 3 
c O, for W + pt P= 
O, for W=0 Pome one pon Wee u £0 
| +0 
Sv yar 2s acd al +e e1 | e1 °19, 
Chan LY; Eri 91 e1 eel °. P30, 
ae | tips tips ties ipo lips i exp, 
Sie tak) - 5 4 ; ‘ te oo 
ry ios i Pe ips ties |i ese, ip, (42) 


a If we compare the representations of the group 
Gs (GZ) containing only the space reflections with 
the representations of the group Gi (other than 
the double-valued representations of groups Ga 
Gs), it turns out that when the time reflection is 
included the dimensionalities of the irreducible 
representations are doubled in the classes Pim, 
P,9, and are unchanged in the other cases. We 
note also for completeness that besides the ep: 
resentations enumerated above the groups Gi =, 
also have three single-valued one-dimensional ir- 
reducible representations Js, Jt, Jgt, for which 


My =0, pr=0O, (43) 


and the operators Ig, It, Ig¢ are shown in the 
table: 


Coefficient 


q; Ist 


Repre- 
sentation 


1 4 (44) 


4. DISCUSSION OF RESULTS 


In the preceding section we have found all the 
irreducible representations of the inhomogeneous 
Lorentz group that contains the space and time re- 
flections, and now we can discuss the problem of 
what physical results can be obtained from a dis- 
cussion of time reversal carried out in the frame- 
work of the usual representation theory (without 


the Wigner change to the complex conjugate of the 
wave function. 

The discussion here is more general than those 
in previous papers on this problem in the following 
three ways. First, no use has been made of con- 
crete equations of motion, so that the results de- 
pend only on the geometrical properties of space- 
time. Second, the treatment has been based on the 
inhomogeneous Lorentz group, including not only 
four-dimensional rotations, but also four-dimen- 
sional displacements. Third, use has been made 
of the concept of the universal covering group, 
which has made possible a more precise examina- 
tion of the problem of the factors +1, +i in the 
reflection operators. These differences in the 
statement of the problem have led to a number of 
differences in the final results. 

Ordinarily the study of the transformation prop- 
erties under reflections has been made not with 
free-particle wave functions, transforming accord- 
ing to the infinite-dimensional (in the momentum 
coordinates ) representations of the inhomogene- 
ous Lorentz group, P§,, Pa but with the spin 
parts of the wave functions as defined for concrete 
equations of motion. These spin parts of the wave 
functions transform according to representations 
of the class Oy); for integral spins W=0, and for 
half-integral spins W #0. This artificial and ac- 
tually incorrect separation of the coordinate (mo- 
mentum) part of the wave function has led to a 
number of results that do not follow from the rig- 
orous statement of the problem. 
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The differences that thus arise are easily traced 
out in the table (42). We see that the representa- 
tions of the class O) with W=0 (scalars, vectors, 
and so on) have independent space and time pari- 
ties.9 For real particles with nonvanishing rest 
mass, however, (class P,,) the time parity is 
absent. On the other hand, for particles with zero 
rest mass (class Py), according to reference 4, 
the intrinsic space parity is absent, but still, ac- 
cording to the table (42), there exist two systems 
of representations that differ in their parity prop- 
erties with respect to space and time reflections. 
Another difference between our treatment and pre- 
vious ones lies in the establishing of the eight 
groups G, _ Gs) with different double-valued rep- 
resentations. Inclusion of the fact that the squares 
of the reflections can be either positive or nega- 
tive for the double-valued representations, together 
with the stipulation that there cannot exist at the 
same time particles with different signs for the 
squares of the reflections,® is equivalent to the 
introduction of the universal covering group. In 
reference 6, however, only reflections that anti- 
commute with each other were considered, i.e., 
only the groups Gs 2G, The representations of 
the groups Gi = Gy were rejected in reference 6 
on the grounds that in this case the Dirac equation 
leads to an incorrect relation between energy and 
momentum. The present treatment shows that 
wave functions can also transform according to 
representations of the groups Gi —G, with com- 
muting reflection operators in the double-valued 
representations. 

We note also that according to our treatment 
the existence of antiparticles does not follow from 
the transformation properties under reflections 
but, according to reference 4, is a direct conse- 
quence of the pseudoscalar nature of the charge 
for charged particles. 

All of the results obtained here can be applied 
to arbitrary kinds of particles, including those 
that obey the Dirac equation, both in the quantized 
and also in the unquantized form; a complete anal- 
ysis of the relations will be given in a separate 
paper. 


5. ON THE INVARIANCE OF THE EQUATIONS 
OF QUANTUM THEORY 


The equations of a quantum theory must be co- 
variant in the sense that the physical results must 
not depend on the sense of the time axis. From 
the covariance of an equation, however, it by no 
means follows that it must be invariant. More- 
over, a correct equation for the wave function 


(state vector), containing no infinities of any kind, 
cannot be invariant with respect to time reversal. 
In fact, the condition for the invariance of the 
equation 


LQ=0, (45) 
where L is a linear operator, has the form 
LL, I s¢)_ =). (46) 


Therefore, if @ is a solution of Eq. (45), in 
virtue of Eq. (46) the function I,42 will also be 
a solution. According to the first of the relations 
(1) the functions Q and I,42 describe physical 
systems with different signs of the energy and | 
mass. But masses of different signs not only are | 
never observed in nature, but also are not permis-— — 
sible, since a system of two particles with masses 
of different signs can have a space-like energy- 
momentum vector, which leads to signals faster 
than light and the loss of causality. Thus when we 
use representations of the usual type the equations 
of motion must be noninvariant with respect to time 
reversal and have solutions corresponding to only 
one sign of the mass. On time reversal the signs 
of all masses and energies are changed. The for- 
mal invariance of a number of equations in general 
use exists either because they have solutions with 
both signs of the mass (the unquantized Dirac 
equation) or because of an infinite vacuum back- 
ground (the quantized scalar and Dirac equations). 
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The dependence of the interaction between a nucleon and the nucleus on N/Z was investi- 

gated. An estimate of the maximal A/Z is given; this ratio is found to vary between 3 and 
3.8. It is shown that when N equals the number of neutrons in a closed shell, the minimal 
Z changes discontinuously by several units. It is suggested that these jumps in the values 

of Zmin on closing the neutron shell may be responsible for the exceptionally great abun- 
dance of certain isotopes, provided that the synthesis of atomic nuclei occurred in brief 


neutron bursts. 


R a previous paper! we considered the single- 
particle levels of light nuclei obtained with the 

help of the optical model potential. The ordering 
and the energy of the levels can also be determined 
for the heavier nuclei. In comparing the obtained 
results with experiment it is necessary to make 
certain additional assumptions about the dependence 
of the nuclear radius and the well depth on A and 
Z. The comparison of theory and experiment with 
regard to the total cross sections, the angular dis- 
tributions, and the polarization shows that the scat- 
tering from all nuclei can be described by a poten- 
tial with one and the same depth, assuming that 

R = (1.16A¥? + 0.33) x 10743, where R is the dis- 
tance at which the potential has fallen off to half its 
maximum value. 

The agreement remains very good if we make 
the contrary assumption that the nuclear radius 
obeys the Avs law, but the potential becomes 
smaller as the ratio N/Z increases. The well 
depth will then be less for heavy nuclei than for 
light ones. However, this effect should show up 
also in the different isotopes of the same element. 
It is therefore a natural step to add to the optical 
potential a term which takes account of the isotopic 
effect.* 

Such a potential can be used for the calculation 
of the levels of nuclei with a closed shell plus one 
extra particle. In the framework of this model we 
regard the proton and neutron shells as independent, 
which is correct for heavy nuclei. We can then find 
the binding energies of closed-neutron-shell nuclei 


that differ from each other in the number of protons. 


In studying these binding energies we can also 
determine the isotopic effect. It appears to be in 
agreement with the optical model data. The iso- 


*The author is grateful to L. A. Sliv for a conversation 
which stimulated the development of these ideas. 


topic effect thus obtained may be extrapolated to 
the limits of nuclear stability in order to find the 
limiting value of N/A asa function of A. The 
answer to this problem permits certain conclu- 
sions about the creation of the elements. 


1. CHOICE OF THE POTENTIAL 


We now take up the problem of the correct way 
of including the isotopic effect in the optical poten- 
tial. 

We chose the simplest model, 


Vern 


GZ Vnp + 7 Van (1) 
where Vpp and Vnn are the potentials for the in- 
teraction of the neutron with the proton and neutron 
matter, respectively. This means that we assume 
the additivity of the two interactions, both in the or- 
dinary and in the spin-orbit potential. Furthermore, 
since the potential does not change very strongly, 
we retained the assumption a = ky = V2mV)/h, 
where a is the diffuseness parameter. This con- 
dition implies that a@ varies at most by 10%. This 
has no significant effect on the overall picture. We 
can therefore use the results obtained with a well 
of the same depth for all nuclei (i.e., which is in- 
dependent of N/Z). 

In the calculations we made use of the following 


potential:?»3 
pat, Vo ee 0) Vo a 
Le Ee) r HI 4 + et(r—R) (se) 
N 
where Vo = 4 Vnp+ 4 Van» With 2mVox/h* = 0.66. 


The nuclear radius was taken to be equal to R= 
125 enliOgee 

We assumed that Vy) = 49 Mev for nuclei with 
Z/N = 0.80. This assumption gives good agree- 
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TABLE I 
Ep = 0 Ej, = 0.16 Vo ~ 8 Mev 

X=khR l j Level X=kR l j Level 
0.67 0 4/2 4 s 2.49 0 4/2 1s 
aehy| 4 Sie 1 psy, 3.80 4 3/2 1 ps, 
3.35 4 4/2 1 pry, 4.34 4 1/2 1 pi, 
3.98 4 1/2 2s 5.30 2 5/2 tas, 
4.35 2 5/2 1 ds), 5.66 0 1/2 2s 
5.04 2 3/2 4 dy, 6.00 2 3/2 1 dy, 
Baap 3 7/2 1 fay, 6.74 3 7/2 1 fr, 
5,700 4 3/2 2 Py, 7,24 4 3/2 2 py, 
6.078 4 4/2 2 Pr, 7.46 3 5/2 ait, 
6.54 3 5/2 1 fey, 7252 4 1/2 2 pry, 
7.068 4 9/2 1g), 8.13 4 9/2 1 go), 
7.42 0 4/2 3s 8.78 2 5/2 2 ds), 
7,34 2 5/2 2 ds), 8.89 4 7/2 1g), 
7.76 2 3/2 2 ds), 9.08 0 1/2 3s 
7.70 4 9/2 1 gr), 9.16 2 3/2 2 dy, 
8.33 5 11/2 1 hu), 9,474 5 11/2 1 ha), 
8.80 3 7/2 2 fry 10.278 3 7/2 2 fr), 
8.84 4 3/2 3 Psy, 10,29 5 9/2 1 ho), 
9.02 4 1/2 3 pr, 10.73 4 3/2 3 Pay, 
9.20 5 9/2 1 he), 10.74 3 9/2 2 fey, 
9.30 3 5/2 2 fs), 10,94 1/2 3 Pr, 


ment with the experimental interaction cross sec- 
tions. It follows from the polarization data, which 
are very sensitive to k)R, that the above-men- 
tioned relations lead to the correct sign and mag- 
nitude of the polarization for Zr, Nb, and Mo. 
The data on the interaction cross sections for bis- 
muth and lead show that, with R= MAYS, Vo for 
A = 200 must be 2.5 to 3 Mev less than for A = 90. 

We chose Vnp = 3Vnn. We then obtain Vinp = 
78 Mev and V3}, = 26 Mev. The potential V) is 
equal to 46.6 Mev for Pb? and to 52 Mev for Ca‘? 
and O!. On the basis of these assumptions, which 
lead to good agreement with the experimental cross 
sections, we found the energies of the single-par- 
ticle levels. 

The order in which the levels are filled is given 
in Table I for Ep=0 and EVp=0.16V) (Ep is the 
binding energy). This table was used to find the 
ground states of a number of nuclei with a closed 
neutron shell plus one extra particle. The results 
are listed in Table II. 

It is seen from Table II that the computed spin 
and parity* of the states are in agreement with ex- 
periment in all reliable cases. With regard to the 
binding energy there is a discrepancy of order 2 
Mev for the shells 1p34, lpi, 145, 143, and 
2s; but even in these cases the isotopic effect 
(the difference in the binding energies) comes 
out correctly. 

The computed binding energy for the heavier 


*The parity of the single-particle states is determined by 
the orbital angular momentum. 


nuclei agrees with experiment within the limits of 
0.5 Mev (and much better in many cases). This 
shows that the potential as a whole as well as the 
isotopic effect have been treated correctly. 

It was not possible to regard the state with 64 
neutrons as a closed shell in view of the closeness 
of the neighboring states. 


2. THE LIMITS OF STABILITY OF NUCLEI 


We only considered neutral single-particle 
states, and lett the calculation of the proton single-. 
particle states for the future. Hence we can only 
study the neutron stability of the nuclei. 

Experimental data on nuclei with neutron binding 
energies close to zero are available only for the 
beginning of the periodic system. This applies, in 
particular, to He® and Li®. We see that (N/A )maxe 
= ¥%, in the beginning of the periodic system (for 
H’, He®, and Li®). The highest known value of 
N/A in the region of large A is N/A = 0.62 to 
0.63 (0.618 for U%4%), 

We now ask, how does (N/A)max depend on 
A? We can attempt the answer on the basis of the 
data on the nuclear shells. 

We have made the following assumptions: (1) the 
potential (1) holds for all nuclei, and (2) the dif- 
fuseness of the boundary and the spin-orbit inter- 
action do not change with N/Z. 

With these assumptions one can determine the 
number of protons for which the binding energy of. 
the (N+1) th neutron is equal to zero, where N 
is the number of neutrons in the closed shell. One 
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TABLE II.* Ground states of nuclei with a closed neutron shell 


plus 1 neutron 
cst La, SE Te ae ae Saree ce ee ee 


Nucleus | N-1 Experimen- | Theoreti- Experimental Theoretical 
tal state cal state | ‘binding energy | binding energy 

On 8 1 ds), 1 ds), 4.14 5.4 
Mg?? 14 238) 2s 6.43 8.7 
oi 14 DS 25 8.46 a) ORS 
Sian 16 1 ds), 1d,), 1.6 8.6 
Spe 16 1 ds), 1d, 8.64 10.6 
Ca4t 20 4 hy, 1 fi, 8.37 8.53 
Se 20 1 hay, 1 hay, 5,01 4.90 
A’? 20 aan 1 fry, 6.64 6.84 
(a2 28 2, Ps), 2 Psy, 9.19 9.90 
aes 28 2 Psy, Zi Ps, 6.43 6.76 
Gres 28 2 Psy, Psy, 7.93 8.04 
ee 28 2 Ds, 2 Ps, 9229 9.41 
hel 28 2 Pap 2 Pap 

Zn71 40 1 gs), 1 gy), 6.42 6,04 
Ge’s 40 1 gs), 1 go), 6.64 7.05 
Se75 40 5/9 1 go), 7.96 8,14 
gen 50 2 ds), 2 ds), 9,01 5.43 
Sey) 50 2 ds), 2 ds), 6.52 6.24 
Fee 50 2 ds), 2, ds), 7,16 7.02 
Mo?3 50 2 ds), 2 ds), 7.88 7,85 
Snts 64 38 3s eoi 9.05 
Xei8? 82 D hry, 2 fy, 4.45 Ue ay 
Bats? 82 7) fry, 2 hoy, 4.66 4,86 
Cel4! 82 j 7) hoy, 2 hy, 5.40 5.36 
Nd148 82 2s hay, 2 hry, 6.02 5.88 
bee 126 2 2s), 2 >), 3,87 4.45 
Po21l 126 2 Lo), 2 Qo), 4,59 4,80 


*The data on the binding energy for the nuclei Xe**” to Nd’** are taken from 
Johnson and Nier;5 the other data are from Wapstra.4 


: only has to find the nucleus for which k)R ata fifth, ...nucleon is positive if that of the first nu- 
given N is smaller than the value given in column cleon is positive. 
1 of Table I. We carried through this calculation In Table III we give the values A for which 
using the empirical values of Vnp = 3Vnn. The Zmin Changes. 
sults obtained are shown in the figure (only the 
results obta shown in the fig (only TABLE Il 
even Z are given). 
| i 
oh Z Amax | Nmax Z Amax | V max 
‘min 
22 | | : 
8 28 | 20 || 44 48 | 34 
be 40° | 30°) 20°} 46) 56°)? 140 
if fe ABV SG | 18) Ale 25S wl aare0 
OO 7D TF Boos 52) A786 
6} 92/1 880 1) 8 Mil soa Aso NOG 
DG 80.) 58 lt obn iy cecum oO 
Z Fi / % A 26; 88 | 62 || 58 | 184 | 126 
ay : : 23 | 98 | 7 || 60 | 198 | 128 
. 30 ; 100 | 70 || 62 | 200 | 138 
It is seen that Zmin changes by from 26 to 39-1444 | 82 l 64 | 220 156 
37.5% as a function of A. These data may, of a He | S / °° | Bae | 1 
course, be incorrect in the region of light nuclei, 38 | 132 | 94 || 70 | 254 | 184 
h . d ent with the ex- AO AS On| oO n)| mehz 206. | 184 
as here there is no good agreem 42 | 138 | 96 | 74 | 258 | 184 
perimental values for the binding energies. But i | 18 a if a | i 
: * EO aa 4 ( aoa |! 4 
in the region of intermediate and heavy nuclei, zg | 174 | 196 || 80 | 264 | 19% 
= 4 A G 9AR Vi 
where one has to extrapolate to 38 to 30% of the 50 |, 176. 426 S Ae | ie 
protons, our results should come rather close to 


the ‘ruth. We see from Table III that Z/Amax ¥ 0.3, 
Here we assume, however, that the instability varying between 0.261 and 0.33. Of special inter- 

is due to transitions to the next shell, and that in- est is the behavior of Zin as a function of N. 

side a given shell the binding energy of the third, For N= 82, Zmin increases from 32 to 38, for 
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TABLE IV. Neutron binding energies for the isotopes of Ca | 
with odd A in filling one shell 


P. E. NEMIROVSKII { 


A Shell En A Shell En 
44 (1 fay, a 8.37 64 (1 fe/,)2 (2 Psj,)s 7.77 
43 (1 fr),)3 7.94 63 (1 fs,,)a (2 Ps),)3 6.84 
45 (1 fr,5 7.44 65 (1 fs/,)s 6.13 
63 (1 fo/,)2 (2 Psy,)3 9,25 94 (2ds,,)1 7.16 
69 (4 fe,,)a (2 Psy,)s 7.98 93 (2d.),)s 6.610 | 
67 (1 fe/,)s 7.03 95 (2 ds),)s 6.42 


N = 126, it changes from 48 to 60, andfor N= 
184, from 68 to 82. 

One may ask, how sensitive are these results 
to the initial assumptions ? 

In the region of light nuclei the potential may 
be different from (1), and the assumption of j-j 
coupling may break down. Therefore our picture 
is certainly not correct for nuclei with A < 30. 

In the region of heavier nuclei one can vary 
the potential parameters somewhat without chang- 
ing the results of Table III appreciably. For ex- 
ample, changing the width of the surface region 
by 25% has only a slight effect on the results for 
Z/Amax. The dependence on the isotopic effect 
is more significant. However, big changes in the 
value of Vnp /Vnn destroy the agreement with the 
experimental binding energies, while changing 
Vnp/Vnn by from 10 to 15% does not make any 
appreciable difference. The width of the surface 
region for nuclei with large N/Z can be some- 
what greater than for $-stable nuclei, since the 
binding energy of the neutrons is small and the 
wave function drops slowly outside the nucleus. 

It is difficult to estimate this effect, but one should 
expect that it slightly lowers Ama x for a given Z. 
Finally, the assumption that the binding energy of 
all the neutrons in the shell is positive if that of 

the first neutron is positive, presumably is correct 
in the majority of cases. Indeed, the binding energy 
within the shell changes slowly and without jumps, 
as can be seen from the example of the isotopes of 
Ca (Table IV) and of certain other elements. The 
scheme given in Table III can therefore be regarded 
as a preliminary estimate of the limits of stability 
of nuclei with the maximum number of neutrons. 

It should be noted that estimates of this kind 
cannot possibly be made on the basis of the Weizs- 
aecker formula. For the semi-empirical formula 
includes only the first term of the expansion in 
terms of (N-Z). But together with the quadratic 
term, all the even power terms in the expansion 
should be present and should make a contribution 
as one gets away from the region of £ stable nu- 
clei. The binding energy of Ca*® computed by the 


semi-empirical formula is wrong by 6 Mev (if the 
errors for Ca‘, Ca‘?, and Ti*® are discounted). 
The inaccuracy is the same for Sn!*4 and Xe}, 
This shows that even close to the limits of stabil- 
ity the Weizsaecker formula is completely inade- 
quate. It always underestimates the binding en- 
ergy. Furthermore, since the shell structure is 

of decisive significance in the study of the stability, 
it is altogether impossible to use statistical formu- 
las. 


3. A FEW REMARKS ON THE ORIGINS OF THE 
ELEMENTS 


The capture of neutrons plays an important role 
in the existing theories of the creation of the ele- 
ments. The theory of Alpher and Herman’ explains 
the creation of all nuclei by successive neutron 
capture. 

We assume today that the neutron capture plays 
a role in the synthesis of the nuclei heavier than 
oxygen or neon.’ It seems plausible that the mech- 
anism of neutron capture may not have anything to 
do with the initial stage of the evolution of the uni- 
verse. For example, if the creation of the elements 
is continuous, the most suitable “cauldrons” are 
the red giants and the supernovae. There may 
exist shortlived energetic neutron currents in the 
supernovae. If these currents act at the moment 
of the explosion of the star and last for about a 
second or a fraction of a second, the formation of 
the nuclei should go through a minimal number of 
B decays, i.e., through a minimal Z fora given 
A or through a Z which is close to the minimal 
value. 

It should be noted that the synthesis of uranium 
and thorium from lighter nuclei in quantities com- 
parable to those of the other elements is possible 
only in shortlived neutron bursts. The most prob- 
able synthesis is via nuclei with a Z which is 
lower than in the region of B stability. In this 
case the synthesis should take no longer than the 
periods of the 6 decay of the nuclei Bi245, pj2té 
and Bi?!", which are estimated to be of order 1 ine 
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We also call attention to reference 9, where it 
is assumed that the luminosity curve of the super- 
novae of the first type* can be interpreted with the 
help of the decay of Cf?*4, 

Then those nuclei which have an atomic weight 
A for which the minimal Z increases abruptly, 
will have a particularly strong tendency to accu- 
mulate. Indeed, for these values of A, 6 decay 
must occur before the capture of the next neutron 
is possible. These nuclei will thus accumulate in 
much greater than average quantities. As a rule, 
the nucleus remaining after 8 decay can capture 
another neutron; however, during the time of the 
B decay the neutron current may have gone down 
appreciably, which means that there will be an 
accumulation of nuclei with the given A. After 
the capture of one neutron we again obtain a closed 
shell, further neutron capture may be impossible, 
and at the mass number A+1, £8 decay occurs 
again and leads to the accumulation of nuclei with 
the mass number A+1, etc. The mass distribu- 
tion curve of the nuclei will then have peaks fol- 
lowed by deep dips. In general, this is what actu- 
ally happens. The position of the peaks will now 
be determined by the closed neutron shells. Here 
we must not take the closed neutron shells for B- 
stable nuclei, but those for nuclei with the mini- 
mal Z. 

The list of mass numbers in Table III should 
then give an approximate idea of the position of 
the peaks in the distribution of the elements. The 
peaks should appear at the beginning of the sharp 
increases, i.e., for A = 28, 46, 56, 72, 80, 98, 
and 114. In the region of higher A one should, 
obviously, consider only N=126 and N = 184, 
since in the intervals N = 82to126 and N =126 
to 184 the nuclei are nonspherical, and have no 
separate closed shells. The mass numbers A = 
174 and 252 therefore play a special role in our 
model. However, this picture is only very approx- 
imate, and it is entirely possible that the value of 
A deviates by several units. Of special interest 
among the values of A considered are A = 28 
and especially A =56. The first of these values 
corresponds to the basic isotope of Si, which is 
one of the most abundant elements in the world. 

Even more significant is the fact that our model 
predicts the great abundance of Fe*®. It is well 
known that this nucleus has the highest abundance 
of all nuclei with A> 28 in nature. All previous 
hypotheses were not able to explain the great abun- 


*The supernovae of the first type have exponentially de- 
caying luminosity curves with a half-life of 55 days. Explo- 
sions of this kind are observed in our galaxy about once in 
300 years. 


dance of this nucleus. It is true that the maximum 
at A=46 is unwarranted, but a slight change in 
the parameters may change the position of this 
peak to A =40, in accordance with observation. 

From the nuclear point of view, these consider- 
ations presuppose the fulfilment of the following 
conditions: (1) the basic maxima are unaffected by 
changes in the parameters, (2) the chain of cap- 
tures does not break up until the shell is filled, 
and (3) arguments can be found to explain away 
the spurious maxima. 

From the cosmological point of view, everything 
depends on the intensity and the duration of the neu- 
tron bursts. There is no upper limit to the inten- 
sity of the burst if it is impossible to add not only 
one, but even two neutrons to the closed shell. If 
the pairing energy is such that capture of a neutron 
pair is possible, and if the probability for three- 
body collisions is high, the breaks in the chain of 
captures will not be important any more. For ex- 
ample, assume that two neutrons can be added to 
a nucleus with Z=16, A= 56; this makes the 
nucleus Z=16, A=58 possible; after B decay 
we obtain Z=17, A= 58, which is unstable and 
emits a neutron, giving Z=17, A=57. This nu- 
cleus then undergoes 6 decay. The privileged 
role of A=56 disappears. The currents, there- 
fore, must be sufficiently weak to make three-body 
collisions improbable. The lowest estimate for the 
currents is determined from the relative abundance 
of burnt out and intact nuclei for different A. 

The duration of the neutron burst is determined 
by the period of the 8 decay of the nuclei with 
minimal Z. The latter can be estimated roughly. 
It is natural to assume that the transitions in nu- 
clei with minimal Z are allowed, because there 
are sufficiently many possibilities for 6B decay 
to excited levels. The lowest estimate for ft in 
the region of intermediate and heavy nuclei is ap- 
proximately ft = 104. However, 8 decay can 
occur not only in the ground state, but also in 
excited states. In actual fact the period may 
therefore be several times smaller than that de- 
termined from the ft value. The energies of the 
decays should be of order 10 to 15 Mev. As is 
well-known, f is proportional to es so that an 
error of 20% in E,) does not change the order of 
magnitude of the decay period. The half-life will 
be within the limits 107° sec < T < 107 sec. 

In many cases the decay goes mainly into ex- 
cited states, so that the emission of a neutron may 
follow the 8 decay. As a rule, the excitation en- 
ergies are not high and will be essentially removed 
by the emission of the first neutron. This implies 
a spreading of the peak, which will then include the 
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mass numbers preceding the break in the basic 
chain, 

The author plans a more detailed study of the 
separate neutron chains for the near future. 
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The method with which Fock! investigated the wave function of the !S state of helium is 
generalized to an arbitrary system of charged particles and to states of any symmetry. 


l. In 1954, Fock! established the fact that the wave 


function of the 'S state of helium and helium-like 
ions could be expanded in a double series of inte- 
gral powers of r= vr?+r% and Inr, where r, 
and ry are the distances of the first and second 
electrons from the nucleus. In this case, the proof 
was made by a method of successive determination 


of the expansion coefficients, which were homogene- 


ous functions of zeroth order in the cartesian coor- 


dinates of the electrons (if the origin of the coordi- 


nates is fixed in the nucleus). We shall show that 
an expansion of this type, which we shall calla 
Fock expansion, has a very general character and 
is valid for any system composed of an arbitrary 
number of charged particles; there is also no need 
of placing any restrictions on the symmetry of the 
wave function. 

As an example, we consider an N -electron 
atom, (generalization of the results to more com- 
plicated systems presents no difficulties and is 
discussed below). The Schrddinger equation for 
the wave function of a stationary state (in atomic 
units) then has the form 

4 

Ho= [—+ 4sw BS Die aw) |¢ = Ey. (1) 
Here x;,...,X3N are the cartesian coordinates of 
the electrons, A3n is the Laplace operator in the 
configuration space of 3N variables, while the 
potential energy U contains the Coulomb interac- 
tion of the electrons with the nucleus and between 
themselves, and is a homogeneous function of the 
coordinates of order —1. We introduce spherical 
coordinates in the configuration space. Then Eq. 
(1) takes the form 


| 


il 


5 di 
p?N—-1 or 


+ Aw [pt to=26, ©) 


r2 


where r=(xi+...+ xn) 2, A3n is the Laplace 


operator on a sphere in a space of 3N dimensions, 


and V isa vector function of 3N-—1 spherical 
angles. 
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We shall now seek a solution of this equation in 
the form of a series 


G= 2 Danprr(inry, (3) 


where app are certain functions of the spherical 
angles which must be determined, and the sub- 
scripts n and p can take on integer values only. 
Substituting this expansion in Eq. (2), we obtain a 
system of equations for Anp! 


Asn Anp + n(n + 3N — 2) anp 
— (p+1)(2n + 38N — 2) aa, p4i—(P +1) (p + 2) Gn, prs 
(4) 


+ 2Van—1,p— 2EAn—2,p> 


We shall carry out further investigation of this 
system by a method which was assumed by Fock 
for the helium atom, and we shall not therefore 
give the details of all the analysis. 

First, we note that the factor n(n+3N-2) on 
the left-hand side is precisely the eigenvalue of 
the operator ASN: If we set the right-hand side of 
Eq. (4) equal to zero, then its solution will be a 
linear combination of the generalized spherical 
functions ®y of order n on the sphere in the 
3N -dimensional space (we shall call them, here 
and below, spherical harmonics). With accuracy 
up to the same linear combination, both the solu- 
tions of Eq. (4) are determined; however the solu- 
tion exists in this or that case only when the right- 
hand side of the equation is orthogonal to all 
spherical harmonics of order n.* 

Another important property of the system (4) 
is that the coefficients a appear on the right hand 
side of the equation for the coefficient app for 
which either the first index is smaller than n, or 
the second index is larger than p. It then follows 


*The function V on the right-hand side of Eq. (4) con- 
tains singularities; however, these singularities are weak and 
do not affect the finiteness and continuity of the coefficients 


€anp: 
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that if the coefficients apy) are known for suffi- 
ciently small n and sufficiently large p, then, 
as a consequence of the “triangularity” of the sys- 
tem, we can determine the an successively for 
any n and p. To satisfy these conditions we can, 
in the first place, require that all the terms of the 
series (3) be finite at r= 0. For this, it is neces- 
sary to set all the app equal to zero for n< 0, 
and all the app equal to zero for p>0. In the 
second place, we must require that, for any fixed 
n, but for sufficiently large p, the coefficients 
anp must vanish. This condition is necessary in 
order that the expansion be single-valued. 

We can then solve the system (4) successively 
forem="0..1, 2,.2.., and for each fixed) n,.be-= 
ginning with the largest p for which the coeffi- 
cient anp is different from zero. Setting n= 
p=0, we obtain ag) = const. Further, let a, pi, 
At pta ++: be equal to zero. Then, successively 
solving the equations for an, aj,p-1,--++» 440, 
and satisfying thé conditions of orthogonality, we 
obtain a4 p = a1,p-1=--- = a9 = 0; the coeffi- 
cient a,, is uniquely determined, and a,) — with 
accuracy up to a linear combination of spherical 
harmonics of first order. Then, solving Eq. (4) 
for n= 2, 3,...., we obtain the expansion 

p= Sy > Anpr” (In r)?, 

n=0 p=0 

where the coefficients ang are determined with 
accuracy up to a linear combination of spherical 
harmonics of order n, and all the remaining co- 
efficients are established uniquely. All the a, 
for p< 0 vanish, due to the presence of the fac- 
tors p+1 and (p+1)(p+2) onthe right side 
of equation (4) for the coefficients ay p+; and 
an ptz, respectively. The Fock expansion for the 
wave function has such a form if we do not set any 
considerations of symmetry on the potential en- 
ergy U. 

We can further take into account the fact that 
the energy operator is invariant relative to inver- 
sion (i.e., change of sign of all coordinates), and, 
consequently, the solutions of Eq. (1) must be either 
even or odd. Then, in a number of cases, the par- 
ity of the right side of Eq. (4) and of the spherical 
harmonic of order n will be different; the orthog- 
onality condition will be satisfied automatically, 
and certain coefficients a,) vanish. Further- 
more, let us consider that some of the first terms 
of the expansion with n=0,1,...,k—1, canbe 
equal to zero. For this reason, the coefficients 
anp again vanish and we obtain the expansion 


co [n/2] 


(5) 


b= >) Dd) ante, p r*t* (Inv), 


—— 
n=0 p=0 
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in which only the coefficients ako, 4k+2,0.--- are 


determined non-uniquely, with accuracy up to linear | 


combinations of spherical harmonics of k, k+2, 
., respectively. The parity of the function (6) 

coincides with the parity of the number k, which 
can take on the values 0,1, 2,.... If k>0, then 
the wave function »~ vanishes for r= 0. The ex- 
pansion is of just this type for the two electron 
system and for k=0 was obtained in reference 1. 
Comparing the exact functions considered here with 
the approximate-functions, obtained by the method 


of separation of variables, it is easy to become con-— 


vinced that the number k is equal to the sum of 
the azimuthal quantum numbers of all the electrons. 
The solution of the Eq. (1) in the form (4) is ob- 
tained nonuniquely. For each fixed n, there re- 
main arbitrary coefficients for the terms r™@y__, 
where ®, __ is the set of spherical harmonics of 
order n. Such a lack of uniqueness is obtained also 
in the solution of the Laplace equation in 3N di- 
mensional space — its character is determined 
only by the differential part of the operator and 
is not connected in explicit fashion with the poten- 


tial energy U. In our case, as also for the Laplace . 


equation, this non-uniqueness is removed by the 
imposition of boundary conditions, i.e., by giving 
the asymptotic form of ~ for r—o, 

In our consideration, the spherical symmetry 
of the problem (in ordinary three dimensional 
space) has not been taken into account. Thanks 
to this symmetry, we can look for a general eigen- 
function of the energy operator H and the oper- 
ator of the square of the total angular momentum 
m?. Then the dependence of the coefficients anp 
on those angles which characterize the simultane- 
ous rotation of all the N electrons around the 
nucleus can be investigated independently of the 
explicit form of the operator H for each of the 
eigenvalues of the operator m?. For example, 
the function ~ does not generally depend (for the 
S state) on these angles, and thus the number of 
arguments in any is decreased by three. For the 
case N= 2, which was investigated by Fock, anp 
depends only on two parameters: the angle @ be- 
tween the radius vectors of the two electrons, and 
the ratio of the lengths of these vectors r,/ro. It 
is easy to become convinced that if we change to 
the variables R=r?, 6, aw =2 arctan (r,/r2) in 
Eqs. (2) and (3), then we get the Fock equation 
(3.10) of reference 1.* 


If the potential energy of the interaction between 


*A correction must be made in Eqs. (3.09) and (3.10) of 
reference 1: in the second term of the right hand side of Eq. 
(3.09) we must add the factor k, and in the first term of the | 
right side of Eq. (3.10), we must add the factor k + 1. 


| 
| 


THE WAVE FUNCTIONS OF A SYSTEM OF CHARGED PARTICLES 


the electrons is neglected in the energy operator H, 
then the variables are separated and the problem 
can be solved exactly; the wave functions can be 
expanded in integral powers of r and thus the log- 
arithmic terms in the expansion (3) should be ab- 
sent. Actually, it is not difficult to show that in this 
special case the expression 2Van-1,9 — 2Ean-»2 9 

is orthogonal to all the spherical harmonics of 
order n, whence it follows that all the coefficients 
anp with p>0O vanish. 

So far, we have assumed that the potential en- 
ergy U=U_; is a homogeneous function of order 
—1. However, if it happens that the function U 
can be represented in the form of a series 


U=U_,+U,+U,4+... 


=r1IV_,»~+V,+Vi4+..., (7) 
where Uj are homogeneous functions of order i, 
while the functions Vj; depend only on the spher- 
ical angles, then on the right side of Eq. (4), the 
term 2Van-tp must be replaced by the expression 


2 (V1 An—1, p + Vo Gn—2, p + Vi Ans, p ++ ++)s (8) 


in this case all the characteristics of the set (4) 
are preserved, and the solution can be obtained in 
the same way in the form (5). It is then evident that 
the expansion (5) remains valid for the potential en- 
ergy of very general form, in particular, for the 
presence of an external electric field or for the 
placing of the origin of the coordinates of the nu- 
cleus at an arbitrary point of space. 

It is also evident that similar considerations 
are applicable to an equation of the type (1), ifa 
differential operator with constant coefficients, 
which can be transformed into a Laplace operator 
by a linear transformation of coordinates, re- 
places the Laplace operator. 

This, for example, takes place for a quantum 
system of charged particles with different masses. 
In this case the role of the parameter r is played 
by the quantity 


(Myr? + Moro? +... + my ry?)’?. (9) 


As is well known; this very same quantity is widely 
used in the classical consideration of the many 
body problem. 

Thus the Fock expansion is valid for a very wide 
class of equations in partial derivatives. Itisa 
generalization of the well known expansion of the 
solution of ordinary differential equations in the 
vicinity of a regular singular point which contains 
a logarithm only in the first degree. 

Consideration of the Fock expansion for a wave 
function of a many-electron system is evidently 
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necessary in the case when the functions are com- 
puted with a high degree of accuracy, for example, 
for two electron systems by the Ritz method in 
high approximation. The attempt at multiple cal- 
culations”? shows that if the test functions do not 
take into account the behavior of the wave function 
close to the nucleus, then it is extremely difficult 
to obtain the accuracy required for a comparison 
of the relativistic and radiative corrections with 
experiment. 

In some cases, the matrix elements are strongly 
dependent on the behavior of the wave function close 
to the nucleus; the calculation of the Fock expansion 
is then especially necessary. Thus, for example, 
this is the case in the calculation of the matrix 
elements of the operator H*, and for just this 
reason the estimate below for the energy of the 
ground state of helium in references 3 and 4 is 
much worse than the corresponding estimate above 
by the Ritz method. It is also evident that the be- 
havior of the wave function close to the nucleus is 
important in the calculations of the interaction of 
the electronic shell with the nucleus. 

It must therefore be expected that the Fock ex- 
pansion, which takes into consideration the behav- 
ior of the wave function in this important region 
finds application in a wide variety of atomic cal- 
culations. 

A detailed investigation of the solution of the 
set (4), the connection of the Fock expansion with 
other types of expansions of wave functions of he- 
lium, the possible generalization of this expansion, 
and also certain other problems will be set forth 
in a paper by A. M. Ermolaev, which will appear 
in the “Herald” (Vestnik) of Leningrad University. 

In conclusion, we thank Academician V. A. Fock 
for his valuable advice. 
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A formulation of thermodynamic perturbation theory is proposed which makes it possible to 
make full use of quantum-field-theory methods in quantum statistics at finite temperatures. 
The method is a generalization of the Matsubara technique and is based on the expansion of 
the Green’s functions in Fourier series in the “imaginary time” variable. The technique so 
obtained differs from the usual diagram technique for T =0 by the replacement of integra- 
tion over the frequencies by summation over discrete values of the imaginary frequency. 
The analytic properties of the Fourier components of the Green’s functions are examined. 

It is shown that owing to the possibility of analytic continuation a knowledge of the corre- 
sponding equilibrium Green’s functions is sufficient for the solution of various kinetic and 


nonstationary processes. 
1. INTRODUCTION 


‘Tue methods of quantum field theory have recently 
been successfully applied toproblems of statistics plist 
The application is based on the fact that the appa- 
ratus of quantum field theory is developed through 
the wide use of the “diagram technique,” which pro- 
vides a very intuitive representation of the struc- 
ture and character of any approximation. Earlier 
methods of quantum statistics, which started from 
ideal-gas approximations, could scarcely take the 
interaction between the particles into account be- 
yond one or two approximations because of the 
complexity of the older quantum perturbation the- 
ory. This is utterly inadequate for the actual 
many-body problem; to obtain any approximation 

of physical significance it is necessary to sum 

over an infinite set of different terms of the per- 
turbation-theory series. The diagram technique 

is extraordinarily useful in such problems, since 

it formulates simple rules by which any term of 

the perturbation theory can be written down. 

The basis of the quantum-field-theory methods 
is the calculation of the so-called Green’s function 
of a particle, which for the case of temperatures 
different from zero is defined as 


G(1,2)= 
— iSp {exp [(Q + uN —H)/T]-T (B(x) St (xg))}, (A) 


where 0, pr are second-quantization operators in 
the Heisenberg representation. Knowledge of the 


Green’s function makes it possible easily to calcu- 
late all the thermodynamic quantities of the system. 
For example, the particle number density as a func- 
tion of the chemical potential ww and the tempera- 
ture is connected with G by the relation 


N (pu, T) = iG (x, x) | r—t+0 


(the minus sign is for Fermi statistics, the plus 
for Bose statistics). 

At the absolute zero of temperature the Green’s 
function is calculated by going over to the so-called 
“interaction representation.” In this representa- 
tion G(1, 2) has the form 


G (1,2) = —i<T (41 d2* S)>]<Sp, 


where <...> means the average over the ground 
state of the system, and S is the well known S 
matrix of the quantum field theory. Expanding S 
in powers of the interaction constant, we obtain the 
usual Feynman diagram technique. 

For temperatures other than zero it is already 
impossible to represent G ina form like Kq. (1a), 
and consequently it is impossible to calculate G 
by means of the diagram technique. 

Several years ago Matsubara‘ proposed a new 
formulation of the thermodynamic perturbation 
theory which is almost completely analogous to 
the diagram technique of field theory. The present 
paper is devoted to the description of a technique 
which is a further development of the Matsubara 
method. This technique makes it possible to cal- 
culate the thermodynamic quantities at finite tem- 


(1a) 
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peratures with almost the same simplicity with 
which this is done for T = 0. It will further be 
shown that by establishing the connection of the 
quantities that figure in this technique with the 
corresponding quantities in the usual technique 
one can determine all the kinetic characteristics 
of the system.* 


2. THE MATSUBARA METHOD 


The basic idea of the Matsubara method is the 
passage from the time t to a certain imaginary 
“time” tT. We note that the ordinary Green’s func- 
tion G(1, 2) can be represented in the form 


—iSp Jexp [ a a 4] 


seenp| LOE jad.) lee 


x os (t; — ts) fy a) yet bay 


Go.)= 


++ iSp ‘ex Siw eae a =4 


| i(H — pN) 
exp 3 


ee (t, t) | een}, eee 
(2) 


where y~, ~ are the second-quantization opera- 
tors in the Schrodinger representation. 

In the Matsubara method one introduces a tem- 
perature-dependent Green’s function , which is 
obtained from G by the replacement t — —iTh: 


— Sp fexp| 22 ——— 4) 


(a — EN) (1 =3)| $ (ti) 


ay |e (r) 


<eXp 


x exp| — (H —=N) (ces «oo (T2) sty > Te, 
(ile 2\ie= 


£Sp {exp [S92 uv— 4 


x exp E (A —wN) (1 — “| b* (ra) 


< exp i — uN) (t1 — Te) | b(t) ie 
(3) 


Matsubara showed that in the formula (3) one 
can go over to a sort of “interaction representa- 


*We have learned that similar results have been obtained 
by E. S. Fradkin (J. Exptl. Theoret. Phys. (U.S.S.R.), in 
press). 


tion”. Namely, let us represent the statistical 
matrix p =exp{(uwN-—H)/T} in the form 


exp [le = | = exp eee | SU ea ee 


and introduce the new operators %(r,T), (vr, T) 
in the “interaction representation” by the formulas 


b(r, t) = exp [< (H, — uN)| b(r) exp [= 
O(r, t) = exp [t(Ay —pN)] ot (r) exp | ~= (Ay — pN)]. (5) 


t(H,—pN)| , 


Then, using the formal resemblance of the equa- 
tion satisfied by the matrix S (1/T), - 98 (1)/aT = 
H (T) S (T), with the Schrédinger equation, we write 
S(1/T), in complete analogy with the usual S ma- 
trix, in the form 


S(/T) = T, exp|— ie lee () de), 


where T, is the time-ordering operator with re- 
spect to the imaginary “time” T. The interaction 
Hamiltonian Hjnt(T) now depends on the opera- 
tors w(r,7) and ¥~(r,7) in the same way that 
it formerly depended on y~(r) and yt (r). 

Now, using the possibility of cyclic permutation 
of the operators under the sign Sp in Eq. (2), we 
can show that @& can be written in a form analo- 
gous to that used in the field theory: 


Sp {exp [(uN — Ao)/TIT= [dibeS (1/T)]} 


DN) = . 
oe) Sp {exp [(uN — Ho) /T]S (4/T)} 


» (6) 


It is not hard to see that for the potential Q we 
can write the following formula: 


The expressions (6) and (6a) have the forms of the 
corresponding formulas of field theory: 


G (1,2) = —<T (r2S8) 9/KS>, Q= Q—TIn<S>, > (7) 
if we understand the averaging symbol <...> 
to mean the operation 


Sp fexp ee aT Sp lexp eal 


Matsubara showed that for such averages of 
T -products of several ~-operators there exists 
a “Wick’s theorem,” according to which the aver- 
age in question breaks up into a sum of products 
of averages by pairs of operators: 
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Of course this does not apply to Bose systems be- 
low the point of the Bose condensation. Similarly, 
the Wick’s theorem is not applicable to Fermi sys- 
tems in which superconductivity exists. For the 
construction of a thermodynamic perturbation 
theory in this range of temperatures one must use 
in the first case an obvious generalization of some 
work of Belyaev,° and in the second case, work of 
Gor’kov.® 

Expanding the expression for S(1/T) appearing 
in Eq. (7) in a series of powers of the interaction 
Hamiltonian and using Wick’s theorem, we get the 
usual diagram technique, in which each line corre- 
sponds to a zeroth-order Green’s function @ (1, 2). 
For example, in the case of the four-fermion inter- 
action with 


\0q 


dint = 


) de (x) dy (x) ds (x) 


where x={r,7} and Aap;yy6 is some function 
of the spin indices antisymmetric in a@ and y6d, 


ra == 


Nag; sho (x 


iw) 


Pe 


») a pw 


Pi Pah Cie 


FIG. 1 


we find for the second-approximation correction 

to the Green’s function, corresponding to the dia- 

gram of Fig. la 
1/T 


28*ArueNornee \ dt 


0 


yr 
2) dey \ dB) an@2a(x — 8) 


(8) 


1,4 


Gyo(E — 4) Gen (E — 7) Gyn (4 — &) Gag (4 — 9). 
In the case of the electron-phonon interaction 
Ain. = gbbe, 


the first correction to the electron Green’s func- 
tion, corresponding to the diagram of Fig. 2a, has 


oy 
5 
a)= __ 4 7 b) aD arte 
PU, i 
EIG32 


the form (the dotted line indicates the phonon 
Green’s function Dy) = — <T7(@19)>, which is 
the analogue of the ordinary D function of the 
phonon ): 


1/T 1/T 


— g? \ dte \ dr, \ d2\ dy 
0 


0 


(9) 


The actual calculation of expressions of types (8), 
(9) and of the more complicated expressions in the 


xX (x — £) G°(E— 4) D° (E— x) © (y — y). 
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higher approximations is, however, very laborious 
in the Matsubara technique. The point is that the 
success of field-theory methods in statistics for 

T =0 is due to the highly automatic nature of the 
calculations, which is achieved by the use of Fou- 
rier expansions of all the quantities with respect 

to all four coordinates. It is obvious that in the 
Matsubara method the automatic feature is lack- 

ing because of the finiteness of the range of T, 

from zero to 1/T. Indeed in the coordinate rep- 
resentations (as regards T) 6 (and G) isa 
discontinuous function of the variable T; there- 

fore in fact all the integrals over 7 break up into | 
integrals over a very large number of regions. The © 
number of such regions obviously increases rapidly 
with increase of the order of the approximation. 


3. THE EXPANSION IN FOURIER SERIES 


The Matsubara technique can be decidedly im- 
proved by the exploitation of certain general prop- 
erties of the thermodynamic Green’s functions. 

As we have shown, by Eq. (3) the Green’s func- 
tion @(1, 2) is a function of the difference T,—Tp», 
specified in the interval from -—1/T to 1/T. Itis © 
therefore expedient to continue it periodically and 
expand it in Fourier series in the variable T:* 


S(T » En" ® (O,), G7 — Bln, 
i 1/T 
Gln) =z | em G(e) de. (10) 
Sie 


One major property of the function ® is essen- 
tial for the transformation of the perturbation- | 
theory series. It follows from Eq. (3) that the func- | 
tion ®& for negative values of 7 is simply related 
to the ® for t>0, namely we have the relation 


Gt) Sp Slee pO, 


where the minus sign is for Fermi statistics and 
the plus for Bose statistics. The formula (11) is 
easily derived if we use the fact that one may cy- 
clically permute the operators under the sign of 
the trace. The relation (11) is of course also valid 
for the free Green’s functions. For the functions 
as periodically continued this relation is valid for 
any value of T. 


(11) 


*Recently I. M. Khalatnikov called our attention to the 
fact that the idea of expanding the temperature-dependent 
Green’s functions of Matsubara in Fourier series is also 
contained in a paper by Ezawa, Tomozawa, and Umezawa.° 
These writers, however, being interested only in the ap- 
plication of the Matsurbara method to the problem of 
multiple production, confined themselves to the case of zero 
chemical potention. Meanwhile the construction of the 
technique is nontrivial just in the case » ~ 0. 
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If we note further that at each vertex of a Feyn- 
man diagram an even number of fermion lines come 
together, it is easy to see that all the integrals 
fT: 

Hf ...d7 in formulas of the type of Eqs. (8) and 

0 vis 

(9) can be replaced by 3 i, ...d7T. When this is 
-1/T 

done the Fourier transformation (10) is easily car- 

ried out in all terms of the perturbation-theory 

series. 

The relation (11) also has the consequence that 
in the Fourier expansion of a fermion Green’s func- 
tion only the components with wy = 7T(2n+1) are 
different from zero, and the expansion of a boson 
Green’s function has only components with wy = 
mI +2n. We shall present the expressions for the 
zeroth-order Green’s functions (Wy, P) (here 
the Fourier integral transformation for the space 
coordinates has also been carried out). 


Fermions: 
Go (On, p) = [in + u—e(p)}4, oO, = (2n+1) aT 


(here €(p) =p*/2m, and yp is the chemical po- 
tential); bosons above the Bose condensation point: 


Go (@n, P) = [tn +p —e(p)]t, On = 2nnT; 
phonons: 
Do (Wn, k) = — 02 (k) /[o%(k) + 02], O, = 2aeT 


(w(k) is the energy of a phonon). 

Carrying out the Fourier transformation in all 
the terms of the expansion of the Green’s function 
in the perturbation-theory series, we can verify 
that the technique so obtained is entirely equivalent 
to the diagram technique in the momentum space at 
absolute zero. To each line of a diagram there cor- 
responds a zeroth-order Green’s function ©) (Wn, P), 
and to each vertex a 6 function expressing the con- 
servation laws Xp=0, Zwy=0. The only differ- 
ence is that in our case we have instead of an inte- 
gration over frequency a summation over discrete 
imaginary “frequencies” iwy. For example, the 
formula (8) for the correction to the electron 
Green’s function from the four-fermion interaction 
is transformed into the form 
eT > \4%pid°ps ior + ue — 2 (PLT 


Naive Aven “(2n)* 


X [i@, + p —& (Ppo)] 4 [é (@1 + @2 —) +B 


(Pi + P2—P)]* 
X [io + p—e(p)l?, 


corresponding to the diagram of Fig. 1b. 
The expression (9) takes the form 
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x [o? (p —p’) + (o—0' P| fiw + u — e (pyr, 


which corresponds to the diagram of Fig. 2b. 

On passage to the absolute zero of temperature, 
large values of n play the main part in the sums. 
Therefore in the perturbation-theory formulas we 
must make the replacement 


= 
T >, Ses \ ...do. 
or —co 


Furthermore, it is obvious that when one replaces 
all frequencies by imaginary values, w — —iw’, 
integrals with respect to dw from —~ to +2 
of products of several factors of the form 


(io + u-—8(p))t 


go over into integrals of products of factors 


(o’ Fu —e(p), 


which corresponds to a rotation of the path of inte- 
gration to real w. In the case of Fermi Green’s 
functions €(p) —w can be either positive or nega- 
tive. Therefore after the indicated transformation 
of the contour of integration the path around the 
poles is chosen as shown in Fig. 3a. For Bose 
particles the chemical potential pw of an ideal gas 


FIG. 3 


(12) 


is always negative; therefore the poles in Eq. (11) 
lie in the lower half-plane of w’ (Fig. 3b). Con- 
versely, it can be seen from this how from the well 
known rules of the diagram technique for T =0 
one can write down the corresponding term of the 
perturbation theory for T #0. To do this we first 
make the replacement w’ —iw, (n=(2m+1) 
for Fermi particles and n= 2m for Bose systems) 
in the corresponding expressions for T=0, and 
must then go from integration over the frequencies 
to summation: 


+0o 
\ do» —2nTi Dy 


Everything said up to now has referred to cal- 
culations by perturbation theory. In quite a number 
of problems, however, calculations by perturbation 
theory have been found to be inadequate. For these 
purposes it is essential to know certain exact equa- 
tions connecting the quantities with each other. One 
such relation is the Dyson equation. As is well 


640 


known, in field theory one can write an equation 
connecting the Green’s function with the so-called 
vertex part (the Dyson equation). The analogue 

of this equation can of course be obtained in the 
technique proposed here. For the case of the four- 
fermion interaction it is shown schematically, in 
the language of the diagrams, in Fig. 4. Here heavy 


ee ee 


FIG. 4 


lines mean the complete Green’s function 6, and 
the rhomb means the complete vertex part, i.e., 

the sum of all connected diagrams having four ex- 
ternal fermion lines. In the momentum representa- 
tion the Dyson equation corresponding to this dia- 
gram has the form: 


: Oh 
Gz2 (0, p) = G25, P)— Goer FD | apn (0 pie 
Paes 


—~ Gn)e Narjuy y er (@1,P1) Gre (2, Po) 


Ge 


X Gya (@1 + ©, — ©; pr+ P2—P) 
X Tro,xg (1, Pj W2,P2; 01 + Ws —O, Py +P2—P;,P)- 


Here & is the complete vertex part already 
mentioned. It is connected with the Fourier com- 
ponents of the two-particle Green’s function 


Gaps (X1) X23 X3, Xa) = CT (bz (X21) de (x2)by ( x3 os (%4)S 
by the relation 


$)> <8) 


‘Ga6,y3 (@1, Pr, 2, Po} M3, Ps, Oa, Pa) 


2n)3 ((27)3 
= _ [Gs (@1, P1)Gey(@e, Pz) 


Sais 


X Bao. 3 (Pr ,1(1, P:) Gps (2, Pz) Bay, 8 (Pa — Ps)| 
— G.2(1,P1) Sou (@2,P2) Lau,ve(@1,P1} @2,P2} 3,P3} a,Pa) 
X Gvy (03,P3)G-s (p.,«0,)} 80, +0,—0.~0, © (Pi + P2 — Ps — Px). 

We shall not write out the analogous Dyson equa- 


tion for the case of the electron-phonon interaction. 
Knowing the thermodynamic Green’s function & 


one can find thermodynamic functions of the system. 


For this purpose one can use, for example, the fol- 
lowing simple relation 


dQ. n 
0g g 


a3 o—1 
eee [Gag (Gea — Gea). 
Here n is a coefficient depending on the form of 
the interaction. For the interaction with phonons 
n=1; for the four-fermion interaction n = 3. 
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4. THE ANALYTICAL PROPERTIES OF THE 
GREEN’S FUNCTIONS AND THE TRANSITION 
TO TIME-DEPENDENT QUANTITIES 


As has already been mentioned, a knowledge of 
the Green’s function is sufficient for the determi- 
nation of the thermodynamic characteristics of a 
system. But for the study of various kinetic phe- 
nomena, such as scattering or absorption of light 
or sound, diffusion, and so on, one must know the 
ordinary time-dependent functions. We shall show © 
how, knowing the thermodynamic one-particle func— 
tion ® (wy, p), one can find the time-dependent | 
G(w, Pp). 

Beginning with the coordinate space, and com- _ 
paring Eqs. (2) and (3), we see that in the range of 
t from -—1/T to 1/T the transition from © to 
G is accomplished by replacing T by it. Itis 
much more interesting, however, to find the con- 
nection between the Fourier components G(w, p) 
and G (wn, Pp). 

As has been shown by Landau,’ when the func- 
tion G(w, p) is expanded as a Fourier integral, 
its Fourier transform is a nonanalytic function of 
w. Its real and imaginary parts are connected by 
the relation 


} 
| 


+00 
‘ 4 
G (o, P) = ici 4 
for the Fermi statistics, and the relation 
+00 
at oa (GE (63559) 
7a i tanh ys eranerer dx 


C139} 


coth-~ Se gy 
2T x— 


Ga (o, P) >= 


for Bose statistics. 
It can be shown that the Fourier transform of 
x so-called retarded Green’s function GR ( ry—Y»,, 
—t,), 
: Q+pN—H 
=i sp {exp[2+e¥—M 
GR(1 2) —= SOR aes 
%{G (xa)0" (xe) EF (xe)P (xs) IP, tte, 


0, ty <A 
is analytic in the upper half-plane. Here the plus 
sign is for Fermi statistics, the minus for Bose 
statistics. It turns out that the Fourier transform 
GR (w, Pp) of this function is simply related to 


G(w,p). Namely, their real parts are identical, 
and 


GR (w, p) = coth (w/2T) G" (w, p) 


for the Fermi statistics, and 


G’R (o, p) = tanh (w/2T) Gr (0, P) 
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_for the Bose statistics. For GR(w, Pp) we can 
write an expansion of the type used by Lehmann?® 


+00 
GRo,p)= | E&P ar, (13) 
where 
, Q N,—E 
(0; Dp) =n)? Dy exp|—— 2 * | 
; mn 
| bmn(0)]? (1 =k exp = suradl 
x 6 (p a Pmn) 6 (@ = mn). (14) 


Here Wmn = Em—En-#, Pmn =Pm-Pn; En, Pn 
are the energy and momentum in the n-th state of 
the system. It can be seen from Eq. (14) that 
p(w, p) is areal function, for which the integral 
+ co 
‘I p(w, p)dw is finite. 
—0o 

Let us write the analogous Lehmann expansion 
for G(Wy,p). By the use of Eq. (6) it is easy to 
show, by a method analogous to that of reference 7, 
that 


C d 
G (o,,p)= | 22. (15) 
Comparing Eqs. (13) and (15), we see that 
O(n) == GRA iw), @ar> Os (16) 


On the other hand, let us use the integral (15), re- 
garded formally as a function of the complex vari- 
able iwy, to determine a function G(w) analytic 
in the upper half-plane. In virtue of Eq. (16) and 
the well known theorem of the theory of functions 
of a complex variable regarding the analytic con- 
tinuation of a function given at an infinite set of 
discrete points possessing a point of concentration, 
we find from the above that G® is, apart from a 
constant factor, the analytic continuation of the 
function G(—iwy,) into the upper half-plane. Namely, 


we have 
GR (w) = © (— fo). (17) 


The converse problem of finding ©(wy) from a 
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given GR (w) is solved by Eq. (16) and the rela- 
tion 


6 (Wn <0) = G* (| on), 


which follows from Eq. (15). 

Relations of the types (16) and (17) can in prin- 
ciple be obtained also for the vertex parts I and 
=. The general relations will, however, be more 
complicated. For physical applications one ordi- 
narily needs not I and & themselves, but the 
correlation functions, i.e., certain integrals of 
these quantities, and the practical procedure is to 
establish the connections between them separately 
for each concrete case. 

In conclusion we express our gratitude to Acad- 
emician L. D. Landau and L. P. Pitaevskif for help- 
ful discussions of the results of this work. 
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In this paper the group-theoretical point of view is used for the description of the spin states 
of particles of zero rest mass. Complete sets of operators and of their eigenfunctions for 

a system of two particles are found in the representation of the momenta and spins. The 
statistical tensors for the particles produced in a reaction of the type atb—~ct d or 
a—c+d are obtained in the case in which one of these particles has no rest mass. The 
most general selection rules are derived for the reaction a+b—ctd in the form of 
relations between the statistical tensors, under the condition that the space and time pari- 
ties are conserved. The wave functions are calculated for a system of two identical par- 


ticles of zero rest mass. 
1. INTRODUCTION 


ly reference 1 a study was made of the relativistic 
theory of reactions involving polarized particles 
with non-zero rest masses. This theory is not ap- 
plicable to reactions involving photons and neutri- 
nos. In what follows we shall call a particle (a 
photon, neutrino, or graviton) with zero rest mass 
a y-particle. The purpose of the present paper is 
to study the theory of reactions involving y -par- 
ticles. 

The general theory of reactions involving photons 
has already been extensively developed in papers of 
Simon? and of Morita and others;? these authors de- 
scribe the spin states of photons by a vector poten- 
tial, using the Lorentz supplementary condition to 
exclude the longitudinal and scalar components. 
Such a procedure is complicated, and it is difficult 
to extend it to cases of higher spins. 

The group-theoretical description of the spin 
states of y-particles has been given by Wigner 
and by Yu. M. Shirokov.! Starting from the theory 
of the irreducible representations of the inhomoge- 
neous Lorentz group, they showed that the spin 
states of free y-particles are completely deter- 
mined by the operator 


E = (j-n), (1) 
where j is the total angular momentum of the y - 
particle; n is the unit vector parallel to the mo- 
mentum of the y -particle. = is a Lorentz-in- 
variant operator with integral and half-integral 
values of i. Since the total angular momentum j 
is an axial vector and n is a polar vector, the 
operator $ transforms as a pseudoscalar under 
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space reflections. Thus ifa y-particle has a 
definite parity, then for each momentum there 
exist two spin states with eigenvalues +i of the 
operator Ss 
a definite parity, then it can have only one spin 
state (of longitudinal polarization). 

In the present paper we use the operator = for 
the description of the spin states of y -particles. 
As can be seen from Eq. (1), the operator = is 
closely connected with the direction of the momen- 
tum. Therefore we shall work directly in the mo- 
mentum representation. We emphasize that a spin 
vector does not exist for a y-particle, and the 
total angular momentum j cannot be represented 
in the form of the sum of an orbital angular mo- 
mentum and a spin. Because of this the complete 
sets of operators for the description of the states 
of a system containing y-particles, given in Sec. 
2 of the present paper, differ from the sets gener- 
ally used for a system without y-particles. In 
Sec. 2 we shall find the complete sets of operators 
and of their eigenfunctions for systems of two par- 
ticles. To obtain the formulas for the statistical 
tensors (s~-tensors for short) of reaction prod- 
ucts, and to obtain the selection rules under the 
condition that space and time parities are con- 
served, we use a method developed by M. I. Shiro- 
kov.°»8 

Landau and Yang have established the existence 
of specific selection rules for the decay of a par- 
ticle into two photons.’ Generalized selection 
rules of this type have been obtained by Shapiro.® 
Because of the peculiarities of a system of two 
identical y-particles it is of interest to calculate 
the explicit form of the wave functions of this sys- 


If, on the other hand, it does not have © 


4, 
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tem for a definite total angular momentum, angular 
momentum component, and parity; these functions 
can be used to obtain angular distributions and po- 
larizations for the decay of particles into pairs of 
identical y-particles. It is shown that certain 
selection rules remain valid when parity is not 
conserved in a decay. 


2. COMPLETE SETS OF OPERATORS AND OF 
THEIR EIGENFUNCTIONS 


We denote state vectors of y -particles charac- 
terized by the momentum p and the spin operator 


3 by symbols |p, uP, where pw =+i is the eigen- 


value of the operator &. Since = is invariant 
under the proper Lorentz group, yw remains un- 
changed by a Lorentz transformation. Therefore 
state vectors in different coordinate systems differ 
only by a phase factor 


iB 
IP, >> |p, w>’ = qu (L, p)| Lp, »>, (2) 


where L is a Lorentz transformation; Ny (L, P) 
satisfies the group relation 


tu (Li, P) ta (Le, Li 'P) = Mu (LoL, P)- 


The explicit form of the factor Ny depends on the 
choice of the coordinate system in which the total 
angular momentum is quantized. If we choose the 
axis of quantization of the total angular momentum 
in such a way that the z axis is parallel to p and 
the x axis to [vxp], where v is the velocity of 
the new coordinate system relative to the old for 
the Lorentz transformation L, then by means of 
the formalism developed in reference 9 it can eas- 
ily be shown that in this case 7, = 1.* 

From Eq. (2) we easily find the transformation 
function between the state vectors of a y -particle 
in two different coordinate systems 1 and 2: 


<P1; 1 | Paso> 


4 x 
=V p/p. (ps — 2 Gj Psi ) Bou $= 1,2,.3;, »(3) 
1) 


where aj; is the matrix of the Lorentz transfor- 
mation, and the factor (p; /p)¥? is the square 
root of the Jacobian of the transformation, 


[O.(pix, Pry» Prz)/O (Pox, Peys Pre yA. 


We note that if the rest mass of the particle is 
not equal to zero but its speed approaches that of 
light, then the angle of rotation of the spin in a 
Lorentz transformation (cf. reference 1) goes to 


*If the coordinate system is chosen as in reference 9, then 
ny CL, p) = exp lin @(L, p)], where ¢(L, p) is given by Eq. 
(1.91) of reference 9. 


zero,!" so that the corresponding transformation 


function approaches the form (8). 

Let us consider the state of a system of two 
free particles 1 and 2. The rest mass of the sys- 
tem of two free particles is in general not zero.* 
As is shown in reference 1, for such a system of 
particles there exists a reference system in which 
the total momentum is zero and the total angular 
momentum equals the angular momentum relative 
to the center of mass of the system of particles. 
In what follows all results are given in the center- 
of-mass system. They can be expressed in another 
coordinate system, if need be, by means of the 
transformation function (3). 

Let us denote the total angular momentum of 
the system by J, and the total angular momentum 
of particle @ by jq. We suppose at first that the 
rest mass of particle 2 is not zero. In this case 
jz can be represented as a sum of an orbital angu- 
lar momentum 1, anda spin s,.! We introduce 
anew vector j in the following way: 


J=jith=jt+s jH=jth. (4) 
The spin operator of particle 2 commutes with the 
operator j, by definition. Since J and 8, satisfy 
the usual commutation relations for angular mo- 
menta, j also satisfies these relations. 
In the center-of-mass system a complete set of 


operators for the two-particle system consists of 
the following operators: 


Vauel hr ey es (5) 


If particles 1 and 2 have definite parities and parity 
is conserved in the reaction under consideration, 
then it is better to replace the operator > in the 
set (5) by the space-inversion operator I. 

To express observable quantities in terms of 
diagonal elements of the R matrix (R=S~-1, 
where S is the scattering matrix), we must find 
the eigenfunctions of the complete set of operators 
(5) in the representation of the momenta and spins — 
of the free particles. We write these eigenfunc- 
tions in the center-of-mass system in the form 


<n, ti, He, Pld, M, jr wy, Ps (6) 


where [gq is the eigenvalue of the operator (jqgn), 
M is the eigenvalue of the operator Jz, and n 

is the unit vector parallel to the direction of the 
relative momentum p. 


*The rest mass M of the system is given by 


M2 = (Vp? + M2 + V p2 + M2 )?— (pi + P2)?, 


and is zero only when the rest masses M, and M, of the two 
particles are zero and their momenta are parallel (p, || p.)- 
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The functions (6) are determined by the follow- 
ing conditions. 

1. If we choose the z axis in the direction n, 
then 


CB 4, te, Pld, M7, as p’> aan Sustue, M Opp’s (7) 
where k is the unit vector in the direction of the 
z axis, and C is a constant which depends on J, 
j, and ug. The relation (7) follows from the equa- 
tion J, = 3,+2,, ifthe z axis is parallel to n. 
2. Under a three-dimensional rotation the func- 
tions (6) transform in the following way (like 
spherical functions ): 


<n, U4, +25 Dds M, t; as De. 
= <n’, Yi, Pe, Pld, M’, if, ths p’y Di (g) (8) 
M’ 


if the transformation of the unit vector n under the 
rotation is written n’ = gn (cf. Note 4 in reference 
5). In what follows we shall use the Euler angles 
101, 3, G2} and the functions Daren introduced 
in reference 5. We emphasize that the angle ¥ is 
defined here as a rotation around the y axis. 

3. The total angular momentum J is the vector 
sum of the operators j and s, (Eq. (4)). 

4. The functions (6) form a complete set of or- 
thogonal and normalized eigenfunctions. The nor- 
malization is based on a volume V with the radius 
RA 

5. The time-reversal operator T is represen- 
ted by the product of a unitary operator K and the 
operation of complex conjugation. The phase fac- 
tor of the function (6) is determined: by the condi- 
tion!! 


K <n, 4, 42, pld, M, i is poe 
= Ne Ka he Pa, oe Pee M, hs es ee ae 


= (oe Wee <n, eae a, p\J, Sic j, 4» jee (9) 


Taking n’ =k in Eq. (8) and substituting Eq. (7) 
in the right member of Eq. (8), we get 


<n, Uy, Yeo, piv; M, if; Lis pe, == C8 ope’ Dien (Zn), (10) 


where gy is the rotation of the coordinate system 
zyx into the system Z,y1x,; (Z, axis parallel to n). 
If we choose the y, axis in the direction of [kxn], 
the Euler angles for the rotation gy are {-7, ¥, 
m—g} where & and @ are the spherical angles 
of the unit vector n inthe zyx coordinate system. 

The constant C is determined by conditions 3, 
4, and 5. Choosing the phase factor of the state 
vector |N, 14, Mz, P> so that np = (-1)M1tH2, 
and using the relation 


Di anes hv) tM EMD oe ea 
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we find the phase factor C from Eq. (9). We thus 
get 


C= 


nh VR /2) +1)" ee 
t 2 (EE) C Jute (11) 


p V V An {ir S2v.2 * 


Under the reflection I the function (10) with the 
constant C from Eq. (11) transforms in the fol- 
lowing way: 


7 <n, 4, He, plJ, M, ie bas p> 
ca Nie n, — Pay — Pe, p\J, M, i. oe p’> 
= [ny (— 1) Cn, pa, Yo PL My i, — bys PD» (12) 


where If is the product of the intrinsic parities of 
the two particles. 

We assume that I2=1 in Eq. (12). This condi- 
tion determines the factor ny, apart from its sign: 
nt = +(—-1)8274, or 

I <n, P41 Le, pl, M, 6 oan p> 
= +(— 1-419 <n, pa, Bes PLS, My i, —va P’>, (13) 


where i, =|p;,|. The eigenfunctions with definite 
parity I’ have the form 
<n, U1, Ue, p\dJ, M, iE ihe p’> 
a 2h (1 == I'l) Gil, V4, He, pds M, Ie ty, pms 


where I’ is an eigenvalue of the operator I. 
We introduce new variables t: 


(14) 


= (—1)/-4t , 


Here t=0 or t=1. In reactions with photons 
one value corresponds to electric radiation, and 
the other to magnetic radiation (cf. reference 3). 
The lack of uniqueness in the sign affects only the 
value of t, but cannot affect the final observable 
results for the density matrix. Therefore in what 
follows we can consider the expression (13) with 
the plus sign only. 

Substituting Eqs. (10), (11), and (13) in Eq. (14), 
we get the eigenfunctions of the complete set of 
operators J’, J,, j*, I, and p in the represen- 
tation of the momenta and spins: 

<n, Ua, Yo, Pld, M, ip ee p> 


= 2rh VR (2 = 1 ie Clete 


Pp VV 4x /iaSelt2 Davee M (Zn) Sp’ 5 (1 6) 


where 
fy =i, o= 41, 
If the rest masses of both particles are zero, 


we cannot introduce the operator j. In this case 


we use the following complete set of operators: 
J. = foe se ae p. (17) 


The eigenfunctions of the operators (17) are found 
in a similar way, and have the form 


: 
| 


<M, Has Be, PJ, M, i, wy, p> 
_ 2th VR 
ae (AH ath" Digtaen (Zn) Sst, Sat, 9 pp’ « 
The complete sets (5) and (18) can also be used 
for a system of two particles with nonvanishing 
rest masses, which is usually described by the set 
J’, Jz, #, 8*, p, where 1 is the orbital angular 
momentum of the relative motion, and S = 1, +1, 
is the sum of the spins of the two particles. Be- 
tween the eigenfunctions of these sets of operators 
there exist unitary transformations (transforma- 
tion functions ) 


(18) 


<P IR, py MIPS, po 
= 578mm Spp (21 + 1)’ (2S + TOC er W USiia Jip) 
and 
<J, M, pa, Yeo, p| J’, M’, 1, S, p’> 
= Bry Bum Spo {(QL+ 1)/(2I + 1) Crean Cusa ees 


where W (abcd, ef) is the Racah coefficient. 


3. GENERAL FORMULAS FOR THE ANGULAR 
DISTRIBUTIONS AND THE POLARIZATION 
VECTORS AND TENSORS FOR THE REAC- 
HONS sac o+d AND a—c+d 


Let us first consider the density matrix of the 
y -particles, <uylo|uy>. Since py takes only 
the two values +i, we cannot construct the s- 
tensors from <by |p | by > in the ordinary way. 
Fano!” has shown that (7 photons it is convenient 
to use the Stokes parmeters. This idea is easily 
generalized and is adopted in the present work. 
The Stokes parameters are related to the density 
matrix of the y-particles in the following way: 


Iyry 


[a= Meo 1G, 
25/28» */2r— 4/26 


2 (xXx) = 27 > fe 
co 


o 
iar, 


: <u] pe] u>, (20) 


where p (dy, Xy) are the Stokes parameters, 
My =iyoy, and py = iyoy. 

We emphasize that p(1, x ) defined by Eq. 
(20), do not transform like a vector under rota- 
tions. The physical interpretation of the Stokes 
parameters given in Fano’s paper for photons is 
also correct for any y-particles. We shall not 
repeat it. In this paper the Stokes parameters 
will for convenience also be called s-tensors. 

The calculations of the s-tensors of the reac- 
tion-product particles is made by the method of 
M. I. Shirokov.® We use the notations introduced 
in reference 5. If the masses of particles 1 and 2 
in the initial and final states of the reaction are 
not zero, we use the complete set of operators 
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J’, Jz, F, 8’, p, where I is the orbital angular 
momentum and § is the total spin of the two par- 
ticles. We get the following results: 

Pe eed. 


2" (FeXeGaXas Ne) 
= [Ny/(4n)9] (ie + 1) (ia + 1) 2? (is + 1)-AYM* 
x » Yte XeIdtd (J LS, 


X <Solsa’| R” | jotooe> 


Jats JalsSs), < Sih Ro Vee 


Y ay xy 9X0 (iiiti, Jax, J 2jate) 


X Dye (eB) P (GrXxGoXo» My), (21) 
where 
Vicutara lS Jaye debeSs) 
= Ode 4a) (2qeal |) Cre ie 
x (= 1 PE 8 KicgelesSoa Sey. taal 
Gy (dal Sie diqtalalsSs)s (22) 


Y axy90Xp (Jijitis JqX, Jojate) = >3 [(2/, + 1) (2/2 + 1) 


X (2/1 + 1) (2j2 + 1) (24 + 1) (2g + 1) 


<a a lg ae 
XX (IyJJe, fihje, toqoic) Fra (iti, Jot edxxXy); (23) 
F, (itis Jota, G9) 
Bee) ove ts eat a Ota Gn (24) 


ip Yao fubyla—by? 


| yi lene eo 
of Ga Oy alah? 


| (jata, Jato, i 1) — (— 


Dy ter Se 


hbyinty ? 


oe (iti, Jote, ] — 1) oA (= 


Ie = (— Wyle N, = OnnyOR (V2 p20] et (pe. arele 


The sum-is taken over q’, -x"j7.-3 9, VSi do, 
Ls, Ss, ly; tis jo, to, J, GQ, X> dy> Xy> db> Xb: 
Der at Die cia 
a (yXvaxai ny) 
w)?] [2 (2ég + 1) (2ia + 1) 
Xx S ee aes SG Joni) 
x Chita | R"| Silos >< jotex’ |R| Solos > 
x Vaaxarory (r4Si, Jqx, JeleSe) 


Na Kat (2¢ + 1) *)" 


(25) 


xX Dyn (Bra) (GaXaGoxo; Na): 


Se Voubigs oie d. 
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0’ (GyXv's VaXas My’) = [Ni /(4x)?] [(2éa+ 1) (2ie + 1) 71 
X DV enpaate” Sri’tys Jax’, Siete) 
x Cjitioe | R7 | fatotr > < fata” | R"*| fatere? 
x Y a x90%b (Jrjitis Jqx, J efoto) 


X Dix (Sv Sr) © (GrxrIo%e; My): (26) 
AL Bi =Giaw Cle 


0" (GrXxGa%ar Ny) = (N2/4x) [2 (2ia + 1) (2ia + 1)7)* 
x WY jxaatg (lalitas 909'X's tadete) <iitie|R'*| o> 
aR \cae Dee 


where N, = (27h)? R(Vp*)"'(Ey|Eg). The sum 
tstaken over jj, tj, J3, Y. das Xaro d's Xs 

In particular for qy = qb = 4c = dd = 9 the for- 
mula (21) gives the angular distribution of the prod- 
ucts of the reaction y+b—c+d for unpolarized 
incident beam and unpolarized target. In this case 
our formula agrees with the result obtained by 
Morita et al., if we eliminate certain phase factors 
by means of a redefinition of the elements of the 
R matrix. Our results confirm the conclusion that 
Simon’s formulas are erroneous. 


(x) (Jar Xa)s (27) 


4. SELECTION RULES 


If parity is conserved selection rules exist in 
the form of relations between the s-tensors. 
These selection rules have been obtained in ref- 
erences 2, 5, 6, 13 for the case in which all the 
particles have nonvanishing rest masses. The re- 
sults are easily extended to reactions involving 
y -particles. As an example we shall consider a 
reaction of the type y+b—c+d. 

The conservation of spatial parity gives the fol- 
lowing equation: 

Ty, I, = (= 1)0**, (28) 


From the properties of the D-function and Eqs. 
(22) — (24) it follows that: 


Dix (ey) = Diy (— =, Sc, ® — Gp) 
— (— WE Sine Bree: (== T, Ve, os =F Ge), (29) 


Y geXeddha Ged Sy. ke a SSSs) = e210) Ly tlot+3+a¢+9q 


XV a,x, 0¢—x4 1lsSi, Iq’ —yx' JoleSs), (80) 
Y a,x 96%6 (iit, JqY; J ajote) = (— 1)/t4+4% 
MT ly Yq.—x45—% Wits, Jg <= ¥j. Jafsto). (31) 


Equation (31) is obtained by the use of the equations 
(=1)'4=(=1)Y for yy=+1 and (-1)h= 
It It, (- 1)7Y for xXy=0. Substituting Eqs. (29), 


CHOU KUANG-CHAO 


(30), and (31) in Eq. (21), we get the most general 
selection rules holding when parity is conserved; 


these rules are expressed as follows: if we replace 


the s-tensors p(dyxybXb> 2Y) of the initial 
state by 


pr = (— Coo erase: 0 (dys Xx» Yor —Xos ny), 
then we get in the final state the s -tensors 
0; a (= ])tettottatxd 0’ (qe pe ot Ne, 9). 


The results obtained here for the reaction involv- 
ing y-particles and the writer’s results!® for the 
reaction without y-particles are consistent with 
each other. We emphasize that the spin states of 
the y-particles are described not by s-tensors, 
but by Stokes parameters. We shall not consider 
here the special cases dealt with in reference 13, 
for which the results have just the same form. 
The conservation of time parity gives a rela- 
tion between the s-tensors of the direct (y+b— 
ec+d) andinverse (c+d—~ytb) reactions. 
Such relations have been obtained by M. I. Shiro- 
kov® for the reaction without y-particles. His 
formulas require only a slight change for the re- 
actions involving y-particles. In what follows 
we suppose that spatial parity is also conserved. 
Repeating the calculations of reference 6 step 
by step and using the same notations, we get the 
relation for the reaction with y-particles that 
corresponds to Eq. (8) of reference 6: 


4x5 xy Yo, Xb | W, (41, a, eae 2) Yes Les qa, Xa? 


af eS LP raat etXetGat%Xg Ga Jas— Xs 


xX|Wp(— a+ Oo, a, ™ — 1) | Gy, — Xv» qb 1— Xb)» (32) 


where the Euler angles {-7 +, 3, -—y,} are 
those for the rotation Sosy" in the direct reaction, 
and {g4, 3, —@.} are those for the rotation 
Syee° in the inverse reaction. We emphasize that 
in the direct reaction the yg axis is not parallel 
to the vector [ny,, No], but is obtained by clock- 
wise rotation of this vector through the angle 9, 
around the Z@ axis. The angles ¥ and g, are 
equal to the spherical angles of the vector ng in 
the coordinate system Zyyyky. In the inverse re- 
action # and 71+ @» are equal to the spherical 
angles of the vector ny in the system ZeyeXe, 
and the yy axis makes the angle ™+p, with the 
direction of [Ng x ny ].* 

Replacing the factor F in Eq. (9) of reference 
6 by 


*We note that Eq. (8) of reference 6 is valid only inthe 


specially chosen systems zcyoX_ and zgyaXq in which 
Via eae 
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F = [(Qig + 1) (Qia-+ 1112 (Qin + 1)J—"% (33) 


sand (-—1)9atXa by (-1)4ytlyXy, we get rela- 
_ tions corresponding to Eqs. (9) and (10) in refer- 


ence 6. 

Let us go on to the consideration of the special 
cases studied in reference 6. The relation of de- 
tailed balancing between the differential cross- 
sections of the direct and inverse reactions for un- 
polarized initial state has the well known form 


p32 (iy + 1) op (9) = p (Qie + 1) (2ig + 1) 0, (9). (34) 


The difference ofp (¥, 91) — op (¥, 91) between 
the cross-sections with a polarized beam of y- 
particles and with an unpolarized beam in the direct 
reaction can be expressed in the form 


on (9, G1) — o,,(9, $1) = — F*p2pr? [(—1)”*pio_1 + pop, 
+ paps (— 1)"*] = — F°p2py? (0' (91, 9, — 2) p)» (35) 


where p-;, po, and p, are the Stokes parameters 
characterizing the spin state of the incident y- 
particles in the direct reactions; p‘;, pj, and pj 
are the Stokes parameters for the spin state of the 
y -particles produced in the inverse reaction with 
unpolarized initial state. 


5. SYSTEM WITH TWO IDENTICAL y-PARTICLES 


Let us construct symmetric or antisymmetric 
wave functions with definite parity, total angular 
momentum, z-component of angular momentum, 
and energy, for a system of two identical y-par- 
ticles. The state vector |J, M, wi, wh, p> 
transforms under reflection in the following way: 


Id, M, pw, Uo, >= Ionr | J, Ma iit, p>, 


where Ij is the product of the intrinsic parities 
of the two identical particles, which is always 
equal to unity; nj is a phase factor. 

Since the state vector |J, M, uj, uh, p> 
transforms under rotations according to an irreduc- 
ible representation of the rotation group with the 
weight J, a rotation through the angle g around 
the direction n of the relative momentum of the 
particles gives a factor exp [i(u{+u,)~]. Ac- 
PREY > in the rotated coordinate system the 


factor nT is replaced by nT = = nT exp [2i (ui +m) @ I. 


Therefore the value of the phase factor nt depends 
on the direction of the x (or y) axis in the coor- 
dinate system with the z axis parallelto n. In 
view of the fact that the system of two y-particles 
occurs only in the final state of some reaction, we 
choose the coordinate system with axes z||n, 
yll¢-(é-n)n, x||[€xn], where ¢ is the Sane 
ization vector of the particles in the initial state 
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of the reaction. After reflection the z and x 
axes change their directions, but the y axis re- 
mains unchanged. The “reflected” coordinate sys- 
tem differs from the original system only by a ro- 
tation through the angle 7 around the y axis. 
Therefore from the relation D9, (0, 7, 0)= 
Pears ME 
(-1) Ou! -u we get 


T|J,M, vis Yor p> 


, ~~ ” ” we 
“yh a [Js My ty Yes P> Dy ruta’ gue (0, ™, 0) 


Bye 


ety 1) feeds (36) 


— Pe, p». 


Let us now consider the operator S that re- 
places the first particle by the second and vice 
versa. In the chosen coordinate system the oper- 
ator S can be expressed as the product of the 
operator I, which changes the direction of the 
relative momentum, and the operator that inter- 


changes the spin indices pj and wf. Thus 
S|J,M, us, Yo p> 
(Fallin Sas eM tee ne (37) 


From Eqs. (36) and (37) we get the symmetric or 
antisymmetric wave vectors with definite parity 
I’, total angular momentum, z-component of 
angular momentum, and energy 


lJ, M,y,l’,p=All +774 S'S 
HGS TSI NG uae ta cee (38) 


where yp = 2i or 0 is the eigenvalue of the oper- 
ator |&,+3,|, A is a normalization constant, 
and S’ =+1 for particles obeying Bose statistics 
and S’‘=~-1 for Fermi statistics. Multiplying 
Eq. (38) from the left by <n, uy, Me, p| and using 
Eqs. (19), (36), and (37), we get the wave functions 
for this system in the momentum-spins represen- 
tation. 

spat ¥ 74 18 


My = Mg = 41. 


<1, Bry Yo» P| J, M, 21,1", p> 
2J + 1\'2 
=(1/2V2) (1 + SV’) (2k VR/pVV) (==) "bon 
x [Dom (Zn) Omebisel (— Lye 2i,m (g n) Suet =oil «(3 9) 


2. w=0, My = —Mg = +i. 
<n, Uy, Uo, Did, M, 0, Te p> 

= (1/22) (1 + S'(—1))(2eh VR/p VV)(2I+1)/4r}" 8p 

x Dom (En) BuSue—2 +L (— iN, Sst Susi)» (40) 
As can be seen from Eqs. (39) and (40), the wave 
functions are nonvanishing only when S’I’ =1 for 
p= 2i, and s(=1)¢ = 1 for j= 0. = Eheserre 
just the specific selection rules obtained by Landau 
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and by Yang for photons and by Shapiro in the gen- 
eral case. We note that when parity is not con- 
served the selection rule S’(-1)J =1 for p=0 
remains valid, but the factor 4y,i5y,-i+ ’(-1 )J x 
614-1 pai which characterizes the polarization of 
the system, is changed. Therefore in the decay of 
a particle with spin J < 2i into two identical y- 
particles a measurement of the correlation of the 
polarizations of the y-particles not only will give 
the parity of this particle when parity is conserved 
(cf. Yang, reference 7), but also will give informa- 
tion about the nonconservation of parity in the decay. 

The wave functions (39) and (40) can be written 
together in a single formula: 


Nn, V4, 2) J, M, aL; y oe ee, anh us 
ads + 4 Vy Ag “ 
( ie ) Dy.+142,M (Sn) alent: (41) 


where ci=m4, I’ =(-1)3~2+, 
Pa (Ue SH) fori 21, 
By) 2S’ (== 1)") fore u = 0. 


By means of Eq. (41) one can easily calculate 
the angular distributions and the polarizations for 
the decay of a particle into two identical y-par- 
ticles. We shall not do this here. 

In conclusion I express my gratitude to Profes- 
sor M. A. Markov, M. I. Shirokov, and L. G. Zas- 
tavenko for interest shown in this work and a dis- 
cussion of the results. 
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Letters to the Editor 


A PARAMAGNETIC AMPLIFIER AND 


GENERATOR, USING Fe3+ IONS IN 
CORUNDUM 


L. S. KORNIENKO and A. M. PROKHOROV 
Moscow State University 
Submitted to JETP editor November 27, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 919-920 
(March, 1959) 


In published reports on the construction of quan- 
tum-mechanical amplifiers and generators, Gd** 
(reference 1) and Cr** (references 2-8) have been 
used as the paramagnetic ions. There is also a re- 
port of an attempt, as yet unsuccessful, to utilize 
the ion Ni?*+ (reference 2) for this purpose. 

We have carried out a study of the possibility 
of constructing a paramagnetic amplifier and gen- 
erator using the ion Fe** in corundum. The spec- 
trum of the electronic paramagnetic resonance of 
the ions Fe®* in the lattice Al,O; has been studied 
earlier by the authors.® The Fe** ion is in an S 
state, and has electronic spin S =. In corundum 
the Fe** ions form two nonequivalent systems, dif- 
fering from one another in the direction of the cubic 
axes of the crystalline electric field. The axes of 
trigonal symmetry of both systems are parallel. 
If the trigonal axis of the crystalline electric field 
is parallel or perpendicular to an externally ap- 
plied constant magnetic field, then the energy lev- 
els of both systems coincide for any magnitude of 
the magnetic field and arbitrary orientation of the 
cubic axes. If, however, the trigonal axis of the 
crystal makes an angle with the direction of the 
external magnetic field, then the energy levels of 
both systems coincide only for some definite ori- 
entations of the cubic axes of the non-equivalent 
systems of ions; these orientations can be found by 
turning the crystal around the trigonal axis until 
the spectra of the electronic paramagnetic reso- 
nances of both systems coincide. In the absence 
of an external magnetic field the six spin levels of 
each system are split by the electric field of the 
crystal into three doublets, the distances between 
which are 0.39 and 0.62 cm™!. From a comparison 
of the relative intensities of the spectral lines at 
290 and 4.2°K., it was established that the lowest 
spin doublet is the one which in strong magnetic 
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fields is split intc levels characterized by magnetic 
quantum numbers M = +l, , l.e., the constant, D, 
in the spin Hamiltonian is positive. For the para- 
magnetic amplifier levels were used which, if the 
influence of the cubic components of the crystalline 
field is neglected, are characterized in the parallel 
orientation by the quantum numbers M = — ee ~ Ves 
= Y, . The presence in the crystalline field of a 
cubic component mixes the states, even in the par- 
allel orientation, as a result of which transitions 
are allowed between any of the chosen levels. For 
amplification the levels with M=—%% and -—% 
are used, and the auxiliary radiation induces tran- 
sitions between the levels with M=—%, -—%. 
The trigonal axis of the crystal made a small angle 
with the direction of the constant magnetic field. 
The cubic axes were oriented so that the energy 
levels of both non-equivalent systems of ions co- 
incided. 

Amplification and generation were observed at 
a temperature of 1.8°K. for a wave-length ~ 3.2 
em. with auxiliary radiation of wave-length ~1.2 
cm. The magnitude of the constant magnetic field 
was ~1200 Oe. 
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ANGULAR ANISOTROPY OF SCATTERING 
OF FRAGMENTS IN FISSION OF Am*4 
BY 14.7-Mev NEUTRONS 


A. N. PROTOPOPOYV, I. A. BARANOV, and 
Vv. P. EISMONT 


Submitted to JETP editor December 6, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 920-921 
(March, 1959) 


To explain the influence of nuclear structure on 
the angular anisotropy of fission it is necessary to 
study the angular distribution of the fission prod- 
ucts of as many nuclei as possible. To extend the 
investigations!~ to include the heavier elements, 
we studied in the present work the angular distri- 
bution of the fragments of Am‘! fission induced 
by 14.7-Mev neutrons. 

The method previously described? was used to 
determine the relative amount of fragments in 
directions parallel and perpendicular to the direc- 
tion of the incident neutrons. Taking into account 
the effect of the motion of the center of mass, the 
finite nature of the angular resolution, and the back- 
ground of scattered neutrons, we found that the de- 
gree of angular anisotropy of Am”4! is 1.08 + 0.06. 

The small anisotropy of Am"4!, which has a 
spin 4 and which forms an odd-odd nucleus upon 
capture of a neutron, is not in contradiction with 
the ideas of O. Bohr.* However, within the frame- 
work of these ideas, it is difficult to understand 
why the anisotropy is weaker in Am”! than in 
Np??? (for which the degree of anisotropy is 1.16 + 
0.02, see reference 1), although both nuclei have 
equal spins and parities. 

The value obtained for the degree of anisotropy 
of Am"! confirms the previously noted!~3 tendency 
towards reduced anisotropy with increasing value 
of Z*/A of the fissioned nucleus. Yet, comparing 
the anisotropies in the fission of Np**", Tu2®8, and 
Am‘! with values of 1.16 + 0.02 (reference ja 
1.15 + 0.05 (reference 2), and 1.08 + 0.06 respec- 
tively, it is noted that the degree of anisotropy 
varies relatively slowly in the region of transuranic 
elements.* 

It is possible that the observed reduction in the 
anisotropy with increasing Z*/A can be understood 
within the framework of Strutinskil’s statistical 
theory.° 

In conclusion, the authors express their grati- 
tude to G. I. Khlebnikov for precipitating the ameri- 
cium on an aluminum foil. 


VETTERS=102 hoe 


EDITOR 


*It appears that the small difference in the value of the 
energies of the neutrons causing the fission (14.3, 14.8 and 
14.7 Mev respectively for the fission of Mp”’’, Tu? and Am”**) ) 
is not very significant in this case. 
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Theoret. Phys. (U.S.S.R.) 34, 250 (1958), Soviet 
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MEASUREMENT OF THE MASS OF COS- 
MIC-RAY PARTICLES UNDERGROUND 


M. I. DAION and L. I. POTAPOV 


P. N. Lebedev Physics Institute, Academy of 
Sciences, U.S.S.R. 


Submitted to JETP editor July 30, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 921-922 
(March, 1959) 


lisa present note describes the results of experi- 
ments to measure the mass of cosmic-ray particles 
underground by means of a magnetic spectrometer, 
which was simultaneously used for the measure- 
ment of the momentum spectrum and the positive 
excess of uw mesons at a depth of ~40 m. water 
equivalent. 

The diagrams showing the apparatus, and a 
short description of it, are given in reference 1. 
A block of lead 6 cm thick was placed above the 
instrument to screen it from electrons. A system 
of lead absorbers separated by trays of hodoscope 
counters was placed under the telescope. For par- 
ticles stopping in the absorbers, it was possible 
to determine the value of the mass from their 
momentum and range. The purpose of the experi- 
ment was not to conduct precision measurements 
of the particle mass and therefore thick absorbers 
were used. The absorbers, (V, VI, VII in Fig. 1') 
were each of 4 cm thickness. 
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The uncertainty in the determination of a par- 
ticle mass is due to errors in the measurement 
of the momentum of the particle and in the deter- 
mination of its range. The method of accounting 
for these errors is described in a number of ar- 
ticles. In our case, for « mesons stopping in the 
absorbers V, VI, and VII, the expected mean square 
errors in the determination of the masses are ap- 
proximately equal to 30, 17, and 12% respectively. 

A histogram of the obtained experimental data 
is shown in Fig. 1. The x axis shows the values 
of the particle mass, and the y axis the corre- 
sponding number of cases. 370 trajectories are 
included in the given spectrum. 


100 200 300 400 500m 


All recorded positive and negative particles 
having a range 4 cm < R < 16 cm, can be identi- 
fied as yp mesons. (m and pw mesons were not 
separated by the instrument). It can be seen that 
the given data do not indicate the presence, at dif- 
ferent observation depths, of particles different 
from yp mesons (and 7 mesons). It is, of course, 
necessary to remember that this method has a 
limited possibility.as far as the detection of short- 
lived particles is concerned (with lifetime of the 
order of tT 2 107* sec), and that it is impossible 
to detect neutral particles. Besides, particles 
having a long-range decay product (for instance 
Ky) can, in certain cases avoid detection (being 
regarded as the penetrating component), and even 
if they do not, the apparent value of their mass 
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might be lower (in view of an apparent lengthen- 
ing of the range). However, the amount of such 
particles detected in our instrument cannot exceed 
50% of their number. A more exact identification 
of such particles can be made using a mass spec- 
trometer in conjunction with a cloud chamber.” 

It should be noticed that, in the mass spectrum, 
only one particle was observed in which the meas- 
ured value of mass is much larger than the mass 
of a u meson (~500 me). This particle stopped 
in the 5th absorber, where the accuracy of mass 
determination is smallest. The possibility cannot 
be excluded that random experimental errors might 
in that case have lead to the increase of the mass 
of a w meson, for instance as a result of the par- 
ticle skipping through the row of counters VI below. 

From our data, one can obtain the upper limit 
for the possible number of protons in the flux. The 
chosen range interval 4 cm Pb < R< 16 cm Pb 
corresponds to a momentum interval of protons 
6 x 108 ev/e < P< 10° ev/c. In this momentum 
range, about 1500 particles were detected which 
passed through all absorbers V, VI, VII, and not 
a single particle stopped in the absorbers. Hence, 
we obtain the value of 0.06% for the possible num- 
ber of protons in the flux in the momentum range 
6x108°<P<10° ev/c, and this represents the 
upper limit. 

The authors wish to express a deep gratitude 
to A. I. Alikhanyan for his great help in carrying 
out the work, for his helpful advice and discussion 
of the data, and to V. Kh. Volinskif and V. V. Kru- 
govykh for their great help in carrying out the ex- 
perimental part of the work. 


1M. I. Dafon, and L. N. Potapov, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 36, 697 (1959), Soviet 
Phys. JETP, this issue, p.000. 
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NUCLEAR EXCITATION BY HIGH ENERGY 
PARTICLES 


M. Z. MAKSIMOV 
Submitted to JETP editor September 2, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 922-924 
(March, 1959) 


iiss quantities which, in the main, characterize 
the first stage of interaction of fast particles with 
nuclei are the mean number of nucleons N knocked 
out and the mean excitation energy U of the re- 
maining nucleus.! Knowledge of these quantities 

is also important in the description of the evapora- 
tion stage. Experimental determination of them is 
very difficult;?»* therefore, the well-known Monte- 
Carlo method? is used to provide estimates. Use 
of it also involves a lot of work. Thus, it would 

be of interest to have another method of calcula- 
tion, which would make it possible to obtain N and 
U analytically as functions of the energy Ey and 
mass number A. 

We consider a case, averaged over neutrons 
and protons (A ¥ 2Z), and will assume that all 
cascade nucleons travel mainly in the forward 
direction.?»? Then, the weak dependence of the 
effective cross section for collision with the nu- 
cleons inside the nucleus makes it possible to use 
results of the theory of slowing down of neutrons 
in hydrogen. (The mean effective cross section 
ismOett ~ 2 (Opp t Jpn) (1 —TE¢/5Eg); Opp ~ Onn; 
Opn = Onp are the total cross sections for elastic 
collisions of free nucleons; Ef = 22 to 25 Mev is 
the Fermi energy; Eg = E)y+Vo is the kinetic en- 
ergy of the nucleons in the nucleus, and Vp is.the 
depth of the potential well.) In this case, the num- 
ber of cascade nucleons at distance 2Rx (x is 
dimensionless) and with energy in the interval dE 
is equal to 


dN = {3 (Eo = E\e-t ee oe 


n=1 


WV} dE, (1) 


where the summation is carried out over all the 
collisions and Wy is of the form* 


Itai (3) 


Win n! vai = ‘ (2) 


The excitation energy of the remaining nucleus, 
averaged over the geometrical cross section, is 
equal to 
U (Eo, 8) = Eo +|e|—WVo + B/2)F + Vo—|e|)N, (3) 


where the following quantities have been introduced 
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8 é 
N =26* | ye-'¥ (a, 2y) dy; F = 26% | ye ¥(2a, y) dy, 


0 a) 


V axz 


2 
(x52) ie \ Xp {—z hh dt; 
0 
ree _ 3A, 4 | 


I, (t) is the Bessel function of imaginary Peart | 
€ is the mean binding energy of nucleons in the nu-| 
cleus and B is the Coulomb barrier for protons. 
On the figure we show values of U calculated — 
from these formulae with the initial data: Vo ~ | 
31 Mev, R= 1.41-107%A/ om (opp and dpn are 
taken from reference 5, with mean error +10%, | 
corresponding to the two curves on the figure, the 
upper for +10% and the lower for —10%), as well 
as several experimental data and results of Monte 
Carlo calculations. Although most of these data 
are only claimed to be estimates,”»® the agreement 
is quite satisfactory. 


OU, Mev 
100 
60 


80 240 400 560 Eg, MeV "CG 120 
a b 


200 A 


Dependence of the mean excitation energy: a — on proton 
energy for AgBr nuclei; b — on the mass number, for E, = 460 
kev. ©, O and A are experimental data from references 3 and 6, 
X — are Monte Carlo calculations; 2:7 the solid curves are 
from the present work. 


The main feature of the proposed method is its 
simplicity. Using it, it is possible to evaluate 
cross sections for the reactions (p, xn); (p, pxn) 
etc. at high energies, and to show simply the in- 
fluence of errors in the initial data, e.g., in the 
nuclear radius, or in the cross sections Opp, Ipn- 
For the latter purpose, it is useful to employ ap- 
proximate expressions for F and N 


F = 4/oe%* (1 + O(V 2a — Vy»)}; 
N = fe” {1+ © (Va—V2y)}, (5) 


where yo = Adeff/TR?; 
tion. 

Bombardment of nuclei by fast particles of 
mass a and energy Eg is equivalent to bom- 
bardment of them by a nucleons, each of mean 


@(z) is the error func- 
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energy E,/a. Therefore, we have the following 
expressions for Ug: 


Ua (Ea, 8) ~|ea|—|e| + aU (Ea/a, 8). (6) 


Here €g is the binding energy of particles of the 
same type as the incident ones in the nucleus and 
U(E,g/a, 8) can be obtained from Eqs. (3) and 
(4). From this formula and the preceding ones it 
follows that bombardment of a nucleus by complex 
particles is advantageous with respect to obtaining 
high excitation energies of the remaining nucleus. 
From analysis of the graph in the figure, we con- 
clude that there is little chance of a cascade for 
Eg/a & 30 to 50 Mev and that nuclear reactions 
here go through formation of the compound nucleus. 
In conclusion, I would like to thank M. M. Agrest 
and I. M. Rozman for advice and discussion, and 
N. V. Khaikhyan for calculational help. 
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A METHOD OF EVALUATING ELECTRICAL 
CONDUCTIVITY 
Vv. L. BONCH-BRUEVICH 
Moscow State University 
Submitted to JETP editor September 15, 1958 
J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 924-926 
(March, 1959) 


Ir is well known that in the electron theory of 
solids the standard transport equation method 
meets with a number of difficulties (see, e.g., 
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references 1—3). A number of authors have in 
this connection in recent years made attempts to 
construct an accurate theory of the transport co- 
efficients using relaxation functions.4~’ In the 
present note we give a new method to evaluate the 
reaction of a system of particles to an external 
field, using quantum-mechanical Green functions. 
To be specific, we shall deal with the electrical 
conductivity, but it will be clear from the results 
that the method could be equally well used to eval- 
uate any parameter characterizing the reaction of 
the system. We note also that to apply the general 
results to the Bose case one needs only change the 
sign in some of the intermediate equations. It is 
obvious that if one wants to evaluate the average 
current produced in the system by the action of an 
external electrical field it is sufficient to find the 
change in the “one-particle” density matrix 

R,; (xX, y; t). It was shown in reference 8 that this 
matrix is connected with the one-fermion Green 
function through the equation 


Ro(x, y;t) =ilimG (x,y) as x—>yo=t, X<y (1) 


(x, y, are points in four-dimensional space, the 
spin indices are omitted for the sake of simplicity). 
Let the field be characterized by the four-potential 
A; (i=0, 1, 2,3, Aj=—9, @ is the scalar poten- 
tial). If we are interested only in effects which are 
linear in the field we have for the change in the 
Green function 


AG (x, y) = (e/h) \ dzdz'dz" Gy (x32) 
RT (2 292) Golesi); (2) 


where Ij = —hG-!(z', 2”)/deA;(z) is the “elec- 
tromagnetic” vertex part and Gy the Green func- 
tion for Aj =0. 

For a number of problems it is sufficient to re- 
strict the discussion to the case of spatial unifor- 
mity, when (f = 1) 


Gols, y) =\dpGo (pet , 
Caliey 2) (ere \aq’da’T (4, gl”) e~#(a.x—2) +49", Y—2)_ (3) 
(pX = PoXy -P*X). We shall also assume Aj = 


Amie7ikz-s| Zo | (s is a small positive number; 
if damping is present, e.g., when the electrical 

conductivity is finite, we can at once put s=0). 
Equation (2) then gives 


AG (x, y) eA; (y)(2n)" 


s=0 


x{ dpGo(p) Go(p—k)Ti(p,p —k)eto—v, (A) 
The electrical conductivity can be evaluated from 
this in a trivial manner. 
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As an illustration we shall consider the case of 


a constant field (Ag =0, a=1, 2, 3) in the approx- 
imation Tj; (q’, q”) =1. We shall assume (compare 


reference 8; the equation has a meaning also for the 
determination of the Green function as an ensemble 
average) 


Go(p) = 


4 ny {— ny 
~ (2n)4 fe Op— 11, po— Oy + Hp 


(oy, 1" — real; 1’, 1” > 0). (5) 


We must note that Eq. (5) is by no means general 
(in particular, this assumption means that we re- 
strict ourselves to one — perhaps spin-degenerate- 
band). A number of interesting cases, however, 
are included here. One can easily evaluate AG(x, y) 
under the given conditions. Taking (1) into account 
we get for the change in the occupation numbers in 
momentum space: 

(a) if y’ =y” =n— 0: 


ae (6) 


ip = ae iby Bn 


(b) if y’, y” are finite and ky =0 (the calcu- 
lation is also simple for ky #0, but leads toa 
more unwieldy result): 


a) ny (1—n,) 
Saye, : 


(7) 


An, = —eE 


Here E is the field strength (with potential ¢), 
Yp = Yp + Yp- The right hand side of (6) agrees, 
as was to be expected, exactly with the “acceler- 
ating” term of the transport equation, if we under- 
stand by s~' the time of action of the field. The 
static electrical conductivity tensor has from (7) 
the form (in the usual units, m is the true elec- 
tron mass) 


= e2 


bel 9 : a My (1 — Np) 
Sab = in (leh \\dp B 


5 OP asia Ait hen (8) 


In the particular case of Boltzmann statistics and 
and isotropic model (np ~ exp (—fiwp AKT), Wp = 
w(lPl), yp=yv(lpl)) Eq. (7) agrees formally 
with the result of applying the transport equation, 
if we take for the “relaxation time” the quantity 


4 dlny, 
Lite? aa: (9) 


Tp = 
We emphasize, however, that Eq. (8) is valid over 
a far wider range than the transport equation. 
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THERMODYNAMIC THEORY OF FERRO- 
MAGNETIC ABSORPTION 


V. L. BESHIDZE 
Sukhumi Pedagogical Institute 


Received by JETP editor December 19, 1957; 
resubmitted September 29, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 926-928 
(March, 1959) 


le a ferromagnet is in an alternating magnetic 
field, its macroscopic state changes; this means 
that the specimen is absorbing energy from the 
field (ferromagnetic absorption). The basic 
causes of ferromagnetic absorption are, as is 
known, the following: the nonvanishing time for 
establishment of equilibrium within the spin sys- 
tem (intraspin relaxation), and the nonvanishing 
time for establishment of equilibrium between the 
spin system and the lattice (spin-lattice relaxa- 
tion). In this article it is shown that for an iso- 
tropic ferromagnetic medium near the Curie tem- 
perature, it is possible to determine the law of 
ferromagnetic resonance if the specific form of 
the thermodynamic potential is known. 

A nonequilibrium state of the system can be 
described by a thermodynamic potential that de- 
pends on nonequilibrium thermodynamic param- 
eters. We suppose that a ferromagnet without 
hysteresis is in an external magnetic field, and 
that the amplitudes of the constant and alternating 
fields are pointed in mutually perpendicular planes 
(the case of perpendicular fields). In the second’ 
case Hy) and h are pointed along the z axis 
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(the case of parallel fields). The nonequilibrium 
thermodynamic potential in the stated problem has 
the form 


© = 0, + aM? + 1/.8 M4— MH’, (1) 


where 4%), a, and @ are functions of temperature 
and pressure, M is the magnetization, and H’ is 
the effective magnetic field.! In the case of weak 
fields the magnetization M coincides with the 
spontaneous magnetization Mg. 

A nonequilibrium state of the system may be 
described!-3 by nonequilibrium thermodynamic 
parameters, which are given by the relations 


h =H’ —H,=he“, 


m=M—M,=me", #=T—T,. (2) 
Here the quantities with index 0 correspond to an 
equilibrium state of the system; T is the temper- 
ature of the spin system, Ty) is the temperature 
of the lattice, w is the frequency of the alternat- 
ing field. The equation of motion for the alternat- 
ing part of the magnetization is expressed by the 
formula 


m = —9(H’, T)V® + g [H’«M], (3) 


where g(H’, T) is some function, which remains 
undetermined within the framework of thermody- 
namic theory; g is the gyromagnetic ratio. On 
limiting ourselves to terms linear in h and m, 
we shall have for the perpendicular field 


tiny + Ayn, — tW9xMy = xshx, 
tity + Ayty + tWoyttz = 7p Ooxhte, 
tmz + Azmz + (x;H'/T) > = 0, 
(p == (oxoy)* 
= g {Ho + (Nx —Ny) Mo} 4 {Ho + (Ny — Nz) Mo}*, 
Av) = 1 to Me + Naya), (4) 


where 7 = x¢/g_ is the spin-spin relaxation time 
for h perpendicular to Hp, x¢ is the magnetic 
susceptibility, which depends on a (reference 4), 
We is the resonance frequency, and N is a demag- 
netizing factor. 

For complete solution of the problem it is nec- 
essary to introduce another equilibrium equation in 
m and @; it will correspond to spin-lattice inter- 
action. According to the first law of thermodynam- 
ics, with (1) and (2) taken into account, we find: 


(A’T [xpH’)8e’m — (1 — 8) 1’ — 9 =0, (5) 


where 1’ = a@;T?/(a@ + CH’) is the spin-lattice relax- 
ation time, A’ =1+38M3/a, 6 =CH’?/(a + CH’), 


and a;, a, and C are constant coefficients. 
For parallel fields the last equation in (4) gives 
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cm + A'm-+- A" (y;H'/T)9 = yh, (6) 


where A” =1+kMg, and where K is a constant. 
On eliminating 9 from (5) and (6), we get an equa- 
tion relating to the magnetization m, namely 


(1—8)m + (4/2 + If’ m+ A’m/ (e's) 
=[(1— 8A + APL als, (7) 


where T represents the “transverse” relaxation 
time and 7’ the “longitudinal” relaxation time ac- 
cording to Bloch, and y = A’[1-—6(A” — 1)]. 

If we bear in mind that m and h are the peri- 
odic functions (2), solution of equation (4) in the 
case of perpendicular fields gives 


x? (AJA, +2 (05 — @)] (A, + Po?) + 720? (A, + A,) 


> 


xX [A,A, + (op — ©) 2 + (A, + A, Po? 
x" _tA, + P05 (A, + A,)]— [A,4, + 7 0} — ©))} to (8) 
Xf [A,A, + (09 — ©)? + (AgkA, Ave 
In the case of parallel fields, we find from (7): 
Noe AGT oe Ce) LA ea err tae 
f a [A’ — (A — 8) itv’ w?]? + (tc + yt’)? 0? i 
Cee (Pb Oy Ao —0)P er or 9 
xp [A —i—awop parry ° (9) 


The mean absorption energy of the spin system 
per unit time, by virtue of (2) and (8), has the form: 
Mah 4 ae (AD Ane @) Agata) el ee ere (@; — w?))}} 702 

hed [A,A, + (@) — 0%) PP + (Ay + Ay)? Poo? 


Above the Curie point, Mg =0, A=A’=A’=y=l1, 
and wy = gH; i.e., results are obtained that agree 
with the results of references 2 and 5. 


1N. Bloembergen, Phys. Rev. 78, 572 (1950). 

21, G. Shaposhnikov, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 18, 533 (1948). 

3G. R. Khutsishvili, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 29, 329 (1955), Soviet Phys. JETP 2, 
187 (1956). 

4. L. Ginzburg, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 17, 833 (1947). 

5G. V. SkrotskiY and L. V. Kurbatov, Izv. Akad. 
Nauk SSSR, Ser. Fiz., 21, 833 (1957) [Columbia 
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Translated by W. F. Brown, Jr. 
169 


656 


ALPHA DECAY OF ‘Th IN THE COL- 
LECTIVE MODEL AND THE SPIN OF 
Bass INVES LOWEST SLATE 


S. G. RYZHANOV 
Submitted to JETP editor October 22, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 928-930 
(March, 1959) 


Frintey et al.! have shown that the relative in- 
tensities of the a-groups of Th?’, which arise 
during its decay from the ground state to the single- 
particle levels of Ra?*3 (0.59, 286 kev), are ap- 
proximately the same and amount to 17 — 21%. Such 
levels must therefore be considered as the ground 
states for the three rotational series, one of which 
was considered by the author elsewhere.” 

In this communication we establish the spin of 
the lower level of Ra? with the aid of the Ter- 
Martirosyan formula? for the probability of the a 
decay of a parent nucleus of spin I). 


41" 
wr=C Dy |Ciitnl (Qt+ lexp{—a£, — Bl (2+ 1)}. Q) 


f=/—I' 


In our calculations the projection m of the or- 
bital moment of the q@ particle 7 on the symme- 
try axis of the nucleus is assumed to differ from 
zero. Here m=I[)-—I’, where I’ is an analogous 
projection of the spin I of the corresponding level 
of the daughter nucleus. The semi-empiral coeffi- 
cients qa and 8 are taken from reference 2 and 
the values of the excitation energy Ey are taken 
from the level scheme given in reference 1. It was 
also established in reference 1 that 59 —29—0 kev 
level transitions are electric quadrupole, and con- 
sequently the following assumptions can be made 
concerning the spin of the lowest level: (a) I=I’ 
=I)-2; (ob) I=! =1)-1; (c) l= =Iy. The 29- 
kev level, in view of the relatively low intensity of 
the a@ particles, (5%) should logically be con- 
sidered the first rotational sublevel of the lower 
level. In the case (c) we could not obtain an em- 
pirical relation for the intensities of the a groups 
for the 29 and 0 kev levels, leaving therefore only 
cases (a) and (b). Upon calculating the Clebsch- 
Gordan coefficients that enter into (1), and con- 
sidering that by the parity rule 1 can be only 
even, we obtain for case (a) the following ratios 
for the intensities of the groups for the 29 and 0 


kev levels 
S29 2 
Jo Ig a7 


e—14.2:0,029 (2) 


(Here 1=2 and m=2, and the terms with 1 > 2 
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in the sum of Eq. (1) can be neglected). Relation 
(2) assumes the empirically-established value of 
5%:19%, either when the spin of the ground state 
of the daughter nucleus (The sate %,, or when 
I) = %. We therefore conclude that the spin of the 
lower level of Ra? is either % or *4. Calcula- 
tions made for case (b) lead to Ip) = %, which, 
however, from considerations given in reference 2, | 
is excluded. 

The same method of calculations can also be 
applied to the calculation of the spin of the 286-kev | 
ground state of the third rotational series. The | 
307-kev level must, for the same reason, be taken 
as the first sublevel of this series. Since a mag- 
netic dipole 286 — 0 kev transition and an electric 
dipole 286 — 238 kev transition were empirically 
established in reference 1, the only assumption 
that can be made is I=I’' =I,—1, for the 286-kev 
level and I=) and I’ =1)—-1 for the first sub- 
level (307 kev). In both cases we have 1=2 and 
m=1. The calculated ratio of the intensities of 
the a groups for the 307 and 286 kev levels is 


Jeon __ 3 (2/9 — 1) —14.2:0,02 
Tig TS le She oe (3): 


and when I,=-% and % it is close to the empiri- 
cal ratio, 1%:17%. The best agreement occurs in 
this case for the second value, corresponding to a 
spin of ye for the lower level. The calculated ratic 
of the intensities for the qa groups of the 59-kev 
and 0 levels is ~ 1.3; the empirical value is 0.9. 
Sliv and Peker* computed the effect of the non- 
sphericity of the nucleus on the transparency co- 
efficient of the nuclear barrier for an a particle 
with velocity B=v/c. This effect is introduced 
into the probability of the @ decay by the factor 


P= exp{— pe dyad =) ay (4) 


where x= Ep /Vo, with Ep being the decay energy 
and Vy) the maximum height of the potential barrier; 
¢ is the relative deformation of the nucleus. The 
calculated ratio of the foregoing intensities agrees 
with the empirical values at a difference of 0.1 in 
the relative deformations (elongations) at the 
59-kev and 0 level. For the 238-kev and 0 levels, 
the difference becomes 0.15. Both values are fully 
acceptible and readily explain the empirically es- 
tablished fact that the rotation constants B for 

the first and third rotational series (4.5 and 4 kev ) 
coincide approximately with the rotation constant 
(5 kev) of the second rotational band, considered 
in reference 2. 


1 Frilley, Rosenblum, Waladares, and Boussier, 


J. Phys. et radium 16, 378 (1955). 
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ON THE PROBLEM OF THE COVARIANT 
| DEFINITION OF THE SPIN PSEUDO- 
| VECTOR 


_ A. A. SOKOLOV, I. M, TERNOV, and Yu. M. 
| LOSKUTOV 
Moscow State University 


Submitted to JETP editor October 27, 1958 


| J. Exptl. Theoret. Phys. (U.S.S.R.)-36, 930-932 
(March, 1958) 


As is well known, the spin operator is defined by 
an antisymmetric tensor of the third rank, i.e., it 
is a pseudovector: oy = (G, ip;). In previous papers 
it has been shown!*? (cf. also Sections 17-20 in ref- 
erence 3) that the longitudinal polarization of free 
Dirac particles can be characterized by the opera- 
tor (o°k)/k. This operator is an integral of the 
motion with eigenvalue s. We shall try to relate 
to the quantity s not only the longitudinal polari- 
zation, but also the transverse and time components 
of the spin vector. 

The wave function for positive energy and with 
inclusion of the spin states has the form (cf. refer- 
ences 1-3) 


d ae L=hy, C,b,e—eKi ike jc (1) 


Here 
sf (K) cos 9s 
4 | sf (K)sin 0,e° | 
~ V2) f(—K)cos 8 | 
f (—) sin O,e% 


f(K) =VI+FR/K, 9 = 9/2 — (#/4) (1 — 5), 
Ke VBue eae K: (2) 


The amplitude Cg describes the state with longi- 
tudinal spin component s=+1, and @ and 9 are 
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the spherical angles of the vector k. 

The transverse and time components are not in- 
tegrals of the motion, and therefore they can be 
characterized only by the average values 


Cieak \ bra, pdx, (3) 


where the factor K = ky (1—6?)~¥/ is introduced 
in order to preserve for the average values Cit 

the same relativistic covariance as possessed by 
the expression p*ayi). 

Let us introduce an auxiliary coordinate system 
in which the z axis is directed along the momen- 
tum k. Then, using the fact that for this system 
6=9=0, we find 


Ce (Ci C= Ca Cana 


(longitudinal component); for Cy #0 and C_; #0 
the quantity |s| will be smaller than unity: 


G =k) (CTC_,+C4C,) = BV 1—s? cos’, 
= thy (CAC, =C; Cay =F, V I-58 sind 


(transverse components); 6 is the phase differ- 
ence between the complex amplitudes C, and C_;. 
Finally, ¢, =ik(CfC,—Ct,C_,) =iks is the time 
component.* 

For an unpolarized beam of electrons s =0 
and the phase 6 is a rapidly changing quantity, 
so that on the average cos 6 and sin6 goto 
zero. 

Partial polarization is also possible: for ex- 
ample, 0<|s|<41, andthe angle 6 is againa 
rapidly changing quantity. For complete polari- 
zation the quantities s and 6 are fixed constants. 
In this case one can make one of the transverse 
components zero by a rotation around the axis k 
and then we shall have £;=Ks, ¢ =ky)(1—- ay 
$2=0, and ¢, =iks, i.e., the quantity s will de- 
termine all the components of the spin vector. 

Let us assume that in some coordinate system 
the momentum vector ky (k, iK) is parallel to the 
spin vector, s=1, &,(Kk/k, ik), i.e., the two 
vectors make the same angle 0, = 9, =@ with the 
z% axis. Then in a new coordinate system moving 
relative to the first with the velocity cf directed 
along the z axis these angles are already differ- 
ent:T 


cos , =(81 cos # — 8)/V (1 — of, cos 0)” — (1 —f*)(1—&), 


cos 4, 


= (cos § — 88,)/ V (81 — cos 4)? + (1 — B?) (1 — Bt) + cos6’,, 


owing to which the quantity s’ is smaller and is 
given by 
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s’ = (Bb, — Bcos 6)/V (1 — BB, cos6)* — (1 — B*) (1 —B) <I. 


Here cf; = ck/K is the speed of the motion of the 
particle in the original coordinate system. 

As is well known, in the decay of a stationary 
m meson into a » meson and a neutrino the spin 
of the » meson must be directed exactly along the 
momentum of the » meson (s=1). But in the 
laboratory system, relative to which the 7 meson 
may be in motion, we have s’ <1, and therefore 
there must be a transverse component of the spin 
of the » meson, lying in the plane of the momenta 
of the m and mw mesons. 

We note that for particles with zero rest mass 
(kj = 0) the speed is always given by #,;=1. In 
this case 9, = 6;, and therefore the quantity s’ 
is unchanged (s’=s=1). This fact was used by 
one of us, following the ideas of Lee and Yang, in 
constructing a theory of the neutrino with oriented 
spin,®»’ in which neutrino and antineutrino are char- 
acterized by different values of s (s=1 and s= 
-1). 


* Analogous expressions for the average value of the spin 
vector with only positive energies taken into account can be 
obtained from the work of Tolhoek,4 and also from that of 
Alikhanov et al.5 But the expression for Og introduced in 
reference 5 (see note on page 789), 


A c i 1d] i 
oO” = (Kost + e2[kx!6])/ko= F + i pak/ho, 
oe == 1p3(Bek), ko = 6a— p2K/Ry 


will satisfy neither the law of conservation of total angular 
momentum nor the law of conservation of the longitudinal com- 
ponent of the spin. For K > 0 the results agree, since the 
average value of p, is zero. 

t+This is due to the fact that the momentum four-vector is 
timelike: k,,k,, = — ko, and the spin is spacelike: ¢,, ¢,, = ko, 
with the two vectors orthogonal to each other: Cuk, =0. 
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RANDOM FREE PRECESSION OF MAG- 
NETIC MOMENTS OF ATOMIC NUCLEI | 


G. V. SKROTSKII and A. A. KOKIN 
Ural’ Polytechnical Institute | 
Submitted to JETP editor October 28, 1958 | 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 932-933 | 
(March, 1959) 


Tue free precession of magnetic moments of 
atomic nuclei in an external magnetic field Hy is 
usually observed by measuring the voltage and the 
frequency wy) =H) at the terminals of a receiv- 
ing coil which contains a sample initially magne- 
tized perpendicularly to Hy. In a sufficiently 
homogeneous field Hy the phenomenon is observed | 
as long as the signal which decays with the time 
constant T) exceeds the noise in the system. 

After the signal has decayed the voltage at the 
terminals of the receiver coil is of a fluctuating 
nature and is determined on the one hand by the 
thermal noise in the receiver circuit, and on the 
other hand by the fluctuations in the magnetization 
of the sample. 

The spectral density of the mean square of the 
voltage across the load resistor Ry of the receiver 
circuit due to thermal noise in the receiver system | 
is given by Nyquist’s formula, which in the case 
under consideration is of the form:! 


} 
| 
| 
| 


1S 


(V3)o= 52 co hao RRo? 


th Zar TZ (oy 


(1) 
where Z(w) is the impedance, while R is the 
effective resistance of the whole receiver circuit. 
The presence in the receiver coil of a sample con- 
taining atomic nuclei with a magnetic moment dif- 
ferent from zero and situated in an external field 
Hy, leads to the appearance of an additional voltage 
due to the fluctuations of the component of the mag-. 
netization of the sample in the direction perpendic- 
ular to Hj. The spectral density of the mean square 
of the component of the magnetization in this direc-. 
tion is given by the expression 


(M?). = (hy 2x) coth (hw/2kT), (2) 
where 
4 oT |, oT ( 
| — 3 
Ke ia? ae (YHo+ eT? cs as eee 


is the imaginary part of the complex nucleus sus- 
ceptibility, while T , is the transverse relaxation 
time. 


The spectral density of the mean square of the 


| | 


fluctuations in the corresponding voltage is of the 
| form: 


(Vit) = 16x? S2N? C2? R? | Z (w) |? (M2)., (4) 
where N is the number of turns, S is the cross 
section of the coil placed perpendicular to the field 
Hy. 

By utilizing (2) we obtain: 


(Vit)o = 8xy" S?N?0? c2h Ri |Z (w) |? coth (aw/2kT). (5) 


_ As may be seen from (5) the voltage fluctuations 
have a resonance character, and as a result of the 
_ large value of the relaxation time T , attain a 
sharp maximum in the field Hy) =+w/y. 
If one takes for water y = 2.8 x 104 gauss-sec, 
Xo = 3.3 x 107! and T, =3 sec, then the ratio of 
_ the spectral densities (5) and (1) for Hy) = w/y has 
the form: 


1) = (Via)yHo[(Vir)~Ho = 6.3- 10°8S2N2H?/R, (6) 


where R is the effective resistance of the re- 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 933-934 
(March, 1959) 


ly references 1 — 3, the statistical theory of mul- 


tiple production of strange particles was considered. 
In the case of 7-N collisions, this theory describes 


the experiments satisfactorily, if the energy of the 
colliding particles is sufficiently high.4°> Compari- 
son between theoretical calculations and experi- 
ments can now also be carried out for p-p colli- 
sions. 

If we assume that the effective inelastic cross 
section for 3-Bev p-p collisions is equal to 26 
mbn,® then the cross section for production of Kt- 
particles in p-p collisions calculated according 
to references 1—3 is o* =1.0 mbn for the vari- 
ant V=V, (the K mesons being produced in a 
volume of radius ry, = h/m,c =0.4x 1078 em; 
all other particles in a volume of radius 
r= h/m,c = 1.4x 107 em), and o* = 
0.05 mbn for the variant V =V3 (all strange 
particles produced in a volume of radius ry; 
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ceiver circuit in ohms. In the case N = 10° turns, 
S = 100 cm? in the earth’s magnetic field Hy = 0.6 
gauss, 7 = 220/R. 

Thus, in this case under appropriate conditions 
one may separate from the spectrum of thermal 
noise the signal due to the random free precession 
of magnetic moments of atomic nuclei. The ratio 
7 in the case of resonance is proportional to 
(VHy)*: This last consideration may be used as the 
basis of the theory of self excitation of a spin gen- 
erator.” 


17, D. Landau and E. M. Lifshitz, Jnextpoqunamuka 
CIOUHBIX cpey, (Electrodynamics of Continuous Me- 
dia), Gostekhizdat, 1957. 

2S. S. Kurochkin, Paguorexn. u gnexTpou. (Radio 
Engineering and Electronics) 2, 198 (1958). 
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all other particles, in a volume of radius rj). 
The calculated cross section for production of all 
strange particles ogt=1.5 mbn for V=V, and 
Sgt = 0.07 mbn for V = V3. 

Baumel et al.’ obtained the value Jexp = 
(4.5 + 0.9) x 107%? em?/sterad-Mev for the cross 
section for the production of K* particles of mo- 
mentum 1.9m, (m7,=140 Mev) at @ = 180° 
(center-of-mass-system) in 3 Bev p-p collisions. 
In order to integrate the cross section over all mo- 
menta, we calculated the momentum distribution of 
the K mesons produced. Assuming an isotropic 
angular distribution in the c.m.s., for V = Vo, 
ot = 0.33 mbn.* An analogous calculation for the 
variant V = V3 gives nearly the same value. How- 
ever, this quantity is an order different from the 
cross section calculated for V =V3 from only the 
statistical weights without use of cexp and the 
momentum distribution. Thus, as in the case of 
m-N collisions, the variant V = V3 leads to con- 
tradictions. For the variant V = Vo, the value of 
ot calculated taking into account the momentum 
distribution is three times smaller than that cal- 
culated only on the basis of statistical weights with- 
out employing ¢dexp and the momentum distribution. 
This difference can be explained by the fact that at 
low energies E <3 Bev, the energy of the strange 
particles produced in N-N collisions is near to 
threshold, and the number of them is not appre- 
ciable. Hence, statistical methods can give only 
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tional factors: the resonance interaction of pions and nucleons 

in states with angular momentum and isotopic spin P = T = *4, 

the difference in statistical weights of the reactions. 
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INTERPRETATION OF THE MAXIMUM IN 
THE TOTAL CROSS SECTION FOR ; 
PROTON-PROTON SCATTERING IN 9 (pn) = PL = oy, + oy), (1) 
THE 1 Bev REGION 


2 1 
o(pp) =P is oases on,\ , 


where 04/2 and 034 are the cross sections for the 


Vv. L RUS’ KIN meson- Oe oe resonance systems with isotopic 
spin T=, and T=%,; P is the probability of 

Institute of Nuclear Physics, Academy of the one-meson state of the -meson cloud sur- 
Sciences, Kazakh S.S.R. rounding the nucleon core. According to experi- 


ment, in the 1 Bev region, o(p,p) >a(p,n). 


Submitted to JETP editor November 1, 1958 aane : : 
This inequality can be satisfied if 03/2 > 04/2. Con-. 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 935 sequently, the resonance in the meson-nucleon sys-. 
(March, 1959) tem occurs in the T= ¥, state. 
6, mbn 


ly the last few years, several articles!~4 have em- 
ployed the resonance interaction between the 1 
meson and nucleon (“isobar”) in the 200 Mev re- 
gion; this follows from the presence of the maxi- 
mum in the total cross section for scattering of 
a and m mesons on protons in this energy range.° 
We shall show that the maximum in proton-pro- 
ton scattering near 1 Bev can be explained as com- 
ing from the excitation of one of the nucleons to an 
“isobaric” level. For this, we use methods pro- 
posed by Takeda.’ Assuming charge independence 
for the total proton-proton and proton-neutron 
cross sections; we have 


Gg 400 800s t200 S600 S20 
Ey leb , Mev 
1-— total p—p scattering cross section. 2 — total p-—n 
scattering cross section, according to the experimental data _ 
of Chen and Shapiro.6 3 — resonance value of Pos,, obtained 
from Eq. (1). 4 — approximate non-resonance part of Po 3h. 


i 
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From Eq. (1), we can find the experimental 
value of Po3f. Using Eq. (1) and the Breit-Wigner 
resonance formula for the meson-nucleon system 
in the T= % state: 


(1/2)? 
€ — €>)* + (P/2)?’ 


Pos, =2nP (2J 4 1); (2) 
(where *=2.4x107}8 is the wave length of the 

m™ meson in the center-of-mass system, J is the 
total angular momentum), we obtain J = %, 
P=0.1, I = 82 Mev, €)=110 Mev, ‘in satisfac- 
tory agreement with the parameters of the isobar.°* 


*Some of the difference of ©, from the corresponding res- 
onance energy in reference 5 may arise from the fact that we 
did not consider the velocity of the virtual 7 mesons in the 
meson clouds surrounding the nucleon cores. 


1F, Belinfante, Phys. Rev. 92, 145 (1953). 

21D. Peaslee, Phys. Rev. 94, 1085 (1954). 

3S. Z. Belen’kif and A. I. Nikishov, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 28, 744 (1955), Soviet 
Phys. JETP 1, 593 (1955). 

4S. Lindenbaum and R. Sternheimer, Phys. Rev. 
105, 1874 (1957). 

>Tamm, Gol’fand and Fainberg, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 26, 649 (1954). 

§ Chen, Shapiro and Leavitt, Phys. Rev. 103, 
212 (1956). 

"G. Takeda, Phys. Rev. 100, 440 (1955). 


Translated by G. E. Brown 
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RANGE-ENERGY DEPENDENCE OF Cy», 
Cis, AND Oy IONS IN ALUMINUM, 
COPPER, AND GOLD IN THE ENERGY 
INTERVAL FROM 50 TO 110 Mev. 


Yu. Ts. OGANESYAN 
Submitted to JETP editor, November 17, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 936-937 
(March, 1959) 


FE OR detailed study of nuclear reactions caused by 
multiply-charged ions, data must be obtained on the 
range-energy dependence of the heavy ions in vari- 
ous substances. For ions with Z >3 it is difficult 
to obtain the range-energy curves by calculation, 
since the multiple charge exchange of such ions 
during the slowing down process introduces a sub- 
stantial indeterminacy into the quantities that enter 
into the equations.! 
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We have consequently set up experiments on the 
direct experimental determination of these relation- 
ships for ions of carbon, nitrogen, and oxygen in 
aluminum, copper, and gold. 

The ions Cj#, Nj?, O72, and Of were accel- 
erated in a 150-cm cyclotron with an exit system 
having a focusing magnet, intended for the produc- 
tion of a narrow beam of deuterons in a specially 
shielded cabin 12 meters away from the center of 
the cyclotron. Experience has shown that it is pos- 
sible, without substantial changes, to use the same 
exit system to obtain in the cabin a sufficiently in- 
tense beam of ions of carbon, nitrogen, and oxygen. 
This is apparently due to the fact that part of the 
ion beam passes, as a result of scattering, through 
the exit channel in the field of the focusing magnet, 
which focuses the ions on the entrance diaphragm 
of the receiver of the recording apparatus. This 
mechanism for obtaining a working beam has in- 
sured an intensity on the order of 10° —10° ions/ 
cm?-gsec at the receiver, with the current at the 
terminal radius of the cyclotron being on the order 
of 0.1 microamperes. 

The ions were registered by a photomultiplier 
with a ZnS crystal, deposited in the form of a thin 
layer on glass, so as to insure a sufficient sensi- 
tivity of measurements in an ion beam on the order 
of 102 — 108 ions/em?-sec. With the beam thus ex- 
tracted from the cyclotron, the ions entering the 
field of focusing magnet had an energy spectrum 
(50 —110 Mev). Narrow beams of practically - 
monoenergetic ions were gathered from this spec- 
trum by a suitable choice of the intensity of the 
focusing magnetic field. A focusing magnet could 
be used as an analyzer because the experimentally - 
obtained relationship between the magnetizing cur- 
rent and the induction of the magnetic field in the 
gap was linear over the entire range of the field 
employed. The analyzer was calibrated with a 
beam of accelerated deuterons, whose energy was 
determined from the known range-energy curve in 
aluminum.’ 

The ions accelerated in the cyclotron passed 
through a specially installed two-micron aluminum 
foil on their path to the focusing magnet, and ac- 
quired in this foil an equilibrium charge corre- 
sponding to their velocity. The ions were then 
deflected in the magnetic field, entered the re- 
corder in front of which foils of various thick- 
ness of aluminum, copper, and gold were mounted 
on a rotating disk. Thus, the ion energy was de- 
termined from the current in the windings in the 
magnetic analyzer, while the ranges of ions at a 
given energy in the selected substance were de- 
termined from the decrease in intensity with in- 
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creasing absorber thickness. Since it is much 
easier to vary smoothly the ion energy than the 
thickness of the absorber, the actual measure- 
ments were performed as follows: the energy of 
the ions, whose intensity was decreased to one 
half the initial value by passage through a given 
absorber, was determined for each foil by vary- 
ing the magnetic field of the analyzer. Each such 
operation yielded one point on the range-energy 
curve. To exclude errors due to uncontrollable 
variations in the intensity of the initial beam, a 
proportional counter, placed in tandem with the 
entrance diaphragm, was used as a monitor. 

It is obvious that with the measurement method 
described, the sensitivity threshold of the regis- 
trator can introduce a substantial error in the 
range. This method was therefore used, in special 
experiments, to measure the range in nickel of 
doubly-charged oxygen ions with energies 9.7 Mev, 
for which data obtained by other registration meth- 
‘ods are available. The agreement between our 
data and those found in the literature ,°*~° indicates 
that the sensitivity threshold of the system com- 
prising the ZnS and the photomultiplier is so low, 
that it can increase substantially the error in the 
determination of the range-energy curve, an error 
due to the finite resolving power of the analyzer 
magnet, to inaccuracy of the determination of the 
thickness of the absorber, etc. By our estimate, 
the total error in the determination of the values 
of the range does not exceed 2%. 

The results of the measurements of the mean 
ranges of the ions of carbon, nitrogen, and oxygen 
in aluminum are shown in the figure. Data on 
ranges in copper and gold are given in the table. 

Our data are in good agreement with the semi- 
empirical calculation curves made by Papineau 
(private communication), and lie somewhat lower 
than the experimental curves for the ranges of 
nitrogen and oxygen ions in photoemulsions in 
the energy interval from 0 to 130 Mev, obtained 
in our laboratory.’ This discrepancy was appar- 
ently due to inaccurate calibration of the magnetic 
analyzer in the investigation of reference 7. 

The author is grateful to Professor G. N. Flerov 
for valuable remarks and to D. M. Parfanovich for 
daily help in the performance of the experiment and 
in the analysis of the results of this work. 


1 Brunings, Knipp, and Teller, Phys. Rev. 60, 
675 (1941). 
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Range vs. energy for C!?, N**, and O’* in aluminum. Solid 
line —Papineau’s calculations. Points — data of present 
work, 
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SOME ‘SYMMETRY PROPERTIES IN 
PROCESSES OF ANTIHYPERON PRO- 
DUCTION WITH ANNIHILATION OF 
ANTINUCLEONS 
CHOU KUANG-CHAO 

Joint Institute for Nuclear Studies 
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ae us consider the reaction 


ptpos +2. (1) 


We denote the amplitude for it by f(pj, pr, Op, Fa), 


where pj and p¢ are the relative momenta in the 
initial and final states, and op and gg are the 
Pauli matrices of the particles and antiparticles. 
From invariance with respect to charge conjuga- 
tion it follows that 


I (Pp Py p> 8.) = fF (— Pp — Pps S,, 6,). (2) 


If the initial state is unpolarized, then it is not hard 
to prove by Eq. (2) that the polarization vectors of 
the hyperon (Py) and of the antihyperon (PS) in 
the final states are given by 


PL, =Py=A [P;P;] /| [P;P;] I, (3) 


where A is a function of the scalar (pj-pf). 

Measurement of the angular asymmetries in 
the decay of the =~ and =- produced in the 
reaction (1) gives the ratio 


Pia, /Pxax = %, / ox, (4) 


where ay and a are the antisymmetry coeffi- 
cients of the decays. As has been shown in refer- 
ence 1, measurement of the ratio ay / asx is of 
great significance for testing the conservation laws 
associated with time reversal T and charge con- 
jugation C; this ratio differs from unity only if 
T and C are not conserved in the decay. 

Let us go on to the consideration of the two 
cases 


~ 


ptp(ntnoYit Yet mat + nw + Ino (5) 
>¥, + Y.+ net + ima + In (6) 


The amplitudes for the reactions (5) and (6) are 

expressed in the form 
fi (P,, Pj» Pz, Pz» PY a=1,2,...m, 

Bias  temaa i, 


Cee h Py eee (7) 


oy 2) 


le (P;, P, Pz, pi» Pp, oo 4) 


where p*»? are the momenta of r*»9 mesons. 
From invariance with respect to C it follows that 


Fy (Py Py PEs Pz» PS, 2, 9.) 


rg pee Ds = Dy Pr» Pi: PY, oF o,). (8) 


Using the relation (8), we get not only equality of 
the total cross-sections and the angular distribu- 
tions of these two processes (0; and oy), but also 
equality of the polarization vectors of the hyperons 
and antihyperons in the final state (Py and PY). 
When the initial state is unpolarized we have 


oF (D,, Pi, pr, Pa > p?) = Cie DP,» ot D;, Pa» pr, p?), 
P,. (us P; ps; Pa > po) — Py (= Pp; ae P; Pos ps p?), 
PSP; Py Pa» Pps Po) = Py, (P,P Pa Ps Pee) 
Analogous relations exist also for reactions in 
which K mesons and nucleons are produced. 


There are also a number of selection rules for 
reactions of the types 


n-4 p(p+n) Ye ie | mn 1. [0 
Vi Y, mx ine lee) 
where e and Y3 are obtained from Yj, and ie 
by means of the operator G, which is the product 
of the charge-conjugation operator and a rotation 


through the angle 7 around the x axis of the iso- 
baric space.” For example 


S- = Gd, ¥° = Gr, 


+ nr 


ot= Gr, 
A°= GA, n= Gp, x9 = Grto 


and so on. We denote the Pespective amplitudes of 
the reactions (10) by 


F, (Pj, Py» Pd) Pg» Pr Sp 9,) and f, (P,, Py Pt Pg» P2, &,, 9,)- 
From invariance with respect to G it follows that 
f, (PR, Pp PT, Pz» P2, Fp» 9) 

= qf, (—P» — Pp Pr. Pa» B®, S32 2,)s (11) 


where »=+1 is a phase factor. 
It is easy to show from Eq. (11) that for an un- 
polarized initial state 


cr (P,, PD} pr, Pa» p?) a or (aa P,, 
Py. (P,, Py, py, Pa» p?) ate Pye (= Dp; 
Py (P,, Dp; pr, D> p?) re oe (es Pp, 


— Pp Pr» Pg» PY), 
— Py, pr, Pa» pe), 
ra P;, py, Pp,» po). (12) 


1 Chou Kuang-Chao, Nuclear Phys. (in press). 
27. D. Lee and C. N. Yang, Nuovo cimento 3, 
749 (1956). 
Translated by W. H. Furry 
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THE GAMMA RAYS OF As™ 


Yu. E. LOGINOV and K. I. YAKOVLEV 
Radium Institute, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor November 21, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 940 
(March, 1959) 


W: have studied the y-ray spectrum of As" by 
means of a single-channel scintillation y-ray spec- 
trometer, using a Nal(Ta) crystal with a type 
FEU-S photomultiplier. The efficiency curve of 
the y-ray spectrometer was obtained by taking 
measurements with it on standards giving known 
numbers of disintegrations. 

The energies and relative intensities of the lines 
observed in the y-ray spectrum are given below, 


THE EDITORS | 
Jit Kev 
Parad { N, counts per min 
G10 kev 
8000 80 
N, counts per min 
4, Wo kev 
4000 40+ 2 
“200 kev / 
I, 
has 220 kev | 
fae. \Recsah | | 
SS x \ yf 
0 20 40 60 7) val 
Gamma-ray spectrum of As’, taken with a scintillation y-ra 
spectrometer. The dashed curves show the resolution of a sec- 
tion of the spectrum into components. 


together with the results of the latest two papers on 
this spectrum: 


Present work Grigor’ey et al. z Horen and Wells? 
Relative Relative 

hy, kev intensity hy, kev intensity hy, kev 
610+-30 | 635 j _- 
960-50 0.015-++0.008 — —= — 

4200-+-30 0.023 --0.008 4190 0.018--0 ,005 1190-++-10 

— —_ — -- 1600-+-40 

2230-+70 ~ 10-4 >1190 <0.004 2220-420 


The work of Grigor’ev et al.! was done earlier 
than ours; we received the brief communication 
of Horen and Wells after the completion of our 
measurements. 

The existence of y-ray lines of energies of 
1190 and 2220 kev can evidently be regarded as 
established; the other two lines, at 960 and 1600 
kev, still need further investigation. 


ULTRASONIC ATTENUATION IN METALS 


G. L. KOTKIN 
Moscow State University 
Submitted to JETP editor November 22, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 941-942 
(March, 1959) 


Tue attenuation of ultrasonic waves in metals at 
low temperatures is determined by the electron- 
phonon interaction. The absorption coefficient, 

y, has been calculated by Pippard,! and Steinberg? 
has examined the corresponding change in the ve- 


1 Grigor’ev, Dzhelepov, Zolotavin, Mishin, 
Prikhodtseva, Khol’nov, and Shchukin, Izv. AN 
SSSR, Ser. Fiz. 22, 831 (1958), Columbia Tech. 
Transl. in press. 

2D. J. Horen and D. O. Wells, Bull. Am. Phys. 
Soc., Ser. II, 3, 315 (1958). 
Translated by W. H. Furry 
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locity of sound. Bommel?’ measured the attenuation 
in the presence of an external magnetic field and 
found that y did not vary monotonically with H. 
This effect was explained by Pippard! as a type of 
cyclotron resonance. Steinberg® carried out the 
calculation for transverse waves in a longitudinal 
magnetic field and concluded that resonance ab- 
sorption does not occur in this case. Here we 
examine the attenuation of transverse waves in 
metals in a transverse magnetic field. 

We regard the motion of the atoms of the lattice: 
as given and consider the electrons to be free. We 
are interested in the case when 12 A, R~X. 

Here A is the wavelength of the sound waves and 
1 is their mean free path. R = mvc/eH, is the 
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radius of the electron orbits. It turns out that the 
equilibrium electron distribution is the same as 
the distribution, fy, in the absence of the sound 
waves. The electron distribution f = f) —y (9f)/9e) 
and the electric field E are determined by the 
kinetic equations 


(1 /t-+ iw — ikv sin sin) y —(v/R) dx /d9 —y/t 
— eV (E,sin §cos ¢ + Eysin§sin» + E,cos 6) tu) e(1) 


and the electromagnetic field equations 
Ey, = (4nis? / we?) jx, 


E, = (4nis? /wc?) jz, Ey = (4nis/w)p. (2) 
where 
p = (3Ne/mo) x, x =\ ydQ/4n, (3) 
ix = (8Ne /4xmv) \ x sin 6 cos ¢dQ — Neu,, (4) 
i= (3Ne/4zmv)\y sin® sin ¢dQ — Neuz, (5) 


s is the velocity of sound, u the velocity of the 
atoms in the lattice, N the number of atoms (and 
electrons) per cm’. The field H is directed along 
the z axis and the wave vector k is along the y 
axis. A solution of Eq. (1) is 


eR exp (2xR/l’) 


exp @aR/)—1 &XP (éRR sin 8 cos 9) 


COS 


27 


x\ dy [E, sin §cos(¢ + ¢) 


0 


+ E,sin6§sin(¢ + ¢)+ E,cos6-+ x /el] 


x exp[— Rd /l’ —ikR sin 8 cos(~+9)], (6) 


where I! =vt/(1+iwT). Making use of (2) and (3) 
we find, ¥/el « Ey. The discussion below will be 
confined to the case when 1 >R. 

We consider waves polarized parallel to the field 
H (ux =0). From (5) and (6) we obtain 


jz = AsE,— Neu, (7) 


where 
Set) it, 
A(z) = 627 [a + 27%) \ Jo (t) dt — J, (2) —2Jo(2)], 


z= 2kR. (8) 


Substituting in (2) we obtain 
E,= mu/et(A+ iB), (9) 


where B = we?/4ms’c. Calculation shows that 


B<A for w< 10° sec!. 


In one second the lattice loses an amount of 
energy 
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Q = 1/2 Re(Neu E.), (10) 

and the absorption coefficient is 
~ = 2Q/NMu?s = m/ MstA, (11) 


where M is the atomic mass. 
If the sound waves are polarized perpendicular 
to the field (uz =0), then in this expression A, 
must be substituted for A, where 
Zz 
A, (2) = 3/9278 [a a 327) | Jo(t) dt 


: 0 


LBS) ay ein (2) (12) 
From Eqs. (8), (11), and (12) it follows that y (H) 
has a succession of maxima. Their position is not, 
however, determined by the simple conditions in- 
dicated by Pippard! and Steinberg.° 

In conclusion I would like to thank V. P. Silin, 
under whose direction this work was carried out. 


‘A.B. Pippard, Phil. Mag. 46, 1104 (1955). 
2M. S. Steinberg, Phys. Rev. 111, 425 (1958). 
3H. E. Bommel, Phys. Rev. 100, 758 (1955). 
4A. B. Pippard, Phil. Mag. 2, 1147 (1957). 
5M. S. Steinberg, Phys. Rev. 110, 772 (1958). 
6M. S. Steinberg, Phys. Rev. 110, 1467 (1958). 
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z 
‘Tie diagram technique, developed by the author! 
to calculate the paired correlation function in clas- 
sical statistical physics, was used to determine the 
free energy of a strong electrolyte, i.e., of a sys- 
tem of charged particles which is neutral as a 
whole, in which the interaction potential of the 
particles V(x) behaves arbitrarily at small dis- 
tances (and corresponds to a repulsion of par- 
ticles) and goes at large distances into the pure 
Coulomb potential Z,Z,e’*/r (where e’ = e/Ve ) 
for particles with charges Z, and Z, ina me- 
dium with dielectric constant e. 
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The calculation is carried out under the assump- 
tion that the radius of the short-distance repulsion 
forces rp and the averaged scattering amplitude 
e’2/T in the Coulomb field e’*/r are consider- 
ably smaller than the average distance between 
particles r = v~/3, These conditions signify that 
the system is close to ideal, i.e., the correction 
to the free energy, due to the interaction, are small 
compared with the free energy of the ideal gas. It 
was also assumed that the probability of molecule 
formation is small and the contribution of molecules 
to the free energy of the system can be neglected. 
The electrolyte was assumed to consist of two 
types of particles with charges Z, and Zp». 

The expression used for the paired correlation 
function was that given in reference 1 (correct for 
distances |x| > e?T), and was “joined,” at dis- 
tances much smaller than the Debye radius, with 
the expression exp {—6V(x) } for the correlation 
function at small distances. 

With all the foregoing conditions satisfied, the 
free energy of a strong electrolyte is an expansion 
in the particle density v, given, with accuracy to 
terms up to the second power in v inclusive, by 
the following formula (for the free energy per unit 
volume ): 


—l) + TER 


ag 


R 
+ lim = 2aT \ rtdr 3} Svavg(e Pv a8 
0 
e'* (SivZ8)' InxR} + aB%e’* [(Sivz*)" $(C — 
— dv? yyzl, x= \V 4x8 me’? 2 g2 Sy, 72. (1) 


Here Fy is the free energy of an ideal gas, xk is 
the reciprocal of the Debye radius, vq and Zq 
are the density and charge of particles of type a, 
8B =1/T is the reciprocal of the temperature, and 
C is Euler’s constant. The summation in (1) is 
by particle type. 

We note that the expression obtained in refer- 
ence 2 for the free energy F for the case of 
charged ideally-hard spheres is incorrect, since 
the expression used there for the paired correla- 
tion function is inaccurate, and, furthermore, the 
limit for the case of ideally hard spheres was ap- 
proached incorrectly, and as a result the contri- 
bution of the non-electric (i.e., repulsive short- 
range) forces to the free energy was lost. 

I thank Academician L. D. Landau for valuable 
comments, made during an examination of the re- 
sults. 
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1a. A. Vedenov, Dokl. Akad. Nauk SSSR, in press. 
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TION OF MUONS 


I. L. ROZENTAL’ 


P, N. Lebedev Physics Institute, Academy of 
Sciences, U. S.S.R. 


Submitted to JETP editor November 26, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 943-945 
(March, 1959) 


In a study of the curve of the spreading of shower 
uw. mesons of very high energy (~ 102 ev) Barrett 
and others! observed a remarkable break in the 
curve at small distances (~1--2 m) between the 
counter systems used for the measurements. This 
break was at once interpreted as an indication of 
two different processes. In the opinion of the au- 
thors of the paper in question multiple production 
of mesons from the decay of m mesons is re- 
sponsible for the coincidences at large distances 
(>1—2m), whereas the sharp rise in the number 
of coincidences at small distances is due to local 
showers in the earth (the thickness of earth in 
these experiments was 1600 m water equivalent). 
The latter conclusion was based on the following 
chain of argument: the production of » mesons 

in the air should occur at distances of about a 
nuclear range from the boundary of the atmosphere, 
which means a height of about 19 km. Consequently, 
the angle of divergence of the particles responsible 
for the rise of the spreading curve is ~ 1074 rad. 

If we assume that when a primary particle makes 

a collision the secondaries are distributed isotrop- 
ically in the center-of-mass system, such values 
of the angle correspond to primary particle ener- 
gies of the order of 10!" ev, which considerably 
exceeds the observed value of the energy of the 
showers accompanying the 4 mesons (~3 x 104 
ev). Therefore the authors of reference 1 reject 
the “air hypothesis” of the origin of the break. In 
the light of the latest data such an argument does 
not seem convincing, since it has now been estab- 
lished (see, e.g., reference 2) that the angular 
distribution in the center-of-mass system is aniso- 
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tropic, and the angle of 10 rad corresponds to an 
energy ~10!4— 10! ey. Therefore additional anal- 
ysis is needed to settle the question of the origin 
of the break in the curve. 

Possible causes of local showers at great depths 
are: (1) pairs of 4 mesons produced by photons; 
(2) 4 mesons arising from the decay of 7 mesons 
produced by nuclear interactions in the ground; 

(3) secondary particles accompanying high-energy 
m mesons. The first process is of negligible im- 
portance because of the fact that the probability 
for the production of an electron pair is much 
larger (by a factor of about 40,000) than tnat for 
the production of a pair of 4 mesons. The second 
process must be rejected, since for a ma meson of 
energy ~ 10" ev the probability of interaction is 
larger than that of disintegration by a factor 10°. 

Let us examine the third process in more de- 
tail. ~ mesons can produce: (a) 6 showers or 
radiative showers, (b) electron-nuclear showers, 
(c) w-meson pairs. The phenomena involving 
electrons can be of no importance, since the ap- 
paratus used in the work! was screened by about 
10 cm of lead. To estimate the second effect we 
assume that the cross-section for production of 
electron-nuclear showers by mesons is ~ 1072? 
cm? per nucleon.’ Assuming that the range of 
nuclear-active particles in the ground is ~1 m, 
we easily find that only one out of 1000 pu mesons 
will be accompanied by a shower. This ratio is 
already smaller than the experimental value by 
about an order of magnitude; actually, because of 
the narrow angular distribution of the secondary 
particles® the effective value must be still smaller. 

Although an estimate of the direct production of 
f-meson pairs by uw mesons gives a value of the 
ratio in agreement with experiment (one shower 
per hundred particles), nevertheless there is a 
difficulty in explaining the increase of the coinci- 
dences at small distances by means of this proc- 
ess. In fact, in passing through earth to a depth 
of 1600 m water equivalent 4 mesons are scat- 
tered in transverse directions to distances of 
about 1m.’ Two particles fell on a detector of 
area ~0.5 m*.* Assuming for our estimate that 
the p mesons are uniformly distributed over a 
circle of radius 2 m, we readily see that the total 
number of p mesons falling on this circle is ~10. 
Such a large number cannot be explained by the 
direct production of » -meson pairs. 

Assuming that the increase at small distances 
is caused by “air” s mesons, we can estimate the 
possibility of their production in the decay of 7 
mesons. We adopt a plausible model,” according 
to which in an individual nuclear interaction one- 
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third of the energy of the interacting particles 
goes into m mesons, and assume that the » me- 
sons are uniformly distributed over a circle of 
radius 10 m (the experimental data! indicate this). 
Then the calculated number of mesons in a 
circle of radius ~ 2m is smaller than that ob- 
served by a factor 50. 

Attention has been called to the discrepancy 
between the calculated and observed values of the 
density of u mesons in the columns of broad show- 
ers by Hayakawa® in connection with experiments 
by Japanese physicists." To explain it he suggested 
that the high-energy primary component consists 
of heavy nuclei, which cause a high multiplicity of 
m™ mesons from collisions (the multiplicity increas- 
ing in proportion to the atomic weight A). Buta 
comparison made by Zhdanov of the multiplicities 
of showers produced by a particles and nucleons 
in photographic emulsions led to the conclusion 
that the multiplicity increases much more slowly 
(approximately as AVS), Therefore it is hard to 
believe that Hayakawa’s hypothesis could be cor- 
rect. Accordingly we must suppose that there is 
an additional source of 4 mesons, and in particu- 
lar that direct multiple production of ~ mesons 
can occur.f 

It must be noted that this conclusion is only of 
a preliminary nature, since the estimates made 
here are based on not very precise data (in par- 
ticular on the energy distributions). For a final 
decision we need more exact studies of high-en- 
ergy s-meson showers and the accompanying 
electrons. 

The writer expresses his gratitude to N. A. 
Dobrotin for a number of valuable comments. 


*A comparison of the frequency of passage of pairs of 
particles through the apparatus used in reference 1 with the 
expected frequency of passage of the axes of broad showers 
of energy ~3 x 10*° ev shows that the probability is close to 
unity that such pairs of particles accompany the showers. 

tSome justification of such an assumption can be found in 
arguments based on extrapolation of the theory of weak inter- 
actions to very small distances.8,9 
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ON THE MAGNITUDE OF THE RATIO 
o-/o+t NEAR THE THRESHOLD OF 
MESON PHOTOPRODUCTION 


S. P. KHARLAMOV, M. I. ADAMOVICH, and 
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P. N. Lebedev Physics Institute, Academy of 
Sciences, U.S.S.R. 


Submitted to JETP editor November 26, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 945-947 
(March, 1959) 


‘Tue magnitude of the ratio of the yields of posi- 
tive to negative photo mesons from deuterium 7 = 
Nq /Ng can differ appreciably from the ratio 
o-/o* for the photoproduction of mesons from 
free nucleons. As we have shown earlier! this can 
be due to a difference in the final state interaction 
of the particles after photoproduction of a m ora 
m™ meson on deuterium. Furthermore one has to 
keep in mind that the difference of the thresholds 
for m~ and m* production on deuterium can have 
a strong influence on the quantity n if one meas- 
ures it utilizing photons close to the high energy 
limit of the bremsstrahlung spectrum. 

In the present note the ratio o~/ot is deduced 
from experimental values of 7 taking into account 
the above mentioned effects. The experimental re- 
sults are given in the Table. The ratio of the 7 
to m* yields on deuterium were measured at an 
angle of 73° with respect to the photon beam with 
bremsstrahlung of maximum energy Vy, = 300 
Mev? and at angle of 60° with bremsstrahlung of 
Vm = 165 Mev? (first row). In the second row 
the deduced values for the ratio o-/o* are given. 
They were obtained from the experimental data by 
applying corrections for the Coulomb interaction 
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of the m- meson with the protons and of the pro- 
tons with themselves, and by applying corrections 
to take into account that 17 and 7* mesons of 
the same energy have been produced by photons 
of different energy. 

The Coulomb corrections have been computed 
on the basis of Baldin’s calculations’ concerning 
our earlier experiments! on the distribution of the 
relative momenta, p, of the protons, and of the 
recoil momenta, gq, in the reaction y+d—m~ + 
p +p for the photon energies given in the table. 

We now shall discuss in greater detail the cor- 
rections which have to be applied to account for 
the difference in the threshold energies for m and 
mt photoproduction considering the strong energy 
dependence of the bremsstrahlung spectrum near 
the upper energy tip. We will do so for the case 
Vy = 165 Mev.* Figure 1 shows the experimental 
momentum distribution of the 7 mesons from 
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the reaction y+d—72~ +p+p for photon ener- 
gies 155 —165 Mev. It has been obtained by our 
method described in reference 1. On the abscissa 
we have plotted the ratio of the meson momentum 
Pz to the maximum possible meson momentum 
Pmax (given by the meson emission angle 6 and 
the photon energy). The curves in Fig. 2 show the 
yields NQ(v) of 7 and z+ mesons of energies 
between 6.7 and 11.7 Mev emitted at an angle of 
60° with respect to the photon direction as a func- 
tion of the photon energy (when vy = 165 Mev). 
For the m mesons the momentum distribution of 
Fig. 1 and the cross sections for the y + d — 17 
+p+p reaction from reference 1 was utilized. 
For the 7 mesons the same momentum distri- 
bution was taken and it was assumed that the cross 
sections are given by 


Ym | 165 Mev | 310 Mev 
| 
pial aes fell 170 | 180 | 190 | 200 
Nz /Nt | 2.1020.17 | 1,500.45 1.41+£0.10 1.4140.09 | 4.28£0.09 
o-/ot 1,3040.41 | 1.39+0.14 1.3340.09 1,3540.09 | 1.25+0.09 
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where Av is the difference between the threshold 
energies for m and 7m* production on deuterium. 
The curves of Fig. 2 were normalized such that 


Vm 
the ratio of the yields NG = i Nq (v)dv equals 


the experimental value Ng/N@ = 2.10 + 0.17.3 
Taking further into account the Coulomb correc- 
tion (at a photon energy of ~160 Mev this amounts 
to 1.065) we find from the normalization the value 
Pa = 307s 0.11 Only the statistical error has 
been indicated. The use of the same momentum 
distribution for the at mesons as for the 7 me- 
sons can introduce a further error of a few per- 
cent. However, a much larger error can be pres- 
ent due to the uncertainty in the determination of 
the high energy limit of the bremsstrahlung spec- 
trum. Thus, for example, if in the work of Carlson- 
Lee® the high energy limit were 167 instead of 165 
Mev, our value of Ng 7. Ng would correspond to 
o-/o* = 1.42 + 0.12. The data of Carlson-Lee as 
reported in the abstract do not allow a more ac- 
curate determination of the quantity o/o* for 

the photon energy v © 159 Mev. 

As can be seen from the table the ratio o~/o* 
is approximately constant in the photon energy in- 
terval 159 to 200 Mev. Its value agrees well with 
the results of reference 1 and with the theoretical 
value.° 

It should be mentioned that the influence of the 
sharp drop off of the bremsstrahlung spectrum 
near the tip has a still larger effect if one com- 
pares the a and mt yields from reactions with 
large difference in the thresholds. A particularly 
extreme example is the case of meson photopro- 
duction on beryllium. Since mt mesons can be 
created in the reaction y+ Be? ~ 7 +p+ Be® the 
threshold for production is roughly 17.9 Mev lower 
than for a+ production. This way can be explained 
the anomalous behavior of the value N~/N* with 
decreasing bremsstrahlung energy or with increas- 
ing meson energy or emission angle. This was 
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earlier interpreted as being due to the nuclear 
structure or due to the special position of the 
weakly bound neutron. The above described effect 
has to be taken into account also in the study of the 
ratio N~/N* in other complex nuclei. 


*These corrections amount to around 1.5% on the values 
Nd/N§ given in the table for the case with v,, = 300 Mev. 


! Adamovich, Kuz’micheva, Larionova, and 
Kharlamov, J. Exptl. Theoret. Phys. (U.S.S.R.) 
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Proc. CERN Symp., Geneva, 2, 259 (1956). 
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ON THE SCATTERING OF PIONS BY 
DEUTERONS 
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Submitted to JETP editor November 26, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 948-949 
(March, 1959) 


Seas authors!~* have compared the results 
of theoretical calculations with experimental data 
on the elastic scattering of mesons by deuter- 
ons.2»8)7 Green! and Rockmore?® have used the im- 
pulse approximation® and note the disagreement 
between calculated and experimental cross-sections 
at small angles.?»! Differential cross sections cal- 
culated by Bruekner’s method‘ give better agree- 
ment with experiment. This is attributed to taking 
multiple scattering into account.’ Bransden and 
Moorhouse? calculated m-d scattering using a 
variational method. They also obtained agreement 
with experiment, but in this method of calculation 
the contributions from multiple scattering are 
small. 

We note in the following, however, that the cal- 
culation of the differential cross-section in the im- 
pulse approximation is based on different assump- 
tions than those used either in Brueckner’s method 
or the variational method: the impulse approxima- 
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tion partially takes into consideration the recoil of 
the nucleons in the deuteron, while in references 4, 
5, and 9 the nucleons are considered to be infinitely 
heavy. It is possible to show that if the nucleon 
mass is considered infinite in the impulse approxi- 
mation, then the differential cross-section calcu- 
lated under such an assumption is not very different 
from the calculations of Bransden and Moorhouse? 
and Brueckner.? 

Actually, in the impulse approximation, the dif- 
ferential cross section for the elastic scattering 
of m mesons by deuterons has the form**4 


(ds (8) /d2)1ab=C (qo, Stat) {(d5 (8)p 7 dQ)om 
+ (do ()n | dQ)cmt it. }, (1) 


where qo) is the momentum of the impinging me- 
son, (do (9)p/d2)om and (do(@)n/d2)em are 
the differential cross sections for m mesons scat- 
tered by protons and neutrons, respectively, in the 
center of mass frame, and i.t. are the interfer- 
ence terms. The expression inside the braces in 
Eq. (1) is independent of the nucleon mass. For 
small angles: 


Cx~1-+20,/M, (2) 


where wy is the total energy of the meson in the 
laboratory frame, while M is the nucleon mass. 

From an analysis of the experimental data?»®’ 
one deduces that; for small angles, the experimen- 
tal cross section is less than that calculated by 
Eq. (1) approximately by the amount: 


(20 / M) {(ds (8)p / dQ)em+ (ds (8)n/d2)em+ int. }. 


At low energies this correction is small and the 
impulse approximation is in agreement with experi- 
ment.°»® For meson energies of 140 and 300 Mev, 
2w)/M * 0.6 and * 0.9, respectively, hence the 
disagreement.!»? If M is set equal to infinity in 
Eq. (1), then C =1 for small angles and the usual 
impulse approximation is in agreement with ex- 
periment. In reference 9, M is also set equal to 
infinity, i.e., C =1 for small angles in the impulse 
approximation, and consequently, the correction 
due to multiple scattering decreases the matrix 
elements in Brueckner’s method insignificantly 
compared with the matrix elements in the impulse 
approximation for C =1. 

The above explanation can be illustrated by cal- 
culating elastic m-d scattering for 300-Mev me- 
sons. The calculations are made in three ways: 

(a) in the impulse approximation using Eq. (1), see 
curve “a” in the diagram; (b) using Eq. (1), with 
C=1, see curve “b,” and (c) taking into account 
double scattering at angles < 90° for S and P 
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Differential cross- 
sections for the elas- 
tic scattering of 300 
Mev z mesons by deu- 
terons. a, b and c— 
calculated curves; 
d—experimental data 
for 7* mesons; e—ex- 
perimental data for 7~ 
mesons. 3 
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waves in the scattering of mesons on nucleons, 
see curve “c.” Here C is again set equal to one. 
The a7 -nucleon phase shifts obtained by Dul’kova 
et al.? were used in the calculation. The difference 
between curves “b” and “c,” 15% for @ = 10°, lies 
beyond the limit of experimental precision. 

Thus, if we always make the assumption that 
M-— ., then the different theoretical methods 
give the same result, which does not disagree with > 
experiment. Clearly, the assumption that M— 
is not justified at higher energies. On the other 
hand, the disagreement of the impulse approxima- 
tion (C #1) with experiment at small angles is 
evidence of the incorrectness of the initial assump- 
tions. For example, to derive Eq. (1) it is assumed 
that the matrix element for the scattering of 7 
mesons by nucleons is independent of the internal 
motion of the nucleons in the deuteron. Taking 
this motion into account, a factor of 4 is introduced! 
into Eq. (1) at small angles. 

In conclusion, the authors express their thanks 
to V. Ya. FeYnberg for useful discussions. 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 951-952 
(March, 1959) 


I N earlier work we observed short-lived isomeric 
activity in germanium bombarded with fast protons 
(Ey = 0.31 Mev, Ty = 17.5 + 2.0 msec).’ Through 
comparison with the results obtained by other in- 
vestigators?»? this was identified as belonging to 
As®™ from the reaction Ge'(p, 2n)As®™. This 
identification has been confirmed by Vegors and 
Axel‘ and by Schardt.° In this connection it is of 
interest to look for short-lived proton-induced 
isomeric activity in arsenic. 

The 19.6-Mev linear accelerator of the Ukrain- 
ian Academy of Sciences Physico-Technical Insti- 
tute with a repetition rate of 2 pulses per second 
served as the proton source. The measuring 
technique was described earlier in references 1 
and 6. Gamma-ray energy and half-life was meas- 
ured by means of a gray-wedge pulse-height ana- 
lyzer’ and multichannel time-delay analyzer,® re- 
spectively. We used an external proton beam ex- 
tracted through a 40u aluminum window, which 
was monitored by a liminescent thin willemite 
screen placed in front of the target. 

The observed radiation was compared with the 
result obtained by bombarding a blank carbon tar- 
get, which revealed no activity. 

In the present work we obtained more accurate 
values for the properties of As®™ than those ob- 
tained previously through fast-proton bombard- 
ment of germanium: Ey, = 0.30 40.01 Mev, Ty, = 
16 +1 millisec. Through Ge'’® enrichment from 
7.67 to 70% it was also established that Ge" is 
the isotope involved in the reaction that produces 
the short-lived isomer. 

A metallic arsenic target irradiated by fast 


protons revealed very intense short-lived emis- 
sion with Ey = 0.29 + 0.01 Mev and Ti2=16 +1 
millisec, and with the reaction threshold ~ 13 Mev 
for a thick target. These results are in good agree- 
ment with the improved values for As®™ (Ey = 
0.305 Mev, Ti/2 = 17 millisec) given by Schardt 

in reference 5, where As®™ jig produced by an 

E2 transition from the 402-kev level which arises 
from electron capture in Se™, Thus fast-proton 
bombardment of arsenic also produces As®™ 
through the reaction As” (p, p’) As®™, 

In our earlier work! we also detected short- 
lived isomeric gamma rays (of a few milliseconds) 
from gallium reacting with fast protons. The pres- 
ent work established Ey = 0.19 + 0.01 Mev and 
Ty/2 = 19 +41 millisec for this radiation. 

A short-lived isomer with Ey = 0.17 + 0.01 Mev 
and Ty, = 16 + 1 millisee was discovered in our 
laboratory during 1957° through neutron bombard- 
ment of germanium. The good agreement of these 
values with those obtained in the present work sug- 
gests that the same isomeric level is involved in 
both instances. 

There are two stable gallium isotopes (69, 71) 
and five stable germanium isotopes (70, 72, 73, 
74, 76). An analysis of the possible reactions be- 
tween protons and gallium nuclei and between neu- 
trons and germanium nuclei which would result in 
the same isomeric level shows that the excited 
nuclei of Ga’, Ge®, Ge”, or Ge?! could be the 
final reaction products. Ge’: which is an even- 
even nucleus, is excluded. Thus only the follow- 
ing proton-gallium reactions can produce these 
excited nuclei: Ga" (p, pn) Ga’, Ga®*(p, n) Ge® 
and Ga" (p,n)Ge"!. The experimental thresholds 
for the production of these nuclei in their ground 
states are 9, 4.1, and 1.0 Mev, respectively." 

By using enriched gallium isotopes (with Ga 
enriched from 60.2 to 97.6% in one instance and 
depleted to 1.3% in another instance) we deter- 
mined that Ga" is involved in a reaction where 
a short-lived level is formed. The experimental 
threshold of this reaction for a thick target is 
about 9 Mev. We can thus infer that the aforemen- 
tioned level Ey = 0.19 Mev belongs to Ga’™ pro- 
duced in the reaction Ga™(p, pn) Ga”™, Glagolev 
et al.® obtained this level through the reaction 
Ge” (n, p)Ga™. The half-life for an E3 tran- 
sition is estimated to be of the order 10~ sec, 
which agrees with experimental results. 

The ground-state spin of Ga” is 1*.!! If the 
spin of the excited Ga" state is assumed to be 
4~, which is likely for a number of reasons, the 
observed short-lived isomeric transition is of the 
E3 type. 


672 DETTE Re? te 


The authors are deeply grateful to O. I. Leipun- 
skiY for his continued interest and assistance, to 
Yu. V. Makarov for a discussion of the results and 
to N. M. Meleshin and O. B. Likin for experimental 
assistance. They also wish to thank K. D. Sinel’- 
nikov, A. K. Val’ter, A. P. Klyucharev, and A. M. 
Smirnov for their assistance. 


1 Leipunskif, Morozov, Makarov, and Yampol’- 
skif, J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 393 
(1957), Soviet Phys. JETP 5, 305 (1957). 

2A. W. Schardt, Bull. Am. Phys. Soc. Ser. II, 

1, 85 (1956). 

3S. H. Vegors and P. Axel, Bull. Am. Phys. Soc. 
30, No.7, 11 (1955). 

4S. H. Vegors and P. Axel, Phys. Rev. 101, 

1067 (1956). 

5 A.W. Schardt, Phys. Rev. 108, 398 (1957). 

6 Leipunskif, Miller, Morozov, and Yampol’- 
skif, Dokl. Akad. Nauk SSSR 109, 935 (1956), 

Soviet Phys. “Doklady” 1, 505 (1956). 

TO. B. Likin, [pu6oppi u rexnuka 9kcnepumexnta 
(Instruments and Measurement Engg.) 2, 000 (1958). 

8yu. V. Makarov, Report, Inst. of Chem. Phys., 
Acad. Sci. U.S.S.R., 1957. 

9Glagolev, Kovrizhnykh, Makarov and Yampol’- 
skif, J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1046 
(1959), Soviet Phys. JETP 9, in press. 

108. L. Cohen and E. Newman, Phys. Rev. 99, 
T18 (1955). 

11B. G. Dzhelepov and L. K. Peker, Cxempi pacnaga 


paquoakTuBHbix usoTonoB (Decay Schemes of Radioactive 
Isotopes), Acad. Sci. Press (1957). 


Translated by I. Emin 
183 


ON A RELATION IN QUANTUM STATISTICS 


E. S. FRADKIN 


P. N. Lebedev Physics Institute, Academy of 
Sciences, U.S.S.R. 


Submitted to JETP editor November 29, 1958 
J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 952-953 
(March, 1959) 


As is well known, the density matrix p ofa ca- 
nonical ensemble has the form 


\ 


gp =e, H = Hot Hi=\[Ho(x) + Mier, (1) 


where 6 =1/kT; H is the Hamiltonian of the sys- 
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tem; Hy is the “free” Hamiltonian (in general it 
may also partially take into account the interaction 
between the particles, for example in the Hartree- 
Fock approximation); Hy, is the interaction Hamil- 
tonian. 

Let us take instead of H the Hamiltonian H) = 
H) + AH,. Then | 


— 0p /08 = (Hy + M11) 0. (2) 


Following the general methods of the S matrix 
(cf. e.g., reference 1), we write down the formal 
operator solution of Eq. (2):* 


pexee ee {ex (pee \ H, (xt) did*x), | 
where T calls for arrangement of the operators 
from right to left in the order of increasing t, and — 
any operator f(x, t) is connected with f(x) by © 
the relation 


= er) gto 


f (xt) (4) 


To determine all the thermodynamic quantities 
it is sufficient to know the function 


Z == i SDC ee, 


(5) 


where the averaging (Sp) is taken over a com- 
plete orthogonal system of eigenfunctions of the 
Hamiltonian H or of Hy; N is the operator for 
the total number of particles and commutes with 
the total Hamiltonian; a =f8u, where uw is the 
chemical potential. Using Eqs. (5) and (3), one 
can easily verify that 


OZ 


<< = — Sp [exp (xN — 8H) 


x \ H, (xt) drat || Sp [exp («NV — 8H)I, (6) 
where Hy, (xt) = eHaAtH,(x)e-Hat (i.e., the oper- 
ator in the Heisenberg representation). 
From Eq. (6) it follows that 
1 
Z = Ly = 2, —\ 


0 


Sp [exp (aN — BH,) § Ai (xt) dxdt | 
Sp [exp (@NV — BH,)] 


dk, = 


where Z,) is the known expression for Z when 
H =H). It can be shown that the expression in the 
integrand of Eq. (7) is 


4 Lap ia oe’ B 
rac (xt, x't’) G(x't', xt) d®xdtd3x'dt’, 


where M is the mass operator for the “one-par- 
ticle” Green’s function! G(xt, x’t’) (integration 
with respect to t, t’ from 0 to £). 

In the case in which Hy does not contain the 
charge g, we can take the charge g as the pa- 
rameter A, and Z takes the form 


Seer ; 
\ ou M (xt,x't’) G (x't’,xt) d3xdtdt’d3x’, (8) | 
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Thus all the statistical characteristics of the 
system are determined by the mass operator of 
the “one-particle” Green’s function. This fact 
makes the application of field-theory methods to 
statistics very fruitful. It is not hard to show from 
Eq. (8) that for the case B =~ (T=0) one gets 
the following well known relation for the energy of 
the ground state 


g 
EOP Soe \ 4 \ M(x, x't!) G (x't’, x8) d%xd8x'dt’. (9) 


0 


One can verify this by choosing as the complete 
orthogonal set of functions for the summation the 
eigenfunctions of the total Hamiltonian and noting 
that for B = © the ground-state term is the only 
one contributing to the sum. 


*The integration with respect to t is everywhere taken 
from 0 to B. 


1T, Matsubara, Prog. Theor. Phys. 14, 351 
(1955). 


Translated by W. H. Furry 
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POLARIZATION OF THE NUCLEUS BY 
CAPTURE OF POLARIZED NEGATIVE 
MUONS INTO THE MESONIC K SHELL 


I. M. SHMUSHKEVICH 


Leningrad Physico-Technical Institute, Academy 
of Sciences, U.S.S.R. 


Submitted to JETP editor December 7, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 953-954 
(March, 1959) 


‘Tae formation of -mesonic atoms with transi- 
tion of ~~ mesons to the K shell is accompanied 
by considerable depolarization of the originally 
polarized pu mesons.'~* If the nucleus has a spin 
I a polarization of the nucleus is also produced, 
owing to the magnetic interaction of the spins. 

The hyperfine splitting in the ground state of 
the mesonic atom is much larger than h/t, where 
7 is the lifetime of the ~~ meson. Therefore the 
states with F=I+4 and F=I-—% form an inco- 
herent mixture.* Accordingly the spin state of the 
mesonic atom is best described by the correspond- 
ing density matrix p. Since the nucleus is supposed 
unpolarized before the capture, the only direction 
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singled out if that of the original polarization of 
the w™” mesons. Let j be the unit vector in that 
direction. For a given F, from the requirements 
of invariance and the Hermitian character of p 
and its being linear in j, we have 
3A 
pr = gpg 4+ peer IF) Pr, (1) 


PF is the projection operator onto states with the 
given value of F. From the condition jF = Sp (ppjF) 
<F it follow that |Ap| <1. 


T+1 
For F=14+%f, Pp= Sts; 
forF=I—1f Prat, 


s and I are the spin operators of the 4~ meson 
and the nucleus. Substituting Eq. (2) in Eq. (1), we 
get: 

for F=I+3: 


‘il 2! ' 3I 
= soren ltt ree thd (pea + 2s) 
SYN s ° JEG 4 
+ pia |UD (oh + (say —= SE js |}, @) 


from which we have 


a 4 rt 4 : e 
= =—Sp(ps) =i, <= 7-Sp le.) =r (4) 


— 1 { YAKS I—} : /3i 
0 = aopenlt— +h ati (F —2s) 
oe G Pe ea 
— Pez [ G(s + (IG — GE is |} 5 6) 
: = : = Mo hs 
ee POS aay 
OL Ae Sie 1 @—'Me) +1), ; 
yaa ees) Sp (o_I) =a san ae (6) 


For nuclei with I1=%, for example for p-mesonic 
hydrogen, 


Cs "Ia (4 —- Ai (Sp an ou) ae Is Sp Su]; 
0 = 1/4 (1 — opo,). (7) 


One must take this effect (polarization of the 
nucleus ) into account in the analysis of experi- 
ments relating to the capture of ~~ mesons by 
nuclei, in particular in the determination of the 
angular distribution of the neutrons produced. 
Formulas for the asymmetry parameter of the 
angular distribution of the neutrons produced in 
the reaction  +p—-n+vp have been obtained 
in references 5—7. In these papers it was as- 
sumed that before the capture the proton is un- 
polarized, despite the fact that the ~~” meson 
located in the K shell is polarized. It thus ap- 
pears that the results in question are unreliable. 
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GAMMA RAYS ACCOMPANYING THE 
FISSION OF U?*8 BY 2.8 AND 14.7 Mev 
NEUTRONS 


A. N. PROTOPOPOV and B. M. SHIRYAEV 
Radium Institute, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor December 6, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 954-955 
(March, 1959) 


Mose recent investigations of the prompt fission 
gammas pertain either to fission of U2*, by neu- 
trons or to spontaneous fission of Cf**?. The latest 
determinations of the average total energy of the 
gamma-quanta emitted in one fission yield approxi- 
mately 7.5 Mev for fission of U?® by thermal neu- 
trons! and 8.2 Mev for spontaneous fission of Cf%®? 
(reference 2). It was found experimentally that 
when U**5 is fissioned by thermal neutrons and by 
neutrons of energies 2.8 and 14.7 Mev, the total 
energy of the gamma quanta is the same in all 
cases, within a range of +15% (reference 3). 

The purpose of this work was to obtain data on 
the energy liberated in the form of gamma rays 
during fission of Uae" by fast neutrons. Using a 
procedure and apparatus previously employed,? 
we compared the gamma-ray spectra obtained in 
the fission of U?*® by fast neutrons, with the 
gamma-ray spectrum obtained in fission of U?® 
by thermal neutrons. The gamma quanta were 
registered with a scintillation counter with a 
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FIG. 1. Distribution of y-quanta pulses by amplitudes. 
e — fission of U?*5 by thermal neutrons. 0 — fission of U?* 
by 2.8-Mev neutrons. x — fission of U?** by 14.7-Mev neutrons. | 


Nal(T1) crystal, connected for coincidence with 

a single-layer fission chamber that registered 

the fissions. Placed in the chamber were targets 
of equal diameter made of U2 and U?** with an 
average density of 1.8 and 2.2 mg/ cm? respectively.. 
The relative placement of the crystal and of the 
layers of the fissioning substance was the same 

for thermal and fast neutrons. The spectra of the 
pulses obtained from the scintillation counter, 

after eliminating the random coincidences, are 
shown in the diagram. To estimate the values of 
the energy, the abscissa of the diagram shows the 
amplitude distribution of the momenta for gamma 
rays of 661 kev energy (Cs'°"). The ratio of the 
number of coincidences between gamma quanta 

and fragments obtained by fission of U*?® by 2.8 
and 14.7 Mev neutrons to the number of coinci- 
dences for fission of U? by thermal neutrons, 

are respectively 1.03 + 0.03 and 1.00 + 0.02. 

For the measured range of amplitudes, as can be 
seen from the diagram, the spectra have the same 
appearance for all cases. Taking account, how- 
ever, of the fact that the indeterminacy in the final 
results is greater, owing to the possible divergence: 
of the spectra at large energies, one can conclude 
that in the fission of U?88 by 2.8 and 14.7 Mev neu- 
trons the average total energies of the gamma rays 
are the same, within 15%, as in the case of fission 
of U?*® by thermal neutrons. 

In comparing the data obtained with the results 
of other investigations we see firstly, that the av- - 
erage total gamma-quanta energies per fission are 
nearly equal for all the investigated nuclei (U?®, 
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U238 | and Crs) Secondly, the gamma quanta en- 
ergies depends little on the excitation energy of 
the compound nucleus prior to fission. 

The authors express their gratitude to Yu. I. 
Belyanin for insuring operation of the accelerated 
tube in the performance of this experiment. 


*R. B. Leachman, Phys. Rev. 101, 1005 (1956). 
Artem’ev, Protopopov, and Shiryaev, Tpyazp1 PA AH 
(Trans. Radium Inst. Acad. Sci.) 9, in press. 

2 Smith, Fields, and Friedman, Phys. Rev. 104, 
699 (1956). 

3A_N. Protopopov and B. M. Shiryaev, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 34, 331 (1958), Soviet 
Phys. JETP 7, 231 (1958). 
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ZEMPLEN’S THEOREM IN RELATIVISTIC 
HYDRODYNAMICS 


R. V. POLOVIN 


Physico-Technical Institute, Academy of 
Sciences, Ukrainian 8.S.R. 


Submitted to JETP editor December 12, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 956 
(March, 1959) 


Kaaiarnnov! has shown that for a relativistic 
shock wave of low intensity the theorem of Zemplen 
and the conditions of mechanical stability, vy > cj, 
V2 < Cy, are applicable provided only that the fol- 
lowing inequality holds; 


(= oe 2 1 > 0 (1) 


(where w is the heat function per particle, s the 
entropy per particle, n the density of particles 
measured in the rest system of the particles, and 
p the pressure. ) 


These results are also applicable for relativistic 
shock waves of any intensity. The proof can be done 
in a similar way to Landau and Lifshitz, (reference 


2, paragraph 84,) for the case when the shock adia- 
bate lies in the plane (p, w/n.) In this case, for- 
mula (84,6) will correspond to 


WeT dSy = 1/2 (@1/ Ny — We / nz)? d(J*), 


and the expression 
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% 
1-4. =(V,—V,)|1 


2 


j? (Vi — V2) (=) | d (j*) 
2T2 Oso )p,} dpa 


is replaced by 


9 
4 2 


2 


=(2 ee 32 
Po 


ny Ne 2WoT 2 OS2 dps : 


jon, u=0/V1—2, fo Wy on VS Va 


(where c is the velocity of sound, and the velocity 
of light is taken as unity.) It follows from this that 
the quantity n/w, as well as the pressure and the 
density, are increased on the shock wave. 

The inequality (1), for the nonrelativistic case, 
reduces to the well known conditions, (87(1/n)dp’), 
>0. For a relativistic ideal gas we have 


oS e2eGaDal 
Ope samen (ya) pies 

The last expression is always positive, since the 
quantity y is within the interval? 1<y < %. 

It should be noted that for an ultra-relativistic 
ideal gas,? y=%. 

The author wishes to thank A. I. Akhiezer and 
G. Ya. Lyubarski for valuable discussions. 


1 TMea Khalatnikov, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 27, 529 (1954). 

21. D. Landau and E. M. Lifshitz, Mexanuxa 
cimomHbIx cpex (Mechanics of Continuous Media), 
GITTL, M. 1954. 

3A. H. Taub, Phys. Rev. 74, 328 (1948). 
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ON ELECTROMAGNETIC SHOCK WAVES 
IN FERRITES 
A. V. GAPONOV and G. I. FREIDMAN 
Radiophysics Institute, Gorkif State University 
Submitted to JETP editor December 18, 1958 
J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 957-958 
(March, 1959) 


Ws: investigate the propagation of a uniform 
plane electromagnetic wave in a medium with non- 
linear dependence of the induction B on the mag- 
netic field H.* We assume to begin with that the 
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medium is isotropic, i.e., that a relation exists be- 
tween the magnitudes of the fields (B = B(H); 
u(H) = 0B/8H). It is easy to show that Maxwell’s 
equations for this case have solutions given by the 
relations 


H, =f (zet/Veu(Ay)), 


Hy 


VeE.=+\ Veen, (1) 
0 
where f(é) is an arbitrary smooth function and 
e the dielectric constant. 

The solutions (1) describe simple waves in a 
nonlinear medium (waves of this type in gas dy- 
namics are described, e.g., in references 1 and 2). 
The deformation of a simple wave can be most 
easily investigated by looking at the propagation 
of a single pulse. If can be easily seen that if 
u(H) is a monotonically decreasing function then 
in the course of time the leading edge will become 
steeper and the trailing edge more sloping.= Be- 
ginning from a particular moment t* there will 
appear in the function Hy (t*, z) an infinite deriv- 
ative. This points to the appearance of an electro- 
magnetic shock wave. 

The boundary conditions which connect the fields 
on both sides of the discontinuity with its velocity 
of propagation, v, can be obtained by integrating 
Maxwell’s equations over an infinitesimal interval 
Az, containing the discontinuity. Thus we obtain 


Hy) = -e(E,), {E,) =-(B,}, 
hence v*/c? = {H1,}/¢ {B,}, (2) 


where the brackets { } denote the jump in the 
values of the respective quantities across the dis- 
continuity. 

Immediately after the appearance the shock 
wave is weak ({u} «w) and the structure of the 
field is in this approximation the same as ina 
simple wave. Equation (2) together with (1) thus 
allow the description of the development of simple 
waves and of weak shock waves. 

To investigate the structure of the shock front 
one needs further information on the character- 
istics of the medium. We shall investigate here 
the simplest example, of plane uniform waves in 
a ferrite saturated by a de field parallel to the 
direction of propagation of the wave by means of 
a uniform field Hy. The connection between the 
magnetization M (B=H+47M; M=const) and 
the field H(z,t) in this case is given by the fol- 
lowing equation*t 


OM /ét =~Mx(H +H,) —-?Mx[Mx(H+H,)], (3) 
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where y is the gyromagnetic ratio for the electron 
spin and 1/A = 7) is the relaxation time. 

In particular, it follows from (3) that for suffi- 
ciently slow processes (with a characteristic time 
T > 7)) MIlH+ Hp). The connection between 
H, =Hy and M; =My is then given by 


Hy Moy i ee =) 


By means of (4) it is easy to find the functions 
By (Hy) and p=1+ 4ndMy /dHy = » (Hy) which 
enter Eqs. (1) and (2), for the case of simple and 
shock waves. 

It turns out that it is not possible to obtain a 
general solution of Maxwell’s equations taking into 
account the relation (3). We therefore limit our- 
selves to the case of a stationary plane shock 
wave.** The equations can in that case be easily 
integrated. It turns out’ that in a stationary wave 
the vector M rotates around the direction of prop- 
agation of the wave, z (precession angle, ¢), 
while the angle between M and the z-axis, @, 
changes according to 

(cos 9 — cos 0’)? 
(4 + cos 6)2—©°S © (4 — cos 8) TH0s © 


. N2K be i} , * , 
= (= 1) 5p (Hy + 45M sin 6’) sin 6, (5) 


The precession frequency w = 0y/8t is given by 
O= {H, cos 8 / sin 6’ — (H, — 4rM cos 9)}, (6) 


Here 6’ and Hy are the values of the respec- 
tive magnitudes for z—-—© (far behind the wave 
front); the wave velocity v depends on the ampli- 
tude of the transverse part of the magnetic field*** 


v?/c? = H,/(H, + 4xM sin 8) 
== H,/(Hy + 4nM sin 0’) = const, (7) 


while the angle 6’ is connected with the field am- 
plitude of the shock wave Hy by the equation 
Hy cot 6’ = Hy—47M cos 6’. 

It follows from (5) that the time width of the 
wave front, T, is given by 


t= M/2h(H, + 4xM sin 6’) sin 0’ (8) 


and it depends on the relaxation time of the ferrite, 
Ty) = 1/A and on the amplitude Hy. In a very strong 
wave (Hy > Hy), M) obtains 

Cat ty Oth Omax & YHy. (9) 


In a weak shock wave (Hy <«< Hjp—47M) the pas- 
sage time of the front is considerably longer and 
the maximum frequency component is less. 


Omax © /2Ho(Hy/ (Ho —4nM)]2, tomax = 3/s~Mto. (10) 
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Thus for sufficiently large Twmax the wave front 
of an electromagnetic shock wave consists of a 
circularly polarized oscillation with a variable 
frequency. 


*The case of a nonlinear relation between the electric dis- 
placement D and field E can be treated similarly, as well as. 
the case of nonlinearity with respect to both the electric and 
the magnetic fields. 

tThis circumstance (for electromagnetic waves) was first 
pointed out and utilized by I. G. Kataev. 

+The anisotropy field will not be considered. In the follow- 
ing it will be assumed that Hz9 = Ho —47M > 0-since only 
this leads to stability in the initial conditions in the medium. 

**In a stationary wave the field components (which, in 
general, are not transverse) have the form f(z—vt) where the 
velocity v = const. 

***We note that the value for the velocity of the shock 
wave determined from (2) and (4) coincides with that from (7). 
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ON THE HEAT CONDUCTIVITY AND 
ATTENUATION OF SOUND IN SUPER- 
CONDUCTORS 


B. T. GEILIKMAN and V. Z. KRESIN 
Moscow State Pedagogical Institute 
Submitted to JETP editor December 18, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 959-960 
(March, 1959) 


We have previously calculated the electronic 
heat conductivity! ke, of superconductors and the 
phonon conductivity ,” Kp; determined by the scat- 
tering of phonons by electrons. It will be shown 
here that from the theoretical temperature depend- 
ence of Kg and kp found, we can explain, toa 
considerable extent, all the relationships in the 
existing experimental data on the heat conductivity 
of superconductors. 
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According to our earlier paper? 
pressed as:* 


Kp can be ex- 


Xp = xpF (T)/F (Tr), 

F(T) = — 8 (04 + 68) (ee —1)2 

1) Xs exp (—20s) 
x (46%s? + 46s + 2) + 66 (4) (e — 1) 


— (e? — 1) Dis exp ( 


s+ Gf (3) (2? + 1) —3(e? + 


—2bs) (863s 


-L 126%s + 126s + 6) + 3263 (e2 — 1) 


—at‘ dis exp (—26s) Ei [—s (26—a)]} + 6 >} s exp (one, 


@ 225 046) 10(s) =n. (1) 
n=1 
In the normal state xj = const: T?; b = A(T)/KT, 
where A(T) is the energy gap, and kg/kyn de- 
pends only on T and T/T,. For comparison with 
experiment one must use a specimen with sufficient 
impurity concentration for Ke to be small. In 
Fig. 1 the theoretical curve is drawn according to 
Eq. (1) and the experimental points are for an 
In-Tl alloy measured by Sladek.® 
If (Tk -—T)/T, is not very small, Ke is not 
appreciably affected by the electron-phonon inter- 
action. 


FIG. 1. Points — experi- 
mental data? for T1 concen- 
tration 38%. Solid curve — 
theoretical 
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As can be seen from Fig. 1, the conductivity Kp 
increases exponentially as T—0, owing to the in- 
crease in phonon mean free path with decreasing 
scattering by electrons. At sufficiently low tem- 
peratures the lattice thermal resistance due to 
electron scattering, 1/kpe, becomes less than 
the resistance due to scattering by lattice defects 
and crystal boundaries, 1/Kpq (Kpdq is the same 
aS Kpd ina normal metal). Since the resulting 
lattice conductivity is kp = kpekpd/(Kpe + Kpd); 
we get Kp © Kpd at still lower temperatures. 

Kpq usually decreases according to a power law* 
(~T*) at low temperatures. For temperatures 
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such that Kpd ~ Kpe, the lattice conductivity should 
then have a maximum (see curve 1 of Fig. 2). Such 
a maximum was found in experiments on Pb + 
10% Bi.® 

The electronic heat conductivity varies in quite 
a different way, because of the reduction in the 
number of electronic excitations, as was shown by 
Gellikman.! ke first decreases slowly and then 
exponentially with decreasing temperature (see 
curve 2 of Fig. 2). 


x 


FIG, 2 


The total heat conductivity x is the sum of 
Ke and kp. In pure specimens Kp K Ke at almost 
all temperatures, and kK © Kg. This is confirmed 
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bymeasurements on Aland Zn,® Sn,’? In,? and Pb.® 

Only at very low temperatures do we have 
Ke < Kp and Kk ®© Kpd- In very impure specimens 
Kp > Ke and kK ~K at all temperatures.°’? For 
intermediate cases of not very pure superconduc- 
tors, Ke is the main component near Tk, so that 
x falls with decreasing temperature. At suffi- 
ciently low temperatures Kp becomes larger than 
Ke, and « is then determined by curve 1 of Fig. 2. 
Such a temperature dependence was found in exper- 
iments on Sn, Hg and Pb,®!! while de Haas and 
Rademakers'! and Mendelssohn and Olsen® found a 
maximum in «, related to the maximum in Kp 
(the collected experimental data are contained in 
Shoenberg’s book!?), 

Let us now examine the coefficient y of absorp- 
tion of sound in superconductors, due to electronic 
excitations, when the frequency is w > 1/T, where 
T is the relaxation time. The absorption due to 
phonons is, under these conditions, the same as in 
a normal metal. 

From a consideration of the probabilities of ab- 
sorption of a sound quantum and of the reverse 
process, we obtain for the ratio 


Ys x — in fle + 1) (28 + 1) + D () (20 — x + 21m [(e® + 1) (2? — 1) 


Yr In [(e* + 1)/2] 


£ = ho / RT: Dix) =| 


For x <1 this gives Yg/Yn = 2/(e>+1), 
which agrees with the expression previously ob- 
tained by Bardeen, Cooper, and Schrieffer.'® 

We thank Academician L. D. Landau for valu- 
able advice. 


*There is a misprint in the final formula of reference 2. 
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Wien the probability of fission depends on nu- 
clear angular momentum, ! in order to determine 
the dependence of the anisotropy on x = (Z?/A)/ 
(Z?/A)oy, where Z and A are the charge and 
mass of the fissioning nucleus, we must take other 
competing processes into account (specifically 
here, neutron evaporation). The fission probabil- 
ity of a nucleus with angular momentum j and its 
projection K onthe symmetry axis of the nucleus, 
for the direction dw = sin’ d’, where Jv is the 
angle between the incident beam direction and the 
direction in which a fragment come off, is given by 


Tw 


WE: \ aK | +psin 8d, (1) 


0 


i, K, 3) dw 
dy (j, K,8) = 
where Iy is the neutron width and I'¢ is the fis- 
sion width for the given angular momentum. When 
jer > j>41 (where jer is the angular momentum 
for which the nucleus is not stable against fission’) 
for yg we can use a statistical formula such as? 


EO) 6 K? \—le Wj? f 41 4 
peel pe tee x Li EB Se: cSt 
 § 0 Re Oa ae (sin? =) exp | aly ia 
ReKeT a Ny 


where I'¢(0) is the fission width for zero angular 
momentum, T=V10U/A_ is the temperature, U 

is the nuclear excitation energy, I) is the moment 
of inertia of a spherical nucleus, I, is the moment 
of inertia about an axis perpendicular to the sym- 
metry axis and Ic is the moment of inertia about 
the symmetry axis of the nucleus. I, and Ic are 
taken for a deformation corresponding to the top 

of the fission barrier. For a moment of inertia 
equal to that of a rigid body we have 


29 
Spe = Gal 2e + 5.62%) = BS 


Iq Lie 0 

4 4 4 ar4t 
ae == —— (3,52 + 8.827) =, 

foe ta roa ie 


where z=1-x. Inserting (2) into (1), summing 
over all K and averaging over j, we obtain the 
angular distribution 
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0 
where 
Ja 
® (jet) = (jay?! dt-e-*, 


0) 


Wimax = 2m(E — B)(R + R,)? = 2mEo/ x; 


I) is a Bessel function with imaginary argument; 
m, E, B, R are the mass, energy, Coulomb 
barrier and radius of the incident particle; R, is 
the radius of the target nucleus; o is the cross 
section for the formation of a compound nucleus. 

Equation (3) gives the angular distribution for 
one stage of the cascade process of neutron evap- 
oration. For I's >I, fission occurs without neu- 
tron evaporation and w¢(0)/w¢(2/2) determines 
the anisotropy. In this case (3) agrees with Strutin- 
skif’s formula.? For I'g «Ty, the entire neutron 
evaporation cascade must be taken into account. 
Therefore the anisotropy is given by 


N N 
07(0)/o¢(m/2)= >) we (0) | >) wy (/2), 
f=0 { = () 
imax 
w= | 

0 
where i is the number of the cascade stage. In 
Wfi exp ( j?82) remains in the numerator; this rep- 
resents the increased weight of states with high 
angular momentum and, consequently, increased 
anisotropy. The essential point is that when If > 
I, fission is equally probably for different values 
of the angular momentum, while when [Tp «Ty 
mainly nuclei with high angular momentum will 
fission. 

If it is assumed that the dependence of the nu- 
clear moment of inertia about the symmetry axis 
(Ic) on z is determined just as for a rigid body, 
where é <1, then for nuclei with [Tf >In we 
can obtain £; then assuming that é is identical 
for all nuclei and is independent of temperature, 
we obtain the anisotropy for nuclei with [Ts«T . 
Using experimental data® on fission induced by @ 
particles, we obtain £ = 0.46 for Pu2%?, Np?" 
and U2%5, If for Ra2’® ['¢<«Ty the anisotropy is 
1.87 (compared with the experimental value 2.03 
+ 0.05). 


idjg. (i) IT | (Uns + V'ys (7); 
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We note that the theory can be tested for both 


Ty>>Tyn and Pg «Ty by studying og(#) of (1/2). 


For 3 +0 this ratio approaches a constant limit 
as ajt;ax increases. Thus o¢(1/4)/og (1/2) — 
V2 as a*jenax— « and is independent of the nu- 
clear parameters. 

In conclusion I wish to thank D. P. Grechukhin 
for a discussion and I. Halpern for his kindness in 
making experimental data available. 


1G. A. Pik-Pichak, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 34, 341 (1958), Soviet Phys. JETP 7, 
238 (1958). 

27. M. Strutinskif, Aromuas sHeprua (Atomic 
Energy ) 2, 508 (1957). (Translation, Consultants 
Bureau, Inc., p. 621). 

3C. T. Coffin and I. Halpern, Phys. Rev. 112, 
536 (1958). 


Note added in proof (January 27, 1959). 


a (0°)/o (90°) was also calculated for Ra, assum- 
ing &=1 but with a more exact value of the angu-- 
lar momentum of the compound nucleus (See I. 
Halpern and V. M. Strutinskif, Report P/1315 at 


ON THE THERMODYNAMICS OF 
HELIUM 


M. P. MOKHNATKIN 
Submitted to JETP editor October 21,1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 963 
(March, 1959) 


Ls the paper by Esel’scn, Kaganov, and Lifshitz! 
it is shown that the lambda transition in a solution 
of helium isotopes is a phase transition of the sec- 
ond order. Using the condition for equilibrium 
between phases and the equations for the chemical 
potentials of the components in the gaseous phase, 
the authors obtain the equation 


RT InPs+yx(T)=9 + (1 —Xig) O / OXtig, 
RT In Pa + X(T) = = Xtiq OP | OX tig (2) 


(the equation numbers are those of reference 1). 
If we take the total derivative of both sides of 
Eq. (2), we get, according to the authors, the ex- 
pression 


(ohce) 
X1iq) Ox4440T (3) 


d Ss 
— Ss +27 (zp In Ps) = 5 L (1 


and so on. It is further asserted that at the tem- 
perature T) one obtains 


the Second Geneva Conference on the Peaceful 
Uses of Atomic Energy, 1958). It was assumed 
that r=Va(U-Ef) , where Ef is the fission 
threshold and the constant a was determined 
from the anisotropy for Pu. The initial tempera- 
ture of the nucleus Pu+a particle at the saddle 
point is 1.3 to 1.5 Mev. The anisotropy for Ra is 
calculated to be 2.0. For Bi, taking into account 
the dependence of fissionability on excitation en- 
ergy, we obtain a(0°)/a (90°) =1.9(a(0°)/ 
(90° )exp = 2.02; Tf/Pp ~ exp [( En — Eg)/7], 
where Ef-Ey* 8 Mer and Er ~ 15 Mev. Agree- 
ment of the calculated and experimental anisotropy 
for Ra shows that we have no reason to assume 
the absence of correspondence between the nuclear 
moment of inertia and that of a rigid body, includ- 
ing the cases of excitations below 10 or 12 Mev, as 
was suggested by Halpern and Strutinskif on the 
basis of neutron experiments. 

The results given here were obtained in collab- 
oration with V. M. Strutinskil. 
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ATA (a In Ps) = = (1 — na) (arp ‘| (4) 


and so on, since the first derivative with respect 

to the thermodynamic potential has a break and 

the second derivative a jump at a phase transition 
of the second order. Substituting, according to 
Eqs. (6) and (9), for the quantities which occur here 
the authors obtain the following equation for the 
total pressure 


AC Or, 
*ia) CB 


RT)A (ar InP | — (%vep— (10) 


Since, as is shown in reference 1, 8T)/ OXlig < 
0, ACy > 0, Xvap > Xlig, we have A {d In p/aT } 


< 0 which is in accordance with experimental data.? 


The authors conclude from this that the lambda 
transition is a phase transition of the second order. 
We must draw attention to an error which has 
crept in in the process of this proof. If we take 
into account that along the equilibrium curve the 
total derivative with respect to the temperature 

is given by the expression du/dT = du/8aT + 
(8u/8P)dP/dT one must write the basic equa- 
tions (3) and (4) in the form 


d 
ar [AT InPs+y(T)] = ar + = 


sr) (3’) 


—*1iq) spa Saale 
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d \ 
AT Al ie In Py) = (1 — 4g) 2 


OTOXsig 
Op , /aP ap dP 
+15p Alar) + —4ua)|4 pan aT |} (4’) 


and so on. The authors of reference 1 have incor- 
rectly discarded the additional terms within the 
curly brackets in Eq. (4’) and thus obtained some 
agreement of the theory with experiment. How- 
ever, an analysis of the complete Eq. (4’) for phase 
transitions does not confirm those conclusions 
which were made by the authors on the basis of 
the incorrect Eqs. (3) and (4). In that case any 
assertions about the character of the Jambda 
transition in solutions of helium isotopes remain 
unproved assumptions. 


- Esel’son, Kaganov, and Lifshitz, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 33, 936 (1957), Soviet 
Phys. JETP 6, 719 (1958). 

2 Esel’son, Bereznyak, and Kaganov, Dokl. Akad. 
Nauk SSSR 111, 568 (1956), Soviet Phys. “Doklady” 
1, 683 (1956). 
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REPLY TO THE LETTER BY 
M. P. MOKHNATKIN 


B. N. ESEL’ SON, M. I. KAGANOV, and 
I, M. LIFSHITZ 


Submitted to JETP editor November 25, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 964 
(March, 1959) 


As was shown at the beginning of our paper, the 
character of the lambda transition in solutions of 
helium isotopes follows from a large number of 
experimental data, in particular from the fact that 
the elasticity of the vapor over the solution depends 
essentially on the lighter isotope concentration 
over a large range of temperatures (absence of 

a plateau in the P-x diagram). 

The proof of the fact that the lambda transition 
is of the second order was therefore not the object 
of our paper. The object of the paper was the anal- 
ysis of different thermodynamic consequences from 


the fact that a lambda transition (a transition of 
the second order) existed in solutions and a com- 
parison of these consequences with experimental 
data. In particular the character of the singular- 
ity in the P-T curve at the lambda point was 
elucidated in the paper. The conclusions of that 
consideration were in accordance with experiment 
and corroborated the conclusion about the second 
order transition. 

M. P. Mokhnatkin asserts that this conclusion 
is illegitimate. An error was discovered in the 
fact that we neglected in a number of formulae 
derivatives of the pressure with respect to the 
chemical potential of the condensed phase. This 
neglect was, to be sure, made deliberately and 
was justified by the smallness of the specific 
volume of the liquid (v]jg) as compared with 
the specific volume of the vapor ( Vvap). We 
remark that in those cases where this was nec- 
essary we took the derivative of the pressure 
with respect to the chemical potential of the 
liquid into account [see Eq. (19) and following ]. 

Even if we retain the terms which M. P. Mokh- 
natkin writes down [see his Eqs. (3’) and (4’)] 
which, of course, leads to needlessly complicated 
equations, the conclusions obtained on the basis 
of Eq. (10) remain completely the same. Indeed, 
when the derivatives of the pressure with respect 
to the chemical potential of the liquid are taken 
into account, the equation analogous to Eq. (10) 
has the form 


RT pe. Usig-+ (“tia *vep ) (M1iq/ 9*1ia)a i dP 
B Tyas aT: 


NGO OT 
= (iow tue) peat! (Ce) (GP) 

We have used here the notation of our paper and 
the index A at the derivatives indicates that one 
must take half of the sum of the values for the two 
phases at T= T,. The expressions within curly 
brackets differ quite insignificantly from unity: 

on the left hand side the difference is about 107 
and on the right hand side about 1073, which also 
confirms the legitimacy of the omissions made. 
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PARITY NONCONSERVATION IN THE 
FIRST ORDER IN THE WEAK-INTER- 
ACTION CONSTANT IN ELECTRON 

SCATTERING AND OTHER EFFECTS 


Ya. B. ZEL’ DOVICH 
Submitted to JETP editor December 25, 1958 


J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 964-966 
(March, 1959) 


W: assume that besides the weak interaction 
that causes beta decay, 


g (PON) (e Ov) + Herm. conj., (1) 
there exists an interaction 
g (POP) (e-Oe7) (2) 


with g ~ 107** and the operator O = py (1+i75) 
characteristic! of processes in which parity is not 
conserved.* 

Then in the scattering of electrons by protons 
the interaction (2) will interfere with the Coulomb 
scattering, and the nonconservation of parity will 
appear in terms of the first order in the small 
quantity g. Owing to this it becomes possible to 
test the hypothesis used here experimentally and 
to determine the sign of g. 

The matrix element of the Coulomb scattering 
is of the order of magnitude e?/k*?, where k is 
the momentum transferred (Hh =c=1). Conse- 
quently, the ratio of the interference term to the 
Coulomb term is of the order of gk?/e?. Substi- 
tuting g=107°/mM?, where M is the mass of the 
nucleon, we find that for k ~ M the parity non- 
conservation effects can be of the order of 0.1 to 
0.01 percent. 

In the scattering of fast (~ 10° ev) longitudi- 
nally polarized electrons through large angles by 
unpolarized target nuclei it can be expected that 
the cross-sections for right-hand and left-hand 
electrons (i.e., for electrons with o-p>0O and 
o*-p<0) can differ by 0.1 to 0.01 percent. Such 
an effect is a specific test for an interaction not 
conserving parity. 

A magnetized iron plate can served as a source 
of polarized electrons.’ When electrons are 
ejected from it by ion or electron impacts (dyna- 
tron effect), photoelectric effect,® or as delta elec- 
trons, one can expect a polarization even larger 
than that corresponding to the ratio of the number 
of magnetization electrons to the total number of 
of electrons in the iron, since the inner electrons 
do not take much part in these processes. From 
thermoelectric emission or field emission one can- 


not expect an appreciable polarization of the emerg-, 
ing electrons, since the chemical potential of the 
electrons with spins parallel and antiparallel to 
the magnetization is evidently the same. 

The interaction (2) leads to a displacement of 
the electron levels of different parities in the free 
atom. | 
In the hydrogen atom the probability of the meta-} 
stable transition 2S; — 15;,, which appears on ~ 
account of the admixture of 2Py/, to the 25,7, 
still turns out to be even smaller that the transition - 
probability on account of the magnetic moment of 
the electron, and is less than the probability of the 
two-quantum transition 2S — 1S by a factor of 
more than 10". Finally, the interaction (2) leads 
to a rotation of the plane of polarization of visible 
light by any substance not containing molecules 
optically active in the ordinary sense of the words. 
The rotation of the plane of polarization also occurs} 
because the weak interaction mixes atomic elec- 
tronic states of different parity. A calculation of 
the effect gives an expression of the form 


| 
| 
| 
4 


| right — “eft | 


~ No(a*/4)g| bs (0)|I pe (0)|/(Ep—Es), (3) 


where n is the index of refraction for circularly 
polarized light; Ny ~ a~> is the number density of 
the atoms; a is the linear dimension of an atom; 
A is the wavelength of the light; |¥g(0)| ~ 1/a°/; 
in |~p(0)| there are nonvanishing “small com- 
ponents” x, givenby x ~ (f/2mc)¢o grad g, 
where y are the “large components”; |#p(0)| ~ 
(n/mc) a~¥/?, so that 


| Mrignt — Mere | ~ (g /a®AEsp) (hf mck) ~ 10720, (4) 


Rotation of the plane of polarization by 1 radian 
occurs in a length of the order */1072° = 10% cm, 
so that even in the first order in g the effect ob- 
viously cannot be observed. 

How plausible is the assumption that the inter- 
action (2) exists? Let us regard ve™ as a doublet 
in isotopic space and denote by 1, the two-compo- 
nent quantity v,e . We denote by B (baryons) 
the two-component quantity P, N. The interaction 
that causes B decay is written 


g (Bt,0B) (A_Ol,) + g (Bt_OB) (1,,01,) 


== 2g (Bc.OB) (z,0l,) + 2g (BtyOB) (1,2,01,). (5) 


It is natural to add to this formulation a term 
that complements the expression (5) to make the - 
scalar product TBI]: 
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2g (Bt.OB) (i,t,01,) 
= 2g (POP) —(NON)] (Ov) —(€0e)], (6) 


and this term contains the interaction in which we 
are interested here. In addition the formalism 
leads to the conclusion that the sign of the inter- 
action will be different for the proton and the neu- 
tron. For the uu -meson interactions one will have 
to introduce another two-component quantity 1, 
consisting of v, uw. Then in the scalar product 
(i,71,) (1,T1l.) there are no terms that would give 
the decay ~ — 2e~ +e", and the objection of 
Gell-Mann and Feynman! falls to the ground. 
Assumptions have been put forward about a 
direct interaction g(e-Ov) (vOe~), which would 
lead to a scattering of neutrinos by electrons, 


and also about a weak interaction of four nucleons,” 
which leads to parity nonconservation in first order 
in g in nuclear reactions and the stationary states 


of nuclei. The four-nucleon interaction has as a 
consequence that odd nuclei (spin #0) will have 


an “anapole” moment? proportional to g. The elec- 


tromagnetic interaction of the electron with the 
anapole moment leads to parity nonconservation 
in the order ge*. Thus in the absence of a direct 
weak interaction of electrons with nucleons the ef- 
fects considered above, caused by mixtures of 


atomic electron levels of different parities, do not 
vanish, but are weakened by a factor of about 100. 

I take this occasion to express my unchanging 
gratitude to G. M. Gandel’man, A. S. Kompaneets, 
L. D. Landau, L. B. Okun’, I. Ya. Pomeranchuk, 
and Ya. A. Smorodinskif for valuable comments 
and discussions. 


*Such an interaction has been repeatedly discussed in the 
past in connection with the problem of the isotope shift of 
electron levels (I. E. Tamm). On an analogous interaction be- 
tween the neutron and the electron, see references 4 and 5. 
New experimental possibilities arise in connection with the 
nonconservation of parity in the interaction (2). 


‘M. Gell-Mann and R. P. Feynman, Phys. Rev. 
109, 193 (1958). 

2Roberts, Survey Report at the. Geneva Confer- 
ence on High Energies, 1958. 

3 va. B. Zel’dovich, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 33, 1531 (1957), Soviet Phys. JETP 6, 
1184 (1958). 

4. L. Foldy, Phys. Rev. 87, 693 (1952). 

°J. L. Lopes, Nucl. Phys. 8, 234 (1958). 

6H. A. Tolhoek, Revs. Modern Phys. 28, 277 
(1956). 
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